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Birds Eye View

Term Rewriting→ Rewrites→ Typed Rewrites
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a.k.a. Proof Terms



Term Rewrite System

Signature→ Terms→ Rewrite Rules→ Reduction Sequence

First-order rewriting Higher-order rewriting

Signature Symbols with arity Typed constants

Terms First-order terms Simply typed terms with
constants (i.e. terms with
binders)
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Rewrites – First-Order Rewriting

Signature

a0, b0, f 1, g1

, %1, ϑ0, ;2

Rewrite rules

%(x) :

f (x) 7→1 x

ϑ :

a 7→2 b

Reduction sequence

Rewrite

f (a)→ f (b)→ b

f (ϑ);%(b)
f (f (a))→ f (a) f (%(a))
f (f (a))→ f (a)→ a %(%(a))
f (a)→ f (a) f (a)
g(f (f (a)))→ g(f (a))→ g(a) g(%(f (a)));g(%(a))

4 / 43

Reduction sequence as a term?
Convenient: strategies
(e.g.needness, standardization),
equivalence of reductions, etc.

Rule symbols

Sequential composition

Syntactic accidents: %(f (a))

Multistep

Structural Equality: g (%(f (a))); g (%(a)) ' g (%(f (a)); %(a))

Empty Rewrite
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Higher Order Rewriting (HOR) [Nipkow’s HRS ’91]
Constants

app : ι ⊃ ι ⊃ ι lam : (ι ⊃ ι) ⊃ ι
Rewrite rule

app(lam(λx .Y x),Z ) 7→ Y Z

Reduction sequence

lam(λv .app(lam(λx .x), v)) “λv .I v”

=β lam(λv .app(lam(λx .(λw .w︸ ︷︷ ︸
Y

) x), v︸︷︷︸
Z

)) match

7→ lam(λv .(λw .w) v) replace
=β lam(λv .v) reduce “λv .v”

In short

lam(λv .app(lam(λx .x), v))
→ lam(λv .v)

6 / 43

base type
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Rewrites for HOR [Hilken96,Bruggink03,08]

Rewrite System

β :

app(lam(λx .Y x),Z ) 7→ Y Z

Reduction sequence

lam(λv . app(lam(λx .x), app(lam(λw .w), v)) ) “λv .I (I v)”

→ lam(λv . app(lam(λx .x), v) ) “λv .I v”

→ lam(λv .v) “λv .v”

Rewrite

lam ( λv .β(λx .x , app(lam(λw .w), v))); lam ( λv .β(λw .w , v))

' lam ( λv .β(λw .w , app(lam(λw .w , v)));β(λw .w , v))

7 / 43

Rule symbol β : (ι ⊃ ι) ⊃ ι ⊃ ι (type of LHS)

Structural Equality
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Lambda Calculus Substitution and Rewrite Composition

Structural equality includes

f (ρ); f (σ) ' f (ρ;σ)
(ρ;σ); τ ' ρ; (σ; τ)

ρ; t ' ρ (?)

An instance of (?) is

x ; x ' x

Unfortunate consequence

ϑ =β (λx .x)ϑ ' (λx .x ; x)ϑ =β ϑ;ϑ

8 / 43

Term is an empty
rewrite over itself

Lambda Calculus
substitution is
incompatible
with rewrite
composition
(e.g. ϑ : a 7→ b)
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Towards a Typed Theory of Rewrites

What is the type of a rewrite?

Should rewrites have the same type as terms (over which they verse)?

β(λw .w , v) : ι

How should rewrites be substituted?

Should substitution of terms and rewrites coincide?

(λx .x ; x)ϑ =β ϑ;ϑ

This talk:

Attempts to answer these questions

Is not about higher-order rewriting and we will not be devising
rewrites for higher-order rewriting

We will, hopefully, lay some foundations for doing so

9 / 43



1 Logic of Proofs

2 Rewrites and the Logic of Proofs

3 Substitution of Rewrites

4 Rewrite Extension

5 Discussion and Future Work

10 / 43



Logic of Proofs

�A → JsKA

Introduced by S. Artemov as solution to observation by Gödel

IPL ↪→ S4 ↪→ LP ↪→ PA

Reading �A as ∃x .Proof (x , pAq) problematic

`̀̀S4�(¬� ⊥)

Observed by Gödel [Gödel:1933] who posed two problems:
1 modal logic of formal provability predicate ∃x .Proof (x , pAq)
2 exact intended provability semantics for S4

Both have been addressed
1 Solovay [Solovay:1976] (completeness of Löb’s logic)
2 Artemov [Artemov:1994]

11 / 43

“s is a proof of A”



Logic of Proofs and Justification Logic

LP is a precursor of the more general (and recent) Justification Logic

12 / 43



S4→ Logic of Proofs

Proof polynomials

s, t ::= x | c | s · t | !s | s + t

Propositions

A,B ::= P |A ⊃ B | J KA

JsKA

Axioms

A0 Axioms of CPL
A1 J

s

K(A ⊃ B) ⊃ J

t

KA ⊃ J

s · t

KB
A2 J

s

KA ⊃ J

!s

KJ

s

KA
A3 J

s

KA ⊃ A

Rules

MP `̀̀ A ⊃ B and `̀̀ A, implies `̀̀ B
Nec `̀̀ A implies `̀̀ J

c

KA

,A an instance of an axiom A0− A4
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Sample Derivation

�A ∨�B ⊃ �(A ∨ B)

`̀̀ A ⊃ A ∨ B CPL
`̀̀ JaK(A ⊃ A ∨ B) Nec
JxKA `̀̀ J a · x K(A ∨ B) Hyp,A1,MP*2
`̀̀ B ⊃ A ∨ B CPL
`̀̀ JbK(B ⊃ A ∨ B) Nec

JyKB `̀̀ J b · y K(A ∨ B) Hyp,A1,MP*2

JxKA `̀̀ Ja · x + b · yK(A ∨ B) A4
JyKB `̀̀ Ja · x + b · yK(A ∨ B) A4
JxKA ∨ JyKB `̀̀ Ja · x + b · yK(A ∨ B) CPL Reasoning
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Sample Properties

Internalization

Bm `̀̀ C implies JxmKBm `̀̀ Jt(xm)KC .

B1 . . .Bm····
π

C

→ Jx1KB1 . . . JxmKBm····
lift(π)

JtπKC

Multi-conclusion

`̀̀ JsKA ∧ JtKB ⊃ Js + tKA ∧ Js + tKB
Disjunctive Property [Krupski 2006]

`̀̀ JsKA ∨ JtKB iff `̀̀ JsKA or `̀̀ JtKB
Realization

`̀̀S4A implies `̀̀ Ar , for •r a normal realization
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Natural Deduction for (Minimal) LP

∆; Γ `̀̀ A

| s

“A is true under validity hypothesis ∆ and truth hypothesis Γ

with proof s

”

Internalization as design principle for Introduction Rule

∆; ∅ `̀̀ A

∆; Γ `̀̀�A

∆; ∅ `̀̀ A | s
�I’

∆; Γ `̀̀ JsKA | !s
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Natural Deduction for (Minimal) LP

a : A ∈ Γ
TVar

∆; Γ `̀̀ A | a

∆; Γ, a : A `̀̀ B | s
Abs

∆; Γ `̀̀ A ⊃ B |λa.s

∆; Γ `̀̀ A ⊃ B | s ∆; Γ `̀̀ A | t
App

∆; Γ `̀̀ B | s t

u : A ∈ ∆
RVar

∆; Γ `̀̀ A | u

∆; ∅ `̀̀ A | s
�I ’

∆; Γ `̀̀ JsKA | !s

∆; Γ `̀̀ JrKA | s ∆, u : A; Γ `̀̀ C | t
Let

∆; Γ `̀̀ C{u/r} | let u$s in t

Correct from a provability angle, not closed under normalisation
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Thesis: JsKA is the type of rewrites with source s

····
π

∆; ∅ `̀̀ A | s
�I’

∆; Γ `̀̀ JsKA | !s

→
····
π′

∆; ∅ `̀̀ A |t
�I’

∆; Γ `̀̀ Js KA | !s

∆; ∅ `̀̀ ρ ::: sBBB t : A
�I

∆; Γ `̀̀ !(ρ, s, t) : JsKA

19 / 43

Need some means of
relating t back to s

Reify the normalisation
step as a rewrite ρ

Rewrite

Term

Type of all
rewrites
rooted at s
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Typing Terms

a : A ∈ Γ
TVar

∆; Γ `̀̀ a : A

∆; Γ, a : A `̀̀ s : B
Abs

∆; Γ `̀̀ λa.s : A ⊃ B

∆; Γ `̀̀ s : A ⊃ B ∆; Γ `̀̀ t : A
App

∆; Γ `̀̀ s t : B

u : A ∈ ∆
RVar

∆; Γ `̀̀ u : A

∆; ∅ `̀̀ s, t : A ∆; ∅ `̀̀ ρ : sBBB t : A
Bang

∆; Γ `̀̀ !(ρ, s, t) : JsKA

∆; Γ `̀̀ s : JpKA ∆, u : A; Γ `̀̀ t : C
Let

∆; Γ `̀̀ let u$s in t : C{u/p}
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Typing Rewrites (Axioms)

a : A ∈ Γ
R-Refl-TVar

∆; Γ `̀̀ a : aBBB a : A

u : A ∈ ∆
R-Refl-RVar

∆; Γ `̀̀ u : uBBB u : A

∆; Γ, a : A `̀̀ s : B ∆; Γ `̀̀ t : A
R-β

∆; Γ `̀̀ ba(a.s, t) : (λa.s) tBBB s{a/t} : B

∆; ∅ `̀̀ ρ : sBBB t : A ∆, u : A; Γ `̀̀ r : C
R-β�

∆; Γ `̀̀ bb(!(ρ, s, t), u.r) : let u$ !(ρ, s, t) in rBBB r{u/tgtρts} : C{u/s}

21 / 43
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Typing Rewrites (Sample)

Reduction Rewrite
λa.s → λa.s ′ λa.ρ
s t → s ′ t ′ ρ σ

let u$s in t → let u$s ′ in t ′ let u$ρ in σ
!(ρ, s, t) → ???

!(ρ;σ, s, t)

???

〈ρ|sσ〉

∆; ∅ `̀̀ s, r , t : A ∆; ∅ `̀̀ ρ : sBBB r : A ∆; ∅ `̀̀ σ : rBBB t : A
R-Bang

∆; Γ `̀̀ 〈ρ|sσ〉 : !(ρ, s, r)BBB !(ρ;σ, s, t) : JsKA
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Typing Rewrites (Sample)

∆; Γ `̀̀ s : A s ' t
SEq-T

∆; Γ `̀̀ t : A

∆; Γ `̀̀ ρ : sBBB t : A ρ ' σ ::: sBBB t s ' p t ' q
SEq-R

∆; Γ `̀̀ σ : pBBB q : A

Desired property:

∆; Γ `̀̀ s : A implies ∆; Γ `̀̀ s : sBBB s : A

Example:

∆; ∅ `̀̀ s, r : A ∆; ∅ `̀̀ ρ : sBBB r : A ∆; ∅ `̀̀ r : rBBB r : A
R-Bang

∆; Γ `̀̀ 〈ρ|sr〉 : !(ρ, s, r)BBB !(ρ; r, s, r) : JsKA

23 / 43



Typing Rewrites (Sample)

∆; Γ `̀̀ s : A s ' t
SEq-T

∆; Γ `̀̀ t : A

∆; Γ `̀̀ ρ : sBBB t : A ρ ' σ ::: sBBB t s ' p t ' q
SEq-R

∆; Γ `̀̀ σ : pBBB q : A

Desired property:

∆; Γ `̀̀ s : A implies ∆; Γ `̀̀ s : sBBB s : A

Example:

∆; ∅ `̀̀ s, r : A ∆; ∅ `̀̀ ρ : sBBB r : A ∆; ∅ `̀̀ r : rBBB r : A
R-Bang

∆; Γ `̀̀ 〈ρ|sr〉 : !(ρ, s, r)BBB !(ρ; r, s, r) : JsKA

23 / 43



s ' t (Sample)

s ' p t ' q ρ ' σ ::: sBBB t
EqT-Bang

!(ρ, s, t) '!(σ, p, q)
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ρ ' σ ::: sBBB t (Sample)

ρ ::: pBBB q t ::: qBBB r
EqR-IdR

ρ; t ' ρ ::: pBBB r

σ ::: pBBB q ρ ::: qBBB r τ ::: rBBB s
EqR-Ass

(σ; ρ); τ ' σ; (ρ; τ) ::: pBBB s

ρ ::: pBBB q σ ::: qBBB r
EqR-Abs

λa.ρ;λa.σ ' λa.(ρ;σ) :::λa.pBBBλa.r

ρ ::: pBBB q σ ::: qBBB r τ ::: rBBB s
EqR-BangR

〈ρ|pσ〉; 〈ρ;σ|pτ〉 ' 〈ρ|pσ; τ〉 ::: !(ρ, p, q)BBB !(ρ;σ; τ, p, s)

s ' s ′ ρ ' σ ::: s ′BBB t ′ t ′ ' t
EqR-SEq

ρ ' σ ::: sBBB t

25 / 43

Empty rewrite



ρ ' σ ::: sBBB t (Sample)

ρ ::: pBBB q t ::: qBBB r
EqR-IdR

ρ; t ' ρ ::: pBBB r

σ ::: pBBB q ρ ::: qBBB r τ ::: rBBB s
EqR-Ass

(σ; ρ); τ ' σ; (ρ; τ) ::: pBBB s

ρ ::: pBBB q σ ::: qBBB r
EqR-Abs

λa.ρ;λa.σ ' λa.(ρ;σ) :::λa.pBBBλa.r

ρ ::: pBBB q σ ::: qBBB r τ ::: rBBB s
EqR-BangR

〈ρ|pσ〉; 〈ρ;σ|pτ〉 ' 〈ρ|pσ; τ〉 ::: !(ρ, p, q)BBB !(ρ;σ; τ, p, s)

s ' s ′ ρ ' σ ::: s ′BBB t ′ t ′ ' t
EqR-SEq

ρ ' σ ::: sBBB t

25 / 43

Empty rewrite



1 Logic of Proofs

2 Rewrites and the Logic of Proofs

3 Substitution of Rewrites
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Substitution of Rewrites

(u; u){u/ρ}

Careful!

(u; u){u/ρ} 6' ρ; ρ

Substitution of rewrites

(u; u){u/ρ} = ρ; t; t ' ρ

More generally

〈σ|pτ〉{u/mρts} := 〈

p{u/ρts}

;

σ{u/tgtρts}

|

p{u/srcρts}τ{u/
tgtρts}

〉

27 / 43
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an empty
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m is src or tgt
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Substitution of Rewrites

Rewrite Substitution on Empty
Rewrites

a{u/ρts} := a

v{u/ρts} :=


ρ, u = v

v , u 6= v

〈σ|pq〉{u/ρts} :=
〈p{u/ρts};σ{u/tgtρts}|p{u/srcρts}q{u/

tgtρts}〉
No clause for σ; τ

Moded rewrite substitution
(m = src/tgt)

a{u/mρts} := a

v{u/mρts} :=


s, u = v ∧m = src

t, u = v ∧m = tgt

v , u 6= v

〈σ|pτ〉{u/mρts} :=
〈p{u/ρts};σ{u/tgtρts}|p{u/srcρts}τ{u/

tgtρts}〉
(σ; τ){u/mρts} := σ{u/mρts}; τ{u/mρts}

Example (τ ::: pBBB q)

!(τ u, p u, q u){u/srcρts} = !(p ρ; τ t, p s, q t)

28 / 43



Typing is Closed Under Substitution of Rewrites

Suppose

∆; ∅ `̀̀ ρ : sBBB t : A ∆; ∅ `̀̀ s : A ∆; ∅ `̀̀ t : A

1 ∆, u : A; Γ ` σ ::: pBBB q : B implies

∆; Γ `̀̀ σ{u/tgtρts} : p{u/tgtρts}BBB q{u/tgtρts} : B{u/s}.
2 ∆, u : A; Γ ` p : B implies

∆; Γ `̀̀ p{u/ρts} : p{u/srcρts}BBB p{u/tgtρts} : B{u/s}.
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Rewrite Extension

Typed Lambda Calculus

Subject Reduction

Γ `̀̀ s : A and s →β t implies Γ `̀̀ t : A

Strong Normalization

β terminates on typed terms

Typed Rewrite Calculus

Subject Extension

∆; Γ `̀̀ ρ : sBBB t : A and ρ ::: sBBB t � ρ′ ::: sBBB t ′ implies
∆; Γ `̀̀ ρ′ : sBBB t ′ : A.

Strong Normalization

Rewrite extension terminates on typed rewrites
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Rewrite Extension

ρ ::: rBBB s � σ ::: rBBB q

Example 1

I (I a) ::: I (Ia)BBB I (Ia)
� I (ba(b.b, a)) ::: I (Ia)BBB Ia
� I (ba(b.b, a));ba(b.b, a) ::: I (Ia)BBB a

Example 2

I (I a) ::: I (Ia)BBB I (Ia)
� ba(b.b, Ia) ::: I (Ia)BBB Ia
� ba(b.b, Ia);ba(b.b, a) ::: I (Ia)BBB a
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Rewrite Extension

r � s Term extension

ρ ::: rBBB s � σ ::: rBBB q Rewrite extension
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∃r ′, s ′ s.t. r ' r ′ 7→ s ′ ' s

∃ρ′, σ′ s.t. ρ ' ρ′ ::: rBBB s and
ρ′ ::: rBBB s 7→ σ′ ::: rBBB q and
σ′ ' σ ::: rBBB q



Sample Rules (s 7→ t and ρ ::: sBBB t 7→ σ ::: pBBB q)

ρ ::: sBBB t 7→ ρ′ ::: sBBB t ′

E-BangT
!(ρ, s, t) 7→ !(ρ′, s, t ′)

E-β
ρ ::: sBBB (λa.t1) t2 7→ ρ;ba(a.t1, t2) ::: sBBB t1{a/t2}

σ ::: sBBB t 7→ σ′ ::: sBBB t ′

E-BangR
〈ρ|rσ〉 ::: !(ρ, r , s)BBB !(ρ;σ, r , t) 7→ 〈ρ|rσ′〉 ::: !(ρ, r , s)BBB !(ρ;σ′, r , t ′)

σ ::: sBBB t 7→ σ′ ::: sBBB t ′

E-Trans
ρ;σ ::: rBBB t 7→ ρ;σ′ ::: rBBB t ′
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Summary

What is the type of a rewrite?

Rewrites have a modal type

Thesis:

JsKA is the type of rewrites with source s

Manifested through the Logic of Proofs

Further details: PPDP’20 paper (https://ebonelli.github.io)
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TRC and Dependent Types

∆; ∅ `̀̀ A | �st

∆; Γ `̀̀ JsKA | !s

Γ `̀̀ A Γ `̀̀ A ' B
Conv

Γ `̀̀ B

What can we assume about s in a proposition JsKC?

s is a proof of C? No.
I S4 theorem �(¬�⊥)
I TRC theorem2 JsK(¬JtK⊥)

s is “typable”? No.
Eg. (introspection) JsKA ⊃ J!sKJsKA reads as “if we assume that s is
a proof of A, then !s is a proof that s is a proof of A”.

Jλa.a aKA ⊃ J!(λa.a a)KJλa.a aKA

2

Take s to be λaJtK⊥.let u$a in u
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Rewrites for HOR Revisited

ϑ =β (λx .x)ϑ ' (λx .x ; x)ϑ =β ϑ;ϑ

!(ϑ, a, b) ' !(ϑ; b, a, b)
=β� let u$ !(ϑ, a, b) in !(u, u, u)
' let u$ !(ϑ, a, b) in !(u; u, u, u)
' !(ϑ; b; b, a, b)
' !(ϑ, a, b)
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Future Work

Rewrites
I Revisit rewrites for HOR: Still work to do
I Equivalence of Rewrites

F Permutation Equivalence
F Projection Equivalence: The HOAS approach also presents issues when

defining projection equivalence of rewrites

Natural Deduction for LP
I Self-referring Propositions and ND
I S4 proof decoration
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Thank you!
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