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Birds Eye View

Term Rewriting — Rewrites — Typed Rewrites

a.k.a. Proof Terms |
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Term Rewrite System

Signature —» Terms —» Rewrite Rules —» Reduction Sequence
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Term Rewrite System

Signature —» Terms —» Rewrite Rules —» Reduction Sequence

First-order rewriting Higher-order rewriting
Signature | Symbols wﬁth arity Typed constants
Terms First-order/ terms Simply typed terms with
constants (i.e. terms with
binders)
This case next |
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Rewrites — First-Order Rewriting
Signature

aO bO fl gl
Rewrite rules

f(x) —1 x ar b

Reduction sequence

f(a) = f(b)— b
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Rewrites — First-Order Rewriting
Signature

aO, bO' fl, gl

Rewrite rules

f(x) —1 x ar b

Reduction sequence

f(a) — f(b) = b <——— Reduction sequence as a term?
Convenient: strategies
(e.g.needness, standardization),
equivalence of reductions, etc.
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Rewrites — First-Order Rewriting

T Rule symbols |

a®, b, ft gt ot 00, 7

Signature

Rewrite rules

o(x) : f(x) =1 x Jraro b

Reduction sequence

f(a) = f(b)— b
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Rewrites — First-Order Rewriting

Signature T Rule symbols |

a®, b, ft gt ot 0, 7

Rewrite rules K Sequential composition ]
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Rewrites — First-Order Rewriting

Signature Rule symbols |
a0 B0, F1 gl b 0, 2

Rewrite rules Sequential composition J

o(x) : f(x) =1 x Jrar b
Reduction sequence Syntactic accidents: o(f(a)) |
Multistep \w‘\”’ite
f(a) = f(b)— b N): o(b)
f(f(a)) — f(a) —)\;&(3))
f(f(a)) — f(a) — a o(gka)— Empty Rewrite |
f(a) — f(a) f(a)
g(f(f(a))) — g(f(a)) — g(a) g(o(f(a))).g(o(a))

S iveEl s a2 (GG el & i@l
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Term Rewrite Systems

Signature —» Terms —» Rewrite Rules —» Reduction Sequence

First-order rewriting

Higher-order rewriting

Signature

Symbols with arity

Typed constﬁnts

Terms

First-order terms

Simply typed terms with
constants//.e. terms with
binder

This case next |
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Higher Order Rewriting (HOR) [Nipkow's HRS '91]

Constants

F—basetype '
app:tDLDte lam: (¢t D¢) D

Rewrite rule

app(lam(Ax.Y x),Z2) — Y Z
Reduction sequence

lam(Av.app(lam(Ax.x), v)) “Av.lv!
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Constants f_ base type |
app:tDLDte lam: (¢t D¢) D

Rewrite rule

app(lam(Ax.Y x),Z2) — Y Z
Reduction sequence

lam(Av.app(lam(Ax.x), v))
=5 lam(Av.app(lam(Ax.(w.w) x), v_)) match
Y Z

“Av. v

= lam(Av.(Aw.w) v) replace
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Higher Order Rewriting (HOR) [Nipkow's HRS '91]

Constants

f—basetype |
app:tDLDte lam: (¢t D¢) D

Rewrite rule

app(lam(Ax.Y x),Z2) — Y Z

Reduction sequence

lam(Av.app(lam(Ax.x), v)) “Av.lv!
=g lam(Av.app(lam(Ax. ()\W w) x), \/)) match
Y V4
= lam(Av.(Aw.w) v) replace
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Higher Order Rewriting (HOR) [Nipkow's HRS '91]

Constants F_ base type |
app:tDLDte lam: (¢t D¢) D

Rewrite rule

app(lam(Ax.Y x),Z2) — Y Z

Reduction sequence

lam(Av.app(lam(Ax.x), v)) “Av.lv!
=g lam(Av.app(lam(Ax. ()\W w) x), \/)) match
Y V4
= lam(Av.(Aw.w) v) replace
=5 lam(Av.v) reduce “Av.v"

In short

lam(Av.app(lam(Ax.x), v))
— lam(Av.v)
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Rewrites for HOR [Hilken96,Bruggink03,08]

Rewrite System

app(lam(Ax.Y x),Z) —» Y Z
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Rewrites for HOR [Hilken96,Bruggink03,08]

Rule symbol 7: (¢ D t) Dt Dt @ypeor Lhs) |

Rewrite System

Jrapp(lam(Ax.Y x),Z) —» Y Z
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Rewrites for HOR [Hilken96,Bruggink03,08]

Rule symbol 7: (¢ D ¢) Dt Dt @ypeor Lhs) |

Rewrite System

5 app(lam(Ax.Y x),Z) — Y Z

Reduction sequence

lam(Av. app(lam(Ax.x), app(lam(Aw.w), v)) )  “Av./ (I v)"

Rewrite
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Rewrites for HOR [Hilken96,Bruggink03,08]

Rule symbol 7: (¢ D ¢) Dt Dt @ypeor Lhs) |

Rewrite System

5 app(lam(Ax.Y x),Z) — Y Z

Reduction sequence
lam(Av. app(lam(Ax.x), app(lam(Aw.w), v)) )  “Av./ (I v)"

— lam(Av. app(lam(Ax.x), v) ) “Av.l v’

Rewrite

lam (Av .3(Ax.x, app(lam(Aw.w), v)))
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Rewrites for HOR [Hilken96,Bruggink03,08]

Rule symbol 7: (¢ D t) Dt Dt @ypeor ws) |

Rewrite System

5 app(lam(Ax.Y x),Z) — Y Z

Reduction sequence

lam(Av. app(lam(Ax.x), app(lam(Aw.w), v)) )  “Av./ (I v)"

— lam(Av. app(lam(Ax.x), v) ) “Av.l v’
— lam(Av.v) “Av.v”
Rewrite

lam ( Av .0 (Ax.x,app(lam(Aw.w), v))); lam (Av .5 (Aw.w, v))
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Rewrites for HOR [Hilken96,Bruggink03,08]

Rule symbol 7: (¢ D t) Dt Dt @ypeor ws) |

Rewrite System

5 app(lam(Ax.Y x),Z) — Y Z

Reduction sequence

lam(Av. app(lam(Ax.x), app(lam(Aw.w), v)) )  “Av./ (I v)"

— lam(Av. app(lam(Ax.x), v) ) “Av.l v’
— lam(Av.v) “Av.v”
Rewrite

lam ( Av .0 (Ax.x,app(lam(Aw.w), v))); lam (Av .5 (Aw.w, v))
~ lam (Av.0(Aw.w,app(lam(Aw.w, v))):(Aw.w, v))

Structural Equality )
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Lambda Calculus Substitution and Rewrite Composition

Structural equality includes

ﬁ
R
3
£}
2

8/43



Lambda Calculus Substitution and Rewrite Composition

Structural equality includes

f(p); f(o) f(p; o)

(
(pio)iT p; (0;7) Term is an empty
p; t P (%) rewrite over itself J

121
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Lambda Calculus Substitution and Rewrite Composition

Structural equality includes

f(p)iflo) = f(pio) _
(pio)iT =~ pi(o7) Term is an empty
0 M rewrite over itself
An instance of (%) is
X; X X

Unfortunate consequence

U =g (Ax.x)U = (Ax.x; x)0) =g ;1
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Lambda Calculus Substitution and Rewrite Composition

Structural equality includes

Term is an empty
rewrite over itself

An instance of (%) is

Lambda Calculus
substitution is
incompatible
V=g (Ax.x)U ~ (Ax.x; x)0) =g ;) with rewrite
composition
(eg. V:a—b) )

Unfortunate consequence
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Towards a Typed Theory of Rewrites

What is the type of a rewrite?
@ Should rewrites have the same type as terms (over which they verse)?
(Aw.w,v) ¢
How should rewrites be substituted?

@ Should substitution of terms and rewrites coincide?

(Ax.x; x)U =5 1;
This talk:
@ Attempts to answer these questions

@ Is not about higher-order rewriting and we will not be devising
rewrites for higher-order rewriting

o We will, hopefully, lay some foundations for doing so
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@ Logic of Proofs
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Logic of Proofs

"s is a proof of A”

OA  —S  [9A

Introduced by S. Artemov as solution to observation by Godel
IPL < S4 — LP — PA
Reading [JA as 3x.Proof (x,” A™) problematic
Fs,O(=0 1)

@ Observed by Godel [Godel:1933] who posed two problems:

@ modal logic of formal provability predicate 3x.Proof(x,” A7)
@ exact intended provability semantics for S4

@ Both have been addressed

© Solovay [Solovay:1976] (completeness of Lob's logic)
@ Artemov [Artemov:1994]
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Logic of Proofs and Justification Logic

LP is a precursor of the more general (and recent) Justification Logic

CAMBRIDGE TRACTS IN MATHEMATICS
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S4 —> Logic of Proofs

Propositions

AB = PIADBI|[]A
Axioms
A0 Axioms of CPL
Al [JA>B)D[]JAD] |B
A2 [JAST I[]A
A3 [JADA
Rules

MP FA> Band FA, implies - B
Nec F A implies F] A
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S4 —> Logic of Proofs

Proof polynomials

s,t == x|c|s-t|ls|s+t
Propositions
A B == P|ADB]|[s]A
Axioms
A0 Axioms of CPL
Al [s][(AD>B)D[t]JAD [s-t]B
A2 [s]A D [!s][s]A
A3 [s]JADA
A4 [s]AD [s+ t]A JtJA D s + t]A
Rules

MP FAD B and FA, implies B
Nec F[c]A, A an instance of an axiom A0 — A4
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Sample Derivation

OAvOB > O(AV B)
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Sample Derivation

OAvOB > O(AV B)

FADAVB
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Nec
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Sample Derivation

OAvOB > O(AV B)

FADAVB
F[a](AD> AV B)
[x]JAFTa-x]J(AV B)
FBD>AVEB

F[b](B D AV B)
[y]BF[b-y [(AV B)
[x]AFJa-x+b-y](AV B)
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CPL

Nec
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Nec
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Sample Derivation

OAvOB > O(AV B)

FADAVB CPL
Flal(AD> AV B) Nec
[x]AFTa-x](AV B) Hyp,A1,MP*2
FBD>AVEB CPL

F[b](B D> AV B) Nec
[y]IBF[b-y (AV B) Hyp,A1,MP*2
[x]AFJa-x+b-y](AV B) A4
[ylBF[a-x+b-y](AV B) A4

[x]AV [y]BF[a-x+b-y](AV B) CPL Reasoning
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Sample Properties

@ Internalization
B C implies [x,] Bm = [t(xm)] C.

By...Bnm [xi] B - [¥m]Bm
i - lift(m)
@ [t-1¢C

@ Multi-conclusion
FIsJAA[t]B D [s+ tJAA[s + t]B
Disjunctive Property [Krupski 2006]
FsJAV [t]B iff F[s]A or F[t]B

@ Realization

Fs4A implies = AT, for " a normal realization

15/43



Sample Properties

Design principle towards
Natural Deduction for LP J

@ Internalization
B C implies [x,] Bm = [t(xm)] C.

Bi...By alB bl B
‘r Clife()
c [t1C

@ Multi-conclusion
FIsJAA[t]B D [s+ tJAA[s + t]B
Disjunctive Property [Krupski 2006]
FsJAV [t]B iff F[s]A or F[t]B

@ Realization

Fs4A implies = AT, for " a normal realization
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© Rewrites and the Logic of Proofs
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Natural Deduction for (Minimal) LP

A THA

“A is true under validity hypothesis A and truth hypothesis I’

A OFA
A THOA
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Natural Deduction for (Minimal) LP

A THA|S
“A is true under validity hypothesis A and truth hypothesis I with proof s”

Internalization as design principle for Introduction Rule
A DFA A; @I—})—s
A THOA A; FI—[[S]]A||5
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Natural Deduction for (Minimal) LP

a:Aerl AT, a: AFB]s

—— TVar Abs
ATHA]a A;THAD B|Xas

ATEFADB|s ATHEA|t
A;TEB]|st

App
u:AeA A OFA|s

——  RVar _
ATHA|u A TH[s]A|!s

A TH[r]Als Au:ATHEC|t
A;TEClu/r)|let u=sint

Let

Correct from a provability angle, not closed under normalisation
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Thesis: [s]A is the type of rewrites with source s

L
A DFA]s
A;TH[s]A|!s
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Thesis: [s]A is the type of rewrites with source s

ST s

AOFAls . 7 AoFAl T

A;TH[s[A[ls A;FI—[[S]]A|!5D
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Thesis: [s]A is the type of rewrites with source s

Need some means of
. - \relating t back to s
- |

ADFA|s 7 A;(DI—A|\t
ar S ———

A TE[s]A[!s A;TH[S]A|!s
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step as a rewrite p

Rewrite |
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Thesis: [s]A is the type of rewrites with source s

Need some means of
. - \relating t back to s
- |

ADFA|s 7 A;@I—A|\t
ar S ———

A TE[s]A[!s A;TH[S]A|!s

Reify the normalisation
step as a rewrite p

Rewrite |
A;QFp:s>t: A

al
. = Type of all
A THp, s, t): [S]A i
p>s:1) [[SV rewrites

rooted at s
Term |
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Typing Terms

a:Ael A;T,a: AFs: B

—— TVar Abs
ATkFa: A A THXas:ADB

ATEs:ADB A;TFHt: A

App
A:Tkst: B

u:Ach A;DFs,t:A A QFp:s>t: A
—— RVar Bang
ATHu:A A;THYp,s,t): [S]A

ATEs:[p]A Aju:ATEHEt: C
A;THlet u=sint: Clu/p

Let
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Typing Rewrites (Axioms)

May be substituted J

Never substituted | by a rewrite
a:Ael u:lAe A
v R-Refl-TVar Y R-Refl-RVar

A TFa:aa: A A TFu:ubu: A

A;T,a:AFs: B A;THt:A R-A

A;TEba(as, t): (Aas)t>sla/t) : B )
ADEp:s>t:A Au:ATEr:C

R-fo

A;TEbb(!(p,s,t),u.r): let u=!(p,s,t)inr>r{u/®p}: Clu/s

hat is substitution
of rewrites?
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Typing Rewrites (Sample)

Reduction Rewrite
Aa.s —» Aas’ Aa.p
st — st po
let u=sint —» let u=s"int' let u=pino
I(p,s,t) —> 777 777
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Typing Rewrites (Sample)

Reduction Rewrite
Aa.s —» das Aa.p
st — 't po

let u=sint —» let u=s"int' let u=pino

!(p,S, t) % !(p;O’,S, t) <p‘50>

A;QFs,rit: A ADFp:s>r:A ADFo:r>t: A
A;TH(plsa) : (p,s, r)>(p;o,s, t) : [S]A

R-Bang
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Typing Rewrites (Sample)

ATEp:sp>t: A ~g:s>t sx~p t~q
P P SEg-R
ATHo:p>g: A
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Typing Rewrites (Sample)

ATEp:sp>t: A ~g:s>t sx~p t~q
P P SEg-R
ATHo:p>g: A

Desired property:
A;THEs: Aimplies A;TEs:s>s: A
Example:
A;Qks,r:A AQkp:s>r:A ADFv:r>r:A
A THplst) : Wp,s,r)> Y pit,s,r): [S]A

R-Bang
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s ~ t (Sample)

Ss~p t~q px~o:sDt

EqT-Bang
I(p, s, t) ~!(o,p, q)
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~ g:sD>t (Sample)

p:p>q tig>r o:p>q p:qb>r T:r>s
EqR-IdR EqR-Ass
pit~p:ip>r (o:p)iT=0;(piT):p>s

p:p>q o:qb>r

EqR-Abs
Aa.p; Aa.o ~ da.(p;o): da.p> Aa.r

p:p>q o:q>r T:rp>s

EqR-BangR
(plpo); (piolpT) = (plpo;T) - p, P, q) > Hpioi T, p, 5)
s~s p~o:s>t t~t
EqR-SEq

p~o:sbt
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p~oc:s>t (Sample)

. (\ Empty rewrite |. .

p:p>q tig>r J.q|>r T:r>s
EqR-IdR EqR-Ass
pitpip>r (oip)iT=0i(piT):p>s

p:p>q o:qb>r

EqR-Abs
Aa.p; Aa.o ~ da.(p;o): da.p> Aa.r

p:p>q o:q>r T:rp>s

EqR-BangR
(plpo); (piolpT) = (plpo;T) - p, P, q) > Hpioi T, p, 5)
s~s p~o:s>t t~t
EqR-SEq

p~o:sbt
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© Substitution of Rewrites
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Substitution of Rewrites

Careful!

(u;u){u/p} #pip

t reified as
Substitution of rewrites an empty
rewrite

(g u){u/p} =pitit=p
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Substitution of Rewrites

/p:sbt |
(u;u)lu/p}

Careful!

(u;u){u/p} #pip

t reified as
Substitution of rewrites an empty
rewrite

(wu)lu/pl =pitit~p

More generally m is src or tgt J
(olpr){u/Mpe} == ; | )
T:qD>r J
o:pb>q |
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t reified as
Substitution of rewrites an empty
rewrite
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Substitution of Rewrites

/p:sbt |
(u;u)lu/p}

Careful!

(u;u){u/p} #pip

t reified as
Substitution of rewrites an empty
rewrite

(wu)lu/pl =pitit~p

More generally m is src or tgt J
(olpm){u/Mpe} == (plu/pst o lu/ " petlpiupmepey 71/ 05 1)
T:qD>r J
o:pb>q |
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Substitution of Rewrites

Rewrite Substitution on Empty Moded rewrite substitution
Rewrites (m = src/tgt)
alu/ps) =2 alu/™pt) = a
p U=V 5, U=VAm=src
viu/psl == qv, u#v viu/Mptl =t u=vAm=tgt
VvV, u#v
(olpa)iu/pst == (olpm){u/™pt} =
(plu/pstio{u/ " pi}|puprep alu/®pst) (plu/pt); o luf/C pLilpruprepe Tiu/® 0k })
No clause for o; 7 (o) {u/™pt} = o{u/™pt )T {u/™pt

Example (7:p> q)

(Tu,pu,qu)iu/~pii =(ppiTt ps,qt)
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Typing is Closed Under Substitution of Rewrites

Suppose
A;DFp:s>t:A ADFEs: A A;0Ft: A

Q Au:ATHo:p>q: Bimplies

A;Tko{u/®pc}: plu/®pci > qlu/®pi} : Blu/s).
Q@ A, u:ATFEp: B implies

A;TEplu/pe) : plu/~pei > plu/®ps} : Blu/s).
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@ Rewrite Extension
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Rewrite Extension

Typed Lambda Calculus
@ Subject Reduction
MN=s:Aands—gtimpliesl-t:A
@ Strong Normalization

[ terminates on typed terms

Typed Rewrite Calculus Rewrite Extension |

@ Subject Extension
A;TEp:s>t:Aand p:s>t— p s>t implies
ATEP s>t/ A

@ Strong Normalization

Rewrite extension terminates on typed rewrites
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Rewrite Extension

p:r>s—o:r>q
Example 1
I(1a):1(la)>1(la)
— I(ba(b.b,a)):I(la)>> la
— I(ba(b.b,a));ba(b.b,a): I(la)>a
Example 2
I(1a): (Ia)[>l(la)
ba(b la): I(la)>> la
ba(b.b, la); ba(b.b,a): I(la)>> a

[
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Rewrite Extension

Confluence could be
regained by including
permutation of redexes

Example 1 .
into ~
I(1a):
— l(ba(b.b,a)): I(la)>> la
— [(ba(b.b, a));ba(b.b,a):I(la)
Example 2

(Ia)[>l(la)
la): I(la)> la
(b la);ba(b.b,a): I(la)> a
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Rewrite Extension

Ar',s'st.r~r' s ~s J

r—s Term extension

p:r>s»—o:r>q Rewrite extension

0" st. p~p'ir>s and
pir>s— o’ :r>qand
o ~o:r>q
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Sample Rules (s — t and p:s>t— o:pbq)

p:s>tpisp>t

I(p,s,t) — 1(p,s,t))

E-BangT

E-8
p:st>(Aa.t1) to — p;ba(a.ty, tr): s> t1a/tr

ogis>t—o s>t

E-BangR
(plra): psr,s) > pyo,r,t) = (plro’): p, r,s) > (pio’, r, t)

ogispt—oispt
E-Trans

pioir>t—poir>t
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© Discussion and Future Work
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Summary

What is the type of a rewrite?

Rewrites have a modal type
@ Thesis:

[s]A is the type of rewrites with source s

Manifested through the Logic of Proofs
Further details: PPDP'20 paper (https://ebonelli.github.io)
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TRC and Dependent Types

A Dk Al gt FA THFA~B
A;TH[s]Alls r-B

Conv
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TRC and Dependent Types
[s]A ~ [¢] B if J

s~tand A ~ B’
A;OFA|gt FA TFA~B
A;TE[s]A]ls -8

Conv
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TRC and Dependent Types
[s]A ~ [¢] B’ if
s~tand A ~ B’ J

A Dk Al gt FA THFA~B
A;TH[s]Alls r-B

Conv

What can we assume about s in a proposition [s]C?

2Take s to be Aalt et u=ainu
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TRC and Dependent Types
[s[A ~ [t] B if
s~tand A ~ B’ J

A Q- Al gt A TFA~B
A;TH[s]Alls r-B

Conv

What can we assume about s in a proposition [s]C?

@ s is a proof of C? No.
» S4 theorem OJ(-01)
» TRC theorem? [s](—[t]L)
@ s is “typable”? No.
Eg. (introspection) [s]A D [!s][s]A reads as "“if we assume that s is
a proof of A, then !s is a proof that s is a proof of A”.

[Aa.aa]A D [Y(Na.aa)][Na.aa]A

Take s to be Aal'l* Jet u=ainu
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Rewrites for HOR Reuvisited

=g (Ax.x)U >~ (Ax.x; x)0) =g ;0

I(v, a, b)

12

I(J; b, a, b)

=p, let u=1(v,a,b)in!(u,u,u)
let u=1(v,a,b)in(u; u, u,u)
I(; b; b, a, b)

I(1, a, b)

1R IR
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Future Work

@ Rewrites
» Revisit rewrites for HOR: Still work to do
» Equivalence of Rewrites

* Permutation Equivalence
* Projection Equivalence: The HOAS approach also presents issues when
defining projection equivalence of rewrites

@ Natural Deduction for LP

> Self-referring Propositions and ND
» S4 proof decoration
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Thank you!
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