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Abstract

Resource types are types that statically quantify some aspect of program execution. They
come in various guises; this paper focusses on a manifestation of resource types known as
non-idempotent intersection types. We use them to characterize weak normalisation for a
type-erased lambda calculus for the Calculus of Inductive Construction (Xe), as introduced by
Gregoire and Leroy. The e calculus consists of the lambda calculus together with constructors,
pattern matching and a fixed-point operator. The characterization is then used to prove the
completeness of a strong call-by-need strategy for Ae. This strategy operates on open terms:
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rather than having evaluation stop when it reaches an abstraction, as in weak call-by-need,
it computes strong normal forms by admitting reduction inside the body of abstractions and
substitutions. Moreover, argument evaluation is by-need: arguments are evaluated when
needed and at most once. Such a notion of reduction is of interest in areas such as partial
evaluation and proof-checkers such as Coq.

1 Introduction

This paper is about the lambda calculus, the programming language that lies at the core of all
Functional Programming Languages (FPL). FPLs evaluate programs until a value is obtained, if
such a value exists at all. Programs are modeled as closed lambda calculus terms; wvalues are
a subset of programs that represent the possible results that one obtains by evaluation, typical
examples being numerals, booleans and abstractions. FPLs implement an evaluation strategy called
weak reduction since evaluation does not take place under an abstraction. When computing values
from programs, such strategies typically also implement some form of memoization or sharing in
order to avoid performing duplicate work. Moreover, this work is only performed if it is actually
needed for obtaining a value. One thus speaks of call-by-need strategies for weak reduction, a
notion that originates in the seminal work of Wadsworth [Wad71].

Often one is interested in reducing inside the bodies of abstractions. One simple example is
a technique known as partial evaluation (PE). In PE one has knowledge about some, but not all,
of the arguments to a function, the remaining ones being supplied at a later stage. In this case,
one can specialize the code of the function to those specific arguments. Here is a classic example.
Assume we have a function for computing m™, n > 0:

pow := An.Am.ifn = 0 then 1 else m * pow (n — 1) m
If we know the value of n to be 2, then we can produce a more efficient version of pow 2 as follows:

pow 2 — Am.if 2 = 0 then 1 else m * (pow (2 — 1) m)
— Am.m * (pow (2 — 1) m)
— Am.m x (if 1 = 0 then 1 else m * (pow (1 — 1) m))
— dm.m x (m * (pow (1 — 1) m))
— Am.m x (m * (if 0 = 0 then 1 else m * (pow (0 — 1) m)))
— Am.m x (m 1)

— Am.mxm

Notice that all the reduction steps depicted above, take place under the lambda abstraction Am.
Such a notion of reduction is called strong reduction. The values computed are normal forms which
we refer to as strong normal forms to distinguish them from the normal forms of weak reduction.

Another area of interest of strong reduction is in the implementation of proof assistants that
require checking for definitional equality. Proof assistants, such as Coq, that rely on definitional
equality of types typically include a typing rule called conversion:

I'Ft:7 7=0
I'Ft:o



Checking that types 7 and o are definitionally equal, denoted by the judgement 7 = o, involves
computing the strong normal form of these types. In turn, this involves computing the strong
normal form of the terms that occur in them. The reason that terms occur in types is that the
type theory on which such proof assistants are erected are dependent type theories. These terms
include constants for building values of inductive types and fixed-point operators for encoding
recursive functions over inductive types.

The Extended Lambda Calculus. The Extended Lambda Calculus [GL02] (referred in
op.cit. as the “type-erased lambda calculus”), denoted )\, extends the lambda calculus with
constants, pattern matching and fixed-points. Here is an example of a term in A\, that computes
the length of a list encoded with constants nil and cons (see Sec. 2 for a detailed definition of A¢):

fix (I. A\xs. case xs of (nil = zero) - (cons hdtl = succ (I tl)))

The Extended Lambda Calculus is a subset of Gallina, the specification language of Coq. Gregoire
and Leroy [GL02] study judicious mechanisms for implementing strong reduction in A in order
to apply it to check type-conversion. They propose a notion of strong reduction for A\; on open
terms (i.e. terms possibly containing free variables) called symbolic call-by-value. Symbolic CBV
iterates call-by-value, accumulating terms for which computation cannot progress. No notion of
sharing is addressed. Indeed, unnecessary computation may be performed. For example, consider
the following A, term, where id abbreviates the identity term Az.z:

case c(idid) of cz = d (1)

This term is a case expression that has condition c (id id) and branch cz = d, the pattern of the
branch being cx and the target d. Notice that the branch does not make use of x in the target.
However, Symbolic CBV will contract the redex id id since the argument of ¢ must be a value
before selecting the matching branch.

Adding Sharing to Strong Reduction. This paper proposes a notion of strong reduction
for e that only reduces redexes that are needed in order to obtain the (strong) normal form. e.g.
our strategy will not reduce the id id redex in (1). Arguments to functions will be suspended until
needed. Moreover, they will be reduced at most once. The latter requires us to extend A\, with
an additional syntactic construct to hold such suspended arguments: explicit substitutions. The
resulting theory of sharing (Asn) replaces the usual 5 rule in the lambda calculus (Az.t) s —g t{z :=
s} with (Az.t)s —ag t[z\s]. The term t[z\s] is also often written let = s in ¢. Notice that
rather than substitute all free occurrences of x in ¢ with s, the latter suspends this substitution
process. Moreover, since explicit substitutions may now hide redexes, such as in (Az.x)[z\y] z, a
slightly more general formulation of dB is adopted, namely (Az.t)L s —4p t[x\s]L. The notation L
denotes a possibly empty list of explicit substitutions [AK10].

In order to make use of an argument suspended in an explicit substitution it has to have been
fully evaluated to a result. As mentioned above, results typically include numerals, booleans and
abstractions. In our setting, values shall either be abstractions or terms headed with constants
(¢f. Sec. 2). An additional consideration is that values v may be “polluted” with explicit substitu-
tions L. We thus have the following rule to be able to use a suspended argument: C[z][z\vL] =15y
C[v][z\v]L. Note how this rule makes use of a context C and the notation C[z] to mean that
there is a free occurrence of z. For example, (zz)[z\A\y.y] —1sv ((Ay.y) z)[z\Ay.y] and also
(x z)[2\Ay.y] =1sv (2 (Ay.y))[x\Ay.y]. Of course, also ((Ay.z) ) [\ y.y] =1sv (Ay.2) Ay.v))[z\y.y],
even though x is not needed since it will be discarded by (Ay.z). Selecting only needed occurrences
of = to be replaced by results will be achieved by imposing a specific reduction strategy on — gy, as



described below. Additional rules for dealing with case expressions and fixed-points are discussed
in Sec. 2.

Resource Types for the Lambda Calculus. The challenge in establishing that the strong
call-by-need theory is well-behaved is proving that every term in A\, that has a normal form also
has a normal form in A, with sharing (Asy). That is, that the restricted notion of replacement of
results is general enough to capture all normalising derivations in A,.

t € WN(Ao) = t € WN(Aqn)

The notation WN(\.) denotes the set of Ae-terms that have a normal form via A, and similarly
for WN(Agn). Arguably this has been the main technical hurdle in prior works for weak reduction
such as [MOW98, AFM*95] which introduced ad hoc notions of development, redex tracking and
dags with boxes. It was recently noticed [Kes16] that by devising an appropriate non-idempotent
intersection type system T for Agn, one could achieve this as follows:

Step 1 Step 2
t e WN(A) 2> t € Typable(T) 2> ¢ € WN(Aan) 2)

Non-idempotent intersection types [Gar94] track/count the uses of variables in terms and thus
restrict reduction properties of its typable terms e.g., they may be used to characterize weak,
head and strongly normalising terms [BKV17]. If one writes non-idempotent intersection types as
multisets of types, then z : [r1, 73] means that z has to be used twice with the indicated types.
Similarly, y : [[T1,72] — 73] means that y has to be used once and that the argument to y has to
be typed twice, once with type 7 and once with 7.

The argument behind Step 1 is roughly as follows. Given a term in normal form, for any
variable x, one “counts” each of its occurrences by giving it a type and then takes the multiset of
all those types as the type of z. Then one shows a Subject Expansion result: if the contractum via
a reduction step of a term is typable, then so is the term itself. For those variables that reduction
does not erase, their type in the contractum can be used to type the redex, those that are erased
are not typed at all in the redex (they occur in subterms that are typed with the empty multiset).

The argument behind Step 2 involves showing that reduction of redexes that are typed in T
decreases the size of the type derivation. Reduction of redexes that are not typed could lead to
non-termination [Kes16, BBBK17]. For example, x 2, where Q is (Az.z x) (Az.z ), is typable by
setting = to have type [] = «a, for « a type variable; the empty multiset of type [| allowing the
typing of © to not be accounted for. However, the term is not normalising in Ag, or any theory of
sharing that allows 8 to be simulated.

Resource Types for the Extended Lambda Calculus. We must adapt this counting
technique to the setting of case and fixed points. It turns out that the challenge lies in dealing
with case (however, see Rem. 2). Consider the term:

case c of (c=d)-(d= Q)

It will evaluate to d and hence should be typable in T (¢f. Step 1). Since 2 does not participate
at all in computing d, there is no need for 7 to account for it. Thus our proposed typing rules will
only type branches that are actually used to compute the normal form. This, however, beckons
the question of what happens with case expressions that block. In an expression such as:

casecof (d=4d)-(e=e)



all its subexpressions are part of the normal form and hence should be typed. Our proposed typing
rule shall ensure this, thus avoiding typing terms such as:

casecof (d=d)-(e= Q)

where, although matching is blocked, have not strong normal form in A, or Ag,. Since blocked case
expressions could be applied to arguments, further considerations are required. Consider the term:

(casecof d=4d)Q

It does not have a normal form in A, or Ag, and hence should not be typable (Step 2). To ensure
that, we need the type assigned to this term to provide access to the types of the arguments to
which it is applied, namely €2, so that constraints on these types may be placed. In other words,
we need to devise T such that it gives case ¢ of (d = d)Q a type that includes that of Q. This
would enable us to state conditions that do not allow this term to be typed but do allow a term
such as (case ¢ of d = d)e to be typed. This motivates our notions of error type and error log
(¢f. Sec. 3).

The above examples were all closed terms. Open terms pose additional problems. Consider the
term:

case z of (c=d) - (e=Q)

Although it does not have a normal form in Ag,, it is typable with type d, if  : [c]. Notice,
moreover, that the empty multiset of types does not occur in the type of = (in fact, it meets all the
requirements of [Kes16, BBBK17]). The reason it is typable is that € is never accounted: since z
is known to have type [c], only the ¢ = d branch is typed. Hence some restrictions on the types
of free variables in Step 2 must be put forward, clearly variables cannot be assigned any type. In
particular, it seems we should not allow contant types such as ¢ to occur positively in the types
of free variables. Indeed, we will require that constant types do not occur positively in the typing
context and negatively in error logs and in the predicate (¢f. notion of good typing judgements
in Sec. 4.1). Note that constants can occur negatively in the types of variables. This allows terms
such as x ¢ to be typable.

One final consideration is that collecting all the requirements, both on empty multiset types
and type constants, should still allow weakly normalising terms in A to be typable in 7. We will
see that this will indeed be the case.

A Strong Call-by-Need Strategy. As mentioned, reduction in the theory of sharing may
involve reducing redexes that are not needed. By restricting reduction in —g, to a subset of the
contexts where reduction can take place, we can ensure that only needed redexes are reduced. We
next illustrate, through an example, our call-by-need strategy. The strategy will be denoted r—,
“sh” for sharing. Consider the term:

(case (\y.xy)(idid) of ¢ = d) (idc)

It consists of a case expression applied to an argument. This case expression has a condition
(My.2y)(id id), a branch ¢ = d with pattern c and target d, and is applied to an argument id c.
The first reduction step for this term is the same as for weak call-by-need, namely reducing the
B-redex (Ay.zy)(id id) in the condition of the case. It must be reduced in order to determine which
branch, if any, is to be selected. This S-redex is turned into (z y)[y\id id]. The resulting term is:

(case (zy)[y\id id] of ¢ = d)(idc)



A weak call-by-need strategy would stop there, since the case expression is stuck. In the strong
case, however, reduction should continue to complete the evaluation of the term until a strong
normal form is reached. Both the body of the explicit substitution id id and also the argument of
the stuck case expression id ¢ are needed to produce the strong normal form. Thus evaluation must
continue with these redexes. That these redexes are indeed selected and, moreover, which one is
selected first, depends on an appropriate notion of evaluation context. Our strategy will include
an evaluation context C of the form (case (zy)[y\O] of ¢ = d)(idc) and hence the body of the
explicit substitution will be reduced next. Notice that in order for the focus of computation to be
placed in the body of an explicit substitution, its target y should be needed. In this particular
case, it is because x is free but y is needed for computing the strong normal form. However, in a
term such Az.c[y\id id], the S-redex id id is not needed for the strong normal form and hence will
not be selected by the strategy.
The remaining computation steps leading to the strong normal form are depicted below.

(case (A\y.xy)(idid) of ¢ = d)(idc)

—an  (case (zy)[y\id id] of ¢ = d)(id c)

—an  (case (zy)ly\z[2\id]] of ¢ = d)(idc)

o (case (zy)[y\idlz\id]] of ¢ = d)(idc)

—a (case (zid)[y\id][z\id] of ¢ = d)(idc) ()
—an  (case (zid)[y\id][z\id] of ¢ = d)(z[z\c])

—a  (case (zid)[y\id][2\id] of ¢ = d)(c[z\c])

Note that in the fourth step (indicated with an asterisk), y has been replaced by id. As in weak
call-by-need, only answers shall be substituted for variables. Answers are abstractions under a
possibly empty list of explicit substitutions or data structures possibly interspersed with explicit
substitutions. Finally, crucial to defining the strong call-by-need strategy will be identifying vari-
ables and case expressions that will persist. The former are referred to as frozen variables and are
free variables (or those that are bound under abstractions and branches of case expressions) that we
know will never be substituted by an answer. The latter are referred to as error terms and are case
expressions that we know will be stuck forever. An example of the former is z y in (z y)[y\id id]; an
example of the latter is case (x id)[y\id][#\id] of ¢ = d in (case (x id)[y\id][z\id] of ¢ = d)(id c).
Contribution. The main contributions of this paper are:

e A non-idempotent intersection type system for A, satisfying (2).
e A strong call-by-need strategy for Ae.
e A proof of completeness of the strategy.

Discussion. Although comparison with related work is developed in Sec. 7, we would like to
comment on [BBBK17], the most closely related work (co-authored by two of the present authors).
The work in [BBBK17] proposes a strong call-by-need strategy for the lambda calculus without
matching and fixed point. It should perhaps be mentioned that standard encodings of inductive
types in the untyped lambda calculus such as the Church or Scott encodings do not address the
above mentioned problems. The culprit is the absence of a high-level construct such as “case”
which makes the notion of “blocked case” not obvious in terms of the underlying encoding. Eg.
consider the standard Church encoding of a constant c; of arity a(i):

ALY . T (i) ACL - -+ CnoCi (21 C) .. (T, C)



How would the blocked case expression case ¢ of (d = d) be encoded? Resorting to the iterators
of Church encodings, we would have: (Aed.c) ? (Acd.d), where the question mark is the missing
branch. Consider also case x of (¢ = d;d = Q) with = : [¢]. This would be encoded as
x (Aed.d) (Aed.©). The non-idempotent intersection type system of [BBBK17] does not account for
Q.

Structure of the paper. We revisit the Extended Lambda Calculus A, in Sec. 2 and also
introduce the theory of sharing for it Ag, in the same section. Sec. 3 introduces the type system
T. Sec. 4 addresses Step 1 and 2 as described above. We present the strong call-by-need strategy
in Sec. 5 and address the final completeness result (standardization theorem) in Sec. 6. Finally,
we comment on related work and conclude, suggesting further avenues to pursue.

2 A Theory of Sharing for the Extended Lambda Calculus

We assume given a denumerable set of variables x,y, z, ... and constants ¢,c’,c”, .. ..

Definition 1. The terms of the Extended Lambda Calculus A, are defined as follows:

Terms t,s,u,... == x|\x.t|ts|c|caset of b|fix(z.t)
Branch b u=cx=>t -
Contexts C == O] Xz.C|Ct|tC|fix(x.C)|case Cof b

| case t of (c171 = $1)...

In addition to the standard terms of the lambda calculus, variables, abstraction and appli-
cation, we have constants, case expressions and fixed-point expressions. In case t of b
we say t is the condition of the case and b are its branches; b is shorthand for a (possibly
empty) sequence of branches. If I = {1,2,...,n}, we sometimes write case t of (¢;T; = $;)icr
for case expressions. Branches are assumed to be syntactically restricted so that if ¢ # j then
(ci, |Zi]) # (cj,|Z;]), where |Z;| denotes the length of the sequence Z;. Moreover, the list Z; of
formal parameters in each branch is assumed to have no repeats. We write fix(x.t) for the stan-
dard fixed-point expression. We often write AZ.t for Azi....Ax,.t if T is the sequence of variables
r1 ... T, and similarly ¢5 stands for ts;...s, if § = s1-...:s,. Free and bound variables
are defined as expected. In particular, z is bound by a fixed point operator fix(z.t), and all the
variables x1,...,x, are bound in a branch cx;...x, = t. Terms are considered up to renaming
of bound variables. A context is a term C with a single free occurrence of a hole [J, and the
variable-capturing substitution of the hole [J by a term ¢ is written C[t]; C[¢] has the additional
requirement that no free variables in t are bound in C.

Remark 2. In [GL02] a family of fized-point operators fiz,,, for n a positive integer, is used. The
index n indicates the expected number of arguments and also the index of the argument that is used
to guard recursion to avoid infinite unfoldings. The type system of the Calculus of Constructions
guarantees that the recursive function is applied to strict subterms of the n-th argument. Although
we use the more general fized-point operator fix in our calculus similar ideas to “case” can be
applied to fix,, which “blocks” if given less than n arguments.

Definition 3. The Extended Lambda Calculus ). is given by the following reduction rules



over Ne, closed by arbitrary contexts. We write —, for the resulting reduction relation.

(Az.t)s +—q  t{x:=s} (
fix(z.t) iy t{x = fix(x.t)} (fiz)

case c¢;t of (C;Z; = S;)icr Frcase S;{Zj =1} ) (

if j €I and |t| = |z}
Capture-avoiding substitution of a variable x by a term s in a term ¢ is written t{z := s}.
Similarly, the simultaneous capture-avoiding substitution of a list of variables Z by a list of terms
5 of the same length in a term ¢ is written ¢t{Z := 5}. A term ¢ matches with a branch ¢z = s
if t = ¢s with |§| = |Z|. A term ¢ matches with a list of branches if it matches with at least one
branch. Given our syntactic formation condition on case-expressions, in A, terms in fact match
with at most one branch. Note that term reduction may become blocked if the condition of a case
does not match any branch (and never will). The normal forms of A\, may be characterized as

follows:

Lemma 4 (Normal forms). The normal forms of Ae are characterized by the grammar:
N = AZ.xN|M\z.cN|\z.(case Ny of (¢;Z; = N;)icr)N
where Ny does not match with (c;Z; = N;)icr. Note that the lists T and N may be empty.

Proof. By structural induction on the set of terms.

e x. The first case applies where Z is empty and so is N.
e \z.t. Then ¢ must be in normal form too, the i.h. applies and we conclude from that.

e ts. Then both t and s are in normal form and we resort to the i.h. on each to obtain t = Ny
and s = N,. Moreover, ¢ is not an abstraction so it must be one of the following:
— zN. Then ts = zN N, and we conclude.
— ¢N. Then ts = ¢N N, and we conclude.
— (case Ny of (¢;Z; = N;)ier)N, where Ny does not match with (¢i®T; = N;)ier- Then
ts = (case Ny of (¢;Z; = N;)icr)IN Ny and we conclude.
e fix(x.t). This case is not possible since the term is not in normal form.

e c. The second case applies where Z is empty and so is N.

e case t of (¢;T; = s;)iesr with ¢ and (s;);er, all in normal form. We apply the i.h. to
these terms and deduce t = Ny and (s;)ier = (N;)ier. Note that Ny does not match the
branches (c;Z; = N;);cr for otherwise the original term would not have been in normal form.
Therefore, we conclude.

O

Remark 5. From Lem. J every normal form is in one of the forms: Ax.N, N, cN or (case Ny of (c;T; =

N;)ier)N, where Ny does not match with (c;%; = N;)icr-



Remark 6. Since we work in an untyped setting blocked terms such as case ¢ of d = e must be
admitted. In the Calculus of Inductive Constructions, case analysis must be exhaustive.

We conclude this section with some standard terminology on rewrite systems. Given a notion of
reduction R over a set of terms, we use the following rewriting concepts. A term ¢ is in R-normal
form (R-nf) if there is no s such that t -x s. We write ng for any term in R-normal form.
We write —» for the reflexive and transitive closure of any reduction relation —%. A term ¢ is
weakly R-normalising, if there exists s in R-normal form s.t. ¢ - s. NF(—x) denotes the
set of R-normal forms and WN(—) the set of weakly R-normalising terms. We write <+ for the
reflexive, symmetric, transitive closure of —x. We say that ¢ is definable as s in =g, if t <% s
for s € NF(R). Also, t is definable in —x if it is definable as s, for some s, in —x. We use “:="
for definitional equality.

Remark 7. t is definable in X\ iff t € WN(—.). This follows from confluence of —.

2.1 A Theory of Sharing
Definition 8. The terms of the theory of sharing terms Ay, are defined as follows:
t,s,u,... == z|lx.t|ts|fix(z.t)|c|case t of b|t[z\s]

A term t[x\s] is called a closure, and [z\s] is called an explicit substitution. Terms without
explicit substitutions are called pure terms. Closures are often written as let x be s in ¢ in
the literature (e.g. [AFM™95]). The notions of free and bound variables of extended terms are
defined as usual, in particular, fv(t[z\s]) = (fv(¢) \ {z}) Ufv(s) and bv(¢[z\s]) = bv(t) U {z} Ubv(s).

Definition 9. A pure term t° is obtained from any t € Agy by unsharing:

x° = fix(z.t)® = fix(z.t°)
c® = ¢ (case t of b)° := case t® of b°
Ax.t)° = Aax.t® (t[z\s])® = t°{z:=s°}
(ts)® = t°s° (cT=1)° = cz=t°

e.g. ((case z of ¢ = 2)[2\dd])® = case dd of ¢ = dd. Additional syntactic categories will
be required for describing reduction in Ag,. First of all, in call-by-need computation one cannot
substitute arbitrary terms for variables, rather one substitutes values for variables. In our theory
of sharing apart from abstractions as values we also have terms headed by constants as values.
Also, values may be embraced by pending explicit substitutions. This leads to the definition of
answers.

Answers a == L[]
Values v ou= Az.t|Alc]
Constant Context A = 0O|L[A]¢t
Substitution Context L := [O]L[z\¢]

A term of the form L[v] is sometimes written vL and called an answer. An answer of the form
(Az.t)L is an abstraction answer and one of the form A[c]L is a constant answer. An example
of the latter is ((cx)[z\y] d)[y\s].

Second, reduction in Ag, will take place under arbitrary contexts. We define such a set of full
contexts next:



Full Context C := [O|Az.C|Ct|tC]|fix(x.C)
| caseCofb
| casetof (c171 = s1)...

. (Cii‘i = C) . (Cn.fn = Sn)

| Clz\s][¢[z\C]

Definition 10. The theory of sharing Ay, consists of the reduction rules over Ag, given below,
closed by full contexts. We write —g, for the reduction relation.

(Az.t)Ls g tlxz\s]L
Clz]fe\vL] ey Cfo][z\0]L
tlx\s] gt ifx & ()
fix(z.t) rpix  tlx\fix(z.?)]
case A[Cj]L of (Clﬂ'_h = Si)iGI > case Sj[.fj\A]L
if |A|=1Z;| and j € I

The dB rule transforms an application of an abstraction (possibly under multiple explicit sub-
stitutions) to an argument, into the body of the abstraction ¢ subject to a new explicit substitution
[z\s]. The 1sv rule substitutes a free occurrence of = with the value v. Since variables in v might
be bound in L and we do not wish to duplicate L, the scope of the substitution context is ad-
justed. This rule is said to operate at a distance since the explicit substitution is not required to
propagate to variables before it is executed [AK10]. It is closely related with the notion of linear
head reduction [AC17]. Rule gc removes garbage substitutions. Rule fix is standard. Rule case
tests whether the condition of the case “matches” one of its branches. Note that the condition
Alc;]L may have explicit substitutions interspersed. The length of a constant context is defined
as follows: || := 0 and |L[A]¢| := 1 + |A|. Given a list of variables Z and a constant context A
s.t. their lengths coincide, we define the substitution context [Z\A] as follows: [e\O] := O and
[Z,y\L[A]t] := [Z\A]L[y\t]. The reduct of +>¢ase uses this notion to build an appropriate list of
explicit substitutions for each parameter of the branch.

Remark 11. ¢ definable in Agy iff t € WN(—gn). This follows from confluence of —rgy.

A characterization of the — g, -normal forms is given in Fig. 1. The normal form judgement
t € N is defined simultaneously with four other judgements, namely constant normal forms
t € KC, structure normal forms ¢t € S, error normal forms ¢ € £, and abstraction normal
forms ¢t € L. We comment on some salient rules. First note that rule ENFSTRT captures a blocked
case where its condition is not a blocked case itself. If the condition of the case is t € L U S, then
we know that it cannot possibly match any branch. If ¢ € K, we must make sure of this, as
explained next. We say a term ¢ enables a branch in a list of branches (¢;T; = s;)icr, written
t > (c;@ = s;)ier, if t = Alc,|L, for some A,L, and j € I and |A| = |&;|. This is the natural
extension of the notion of ¢ matching a branch in A\, but where ¢ may be “polluted” with explicit
substitutions. Note that if ¢ ¥ (¢;Z; = $;)ier, then either, 1) ¢ # A[c]L for any A,c,L; or 2)
t = Alc]L with ¢ ¢ {c;}ier; or 3) t = A[c]L and ¢ = c¢; for some j € I but |A| # |Z;|. Rule NFSUB
is actually a rule scheme in which X can be any of S, £, &, or K. Condition x € fv(t) is required
since we would otherwise have a gc-redex. Condition s € SU £ is required too since we would
otherwise have a 1sv redex.

Further insight into the fine structure of the terms in each of these judgements is given by
Lem. 13. A description of this fine structure requires identifying so called weak structures and

10



Figure 1 The set of —g,-normal forms (X € {S, £, E,K})

tek seN
cNFCONS —— cNFAPP
cek tse K
teS seN
SNFVAR —— SNFAPP
reS tse S

te KULUS t# (ciT%i = Si)ier  (si € N)ier

case t of (¢;T; = S;)ier €&

ENFSTRT

teé selN teé (si€Nier
— ENFAPP ‘ ' ENFCASE
tse& case t of (¢;T; = S;)icr €E

teN teX seSUE zefv(t)
—— LNFLAM NFSUB
Azt e L t[z\s] € X

te K teS te & te Ll
NFCONS NFSTRUCT NFERROR
teN teN te N te

NFLAM

weak error terms. A term of the form E[z] is called a weak structure and a term of the form
Flcase s of b, with s an answer or weak structure and s ¥ b, is called a weak error term, where
contexts E and F are defined as follows:

Weak Context E
Weak Error Context F

O|Et|E[][\E] | E[2\t] _
O|Ft|E[z][z\F] | F[z\t] | case F of b

Lemma 12 (Weak structures and weak error terms are not answers). Efx] is not an answer, for
any variable x. Neither is Flcase s of b], for any answer or weak structure s and branches b s.t.

s ¥ b.

Proof. We first prove that E[z] is not an answer, by induction on the size of E. If E = [J, the result
is immediate. We consider the inductive cases:

e E=E;t. From the i.h. we know that E;[z] is not an answer and, in particular, not a constant
answer. Hence neither is E[z].

e E =E;[y][y\E2]. From the i.h. on E; we know that E;[y] is not an answer. Hence neither is

e E =E;[y\t]. From the i.h. on E; we know that E;[z] is not an answer. Hence neither is E[z].

The proof that F[case s of b], is not an answer is by induction on F and uses the previous item. [

Lemma 13 (Characterization of Sharing Normal Forms). 1. ¢t € K ifft = Alc]L andt € NF(—«,

).

11



2.
3.
/.
5.

te S iff t =Efz] andt € NF(—g).

t € £ iff t = Flcase s of b], s is an answer or a weak structure, s # b and t € NF(—gp).
te L ifft=(\x.s)L and t € NF(—g).

t e N iff t € NF(—an).

Proof. For the “only if” direction we proceed by simultaneous induction on the derivations of
teK,teS, teé telLandtelN.

cNFCoNs. Immediate.

cNFAPP. The derivation ends in:
uek seN
us e

CNFAPP

The i.h. wrt. u € K gives us A',L' and ¢’ s.t. u = A[c/|L” and v € NF(—g,). We set
A=ALlsand L = e. The i.h. wrt. s € N implies s € NF(—g,). Since u is not an
abstraction answer, u s is in —g-normal form.

SNFVAR. Immediate.

SNFAPP. The derivation ends in:
ueS seN
usesS

SNFAPP

The i.h. on s € N yields s € NF(—g,). The i.h. on u € S yields u € NF(—g,) and the
existence of E' s.t. u = E'[z]. We set E = E's. Since E'[z] is not an abstraction answer,
E'[z] s € NF(—n).

ENFSTRT. The derivation ends in:

se KULUS t;‘(ci‘fi:}Si)iEI (Uie-/\/)iel
ENFSTRT

case s of (¢;T; = u;)ier €€

The i.h. on s e CULUS, s € NF(—¢). The i.h. on each (u;);es yields u; € NF(—g), for
each i € I. That t € NF(—,) follows from the hypothesis ¢ 3 (¢;ZT; = $;)icr. We set F:= 0
and conclude.

ENFAPP. The derivation ends in:

s€c€ ueN
su€é

The i.h. on s € € yields s € NF(—¢,) and s = Fi[case r of b/] and r € LUK US and r # /.
The i.h. on u € N yields u € NF(—4,). We set F = F; u and conclude from that t € NF(—)
from Lem. 12.

ENFAPP

12



e ENFCASE. The derivation ends in:

seé& (ul G./\/)ie[

case s of (¢;T; = u;)ier €E

ENFCASE

The i.h. on s € € yields s € NF(—¢,) and s = Fi[case 7 of b/] and r € LUK US and 7 # V.
The i.h. onu; € N, foreach i € I, yields u; € NF(—g,). We set F = case Fy of (¢;Z; = u;)ier
and conclude that ¢ € NF(—4,) from Lem. 12.

e LNFLAM. The derivation ends in:
seN
Az.s € L
By the i.h., s € NF(—g). We set L = € and conclude.

LNFLAM

e NFSUB. The derivation ends in:
ueEX seSUE xefv(u)
u[z\s] € X

NFSUB

The i.h. on s € SUE, we know either s = E[z] or s = E[case s’ of b] and s’ € L UK and
s’ % band s € NF(—g,). In any case, by Lem. 12, s is not an answer. Hence u[z\s] is not an
1lsv-redex. We next consider three cases depending on the value of X.

— X =K. By the i.h. onu € K, u = A'[c]L” and u € NF(—g,). We set A = A" and

L =L'[z\s].
— X =3S8. By the i.h. onu € S, v = E'[z] and u € NF(—g,). We set E = E'[z\s] and
conclude.

—~ X=2E& Bythe ih. onu € & u=F][case r of bjand r € LUK US and r 3 b and
u € NF(—gn). We set F = F/'[z\s] and conclude.

— X=L. By the i.h. on v € L, u = (\y.r)L" and u € NF(—4,). We set L = L'[z\s] and
conclude.

e NFCONS, NFSTRUCT, NFERROR, and NFLAM. Immediate from the i.h.
For the “if” direction we proceed by induction on ¢t. Suppose t € NF(—y).

ot =1z Weset E:=[0. E[z] =x € S is immediate from SNFVAR. Hence also z € N, from
NFSTRUCT. Thus we prove items 2 and 5.

e t = Az.s. We know that s € NF(—g,). By the i.h. s € N. Ttem 3 follows from LNFLAM;
item 5 further follows from NFLAM.

o t =11ty. Weknow t; € NF(—g,) and t5 € NF(—g,). By the i.h. w.r.t. the fifth item, ¢; € A/
and to € N. We now consider three cases:

— Suppose t; to = Alc]L for some A,c and L. Then L = € and A = A'L’ t5 with A'[c]L” = ¢;.
The i.h. w.r.t. the first item indicates that t; € K. We conclude that ¢ to € K by using
CNFAPP.

13



— Suppose t1t; = E[z]. Then E = E't5 and ¢; = E'[z]. From the i.h. w.r.t. the second
item we obtain ¢; € S and conclude that ¢; ¢t € S from t5 € N and SNFAPP.

— Suppose ¢ty = Flcase s of b] and s € LUKUS and s # b, we proceed similarly,
noting that the target of every branch in b must be in N given that these branches are
in NF(—4,) and that we can resort to the i.h. w.r.t. the fifth item.

— The case t1 t2 = (Az.s)L does not hold and hence item 3 holds trivially.
o ¢t =fix(x.s). This case is not possible since t € NF(—g).

e t =c. Weset A:= 0 and conclude from CNFCONS. This concludes item 1; item 5 then
follows from NFCONS.

e t = case s of b. Since t € NF(—g), s % b. Moreover, by 4.h. w.r.t. item 5, s € N and each
r; € N. From the former, s € LUSUE UK. If s € £, then we conclude using ENFCASE, if
s € LUSUK, then we conclude from ENFSTRT.

t = t1[x\t2]. Since t € NF(—g,), it must be the case that x € fv(t1) and to is not an answer.
Moreover, from t1,t2 € NF(—¢,) and the i.h. w.r.t. the fifth item, ¢;,¢2 € A and hence
t1,to € LUSUK UE. Since ty is not an answer, to € SUE. We conclude from NFSUB.

O

We conclude with a simple result that relates reduction in —g, with that in —..
Lemma 14. Lett,s € Ag,.

1. Ift =g 8, then t© —¢ s°.

2. t € NF(—gn) implies t° € NF(—).
3 Intersection Types for the Theory of Sharing
This section introduces 7, a non-idempotent intersection type system for Ag,. We assume «, 3,7, . ..
to range over a set of type variables. The set of types is ranged over by 7,0,p,..., and fi-
nite multisets of types are ranged over by M, N, P,.... The empty multiset is written [],
and [11,...,7,] stands for the multiset containing each of the types 7; with their correspond-

ing multiplicities. Moreover, M + N stands for the (additive) union of multisets. For instance
[a,b] + [b,c] = [a, b, b, c].

Definition 15. The types of T are defined as follows:

Types T = a|M—=T1|D|E
Datatypes D = c|DM
PreError type G := eTB|GT

Error types E = (G)|ET
Branch type B = M=rT

14



Figure 2 Typing rules for T

————— TVAR —— 1CONS
ka7 F;Xkc:c

'z M;XkHt:T YXFt:r tTGM=0 A;XFs: M
TABS TAPP
LYzt M—r Fr+A;XkFts:o

Pz M;ZHt:7 AT fix(xt): M Xkt 7(b) A;X 0
TFIX TCASE

D+ A;2F fix(ad) : 7 F+A;YXFcasetofb:o

(T XkEt: Ti)1<i<n (n >0)
== TMULTI

'z M;XHt: T AYEs: M S - -
T
T+ A; X Ftla\s]: 7 ZFi;EI—t:Z[TA
i=1 i=1

T=T1...T,
TAPPFUN ———— TAPPDATA i TAPPERR

M—=>T1QM=T1 DAQM= DM (G)TQ[M]=(Gm)T2...Th

ch matches (¢;T; = $;)icr rez;: M; S F 5510
= TCMATCH
;M ((ciT; = si)ier) ;2,05

7 does not match (¢;Z; = $;)ier (Fi BT Mg T ks Ui)iel

7 ((cii = si)ier) QT SU {87 (Mi = ai)ier) p}, (€7 (M; = 0i)ier) p

el

TCMISMATCH

The type a is a type variable, M — 7 is a function type, D is a datatype and E is an error type.
A datatype is either a constant type ¢ or an applied datatype D M. Informally, cM;... M, is
the type of a constant applied to n arguments, each of which has been assigned a multiset of types.
PreError types are solely introduced for building error types; error types are used for typing case
expressions which will eventually become stuck. A case is stuck if, intuitively, it can be decided
that the condition cannot match any branch. An error type (€7 (M; = 0;)ic1p1---pj) Pjt1 --- Pk
is the type of a case expression:

1. whose condition has type 7 and branches type M; = o;;
2. which is stuck;

3. which has been applied to arguments of type p; ... p;; and
4. which is expecting arguments of type pji1... pk.

We call e an error type constructor.

Letters I', A, ©, ... range over typing contexts, which are functions mapping variables to
multisets of types. I'(z) is the multiset associated to the variable z. domT" is the domain of I',
namely the set of z s.t. T'(z) # [].

Letters X, T, ... range over error logs, sets of error types. The sum of typing contexts I' + A
is defined as follows: dom(I' + A) := domT UdomA and (I' + A)(z) := I'(x) + A(x). The
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disjoint sum of typing contexts I' & A is defined as I' + A provided domI' Ndom A = @. We
write I,z : M for I' + {z : M} and I';z = M for I' @ {z : M}. Also, we write & : M for
((zi)ier : (Mi)ier) = ;e (xi : M;) and similarly for 2 :: M.

Definition 16. The typing system T is defined by means of the typing rules of Fig. 2. These rules
introduce four, mutually recursive, typing judgements:

1. Typing ;X t:7)
Term t has type T under context I' and error log 3.

2. Multi-typing ;X +Ft: M)
Term t has the types in M under context I' and error log 3.

3. Application (1 Q@ M = o)
A term of type T may be applied to an argument that has all the types in M, resulting in a
term of type o.

4. Matching (7 (b)) I';X,0) B
Type T might be the condition of a case with branches b, which will result in a term of type
o, provided certain hypotheses I' and error logs 3, or else fail.

We write 7, &, ... for typing derivations and w(T';X ¢ : 7) if 7 is a typing derivation of the
judgement I';¥ -t : 7. We comment on the salient typing rules. The axioms are linear w.r.t.
the typing context in that they require the typing context to be empty but for the type assigned
to x in TVAR and the typing context to be empty in TCONS. The error context, however, is said
to be intuitionistic in that it may hold any number of error types. Rule TAPP caters for typing
applications of terms of functional type, data structures and error terms, to arguments by means
of the application judgement T @ M = o. Indeed, 7 may be of the form M — o (¢f. TAPPFUN),
or a datatype D in which case o is DM (c¢f. TAPPDATA), or an error type (G) 71 ... 7, in which
case M must be a singleton [r1] and o of the (G71) 2 ...7, (¢f. TAPPERR). The restriction to
a singleton type in the last case is due to the fact that all one wants to do is enforce that the
arguments of a stuck case be typable. Note also that typing contexts are multiplicative whereas
error logs are additive. The TFIX splits its resources so that they are dealt out to be used for one
unfolding (I") and the rest of the unfoldings (A). The TCASE rule relies on the matching judgement
7 (b) A; ¥, 0. The latter checks whether the type of the condition 7 matches the list of branches.
A type T matches with a branch ¢z = s if 7 = cM with | M| = |Z|. A type matches with a list
of branches if it matches with at least one branch. Returning to our description of TCASE, if 7
matches with a branch, then that branch is typed (¢f. TCMATCH). However, if 7 does not match
any branch (¢f. TCMISMATCH), then all branches have to be accounted for by the type system.
Moreover, the type of the case expression will be an error type of the form (e7 (M; = 0;)icr) ps
which is recorded in the error log. Note that p = p1,...,pr are the types of the arguments to
which the stuck case expression will be allowed to be applied to. Finally, TMULTI allows a term to
be typed with a multiset type. In this rule, if n = 0, then Y . [r;] denotes the empty multiset [].

Remark 17. T does not enjoy unique typing. For example, it is possible to assign many types the
expression cons zero (cons zeronil), namely cons || [] or cons [zero] ||, or cons [zero, zero] [].
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Figure 3 Example derivation

———  TVAR - m
n:lz@okn:z z(h) :28l2]
(a) n:|z); @ F case n of b: sz . TMuLTI
@; @ F An.case n of b: [z] — s|[z] TABS Gkt P
;G t:[z] — sz
——  TCONSs
g;TkFs:s TOoNS s @ [z] = s|[z] TAPPDATA 2 2.'_;; z : TMULTI
(b) ’ z: 2] TAPP
;0 sz:s(z] TCOM
z ((z=sz;sn=snxfn)) J;J,s|z
TVAR _ &
n:lslz2llotn:slzz sle.) 0) {f :[le] > slell}:osfd]
(c) f:llz] = slz]]l,n:[s[z2]]; @+ case n of b: sz TABS Gt
f:[lz] = slz]; @ F An.case n of b: [s[z,2]] — sz
okt:[s]zz]] = sz
& fillz) =»slz)l; otk f:]z] >slz] [z] >s[z]Qz] =s[z] n:[z];TFn:]z ;
n:z);@Fsn:s|z n:lz),f:][z] 2> slz];9F fn:sz]

fillzl = slz]l,n:[z,2]; @ Fsn* fn:s|z]

s[z,2] (0) {f : [[z] = s[2]]}; 2,5 2]
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3.1 An Example

Let t be the term fix(f.An.case n of z = sz;sn = sn x fn) representing the factorial function.
We exhibit type derivations for the judgements:

1. ;@ Ft:[z] — s[z]; and
2. g; ok t:[s[z 2] — szl

We use b to denote the branches z = sz;sn = sn * f n. The derivation 7 for the first judgement
is in Fig. 3(a). Note the absence of f in the typing context of the judgement

;D An.case n of z=sz;sn=snx* fn:[z] > sz

Since the type of n is [z] the branch with the recursive call will not be used and hence is not typed.
The missing subderivation of 7 called 7y, of the judgement z (b) @, s [z], is given in Fig 3(b). Since
z matches with (z = sz), we only type this branch.

A derivation £ of @ F t : [s[z,z]] — s|z] is in Fig. 3(c). We use the following typing rule for

the product:
IYkt:s"z AYFs:sMz
F'+A;XFtxs:8"""z

TPROD

The derivation &; of s[z,z] (b) {f : [[z2] — s[z]]};9,s[z] is given in Fig. 3(d). The missing
subderivation & may be completed without trouble.

3.2 Metatheory

Lemma 18 (Generation Lemma for 7). Let 7 be a derivation in T .

1. 7(TyE k1) impliesT = x : [7].

2. m(I; 8 F Azt 1) implies 3o and M s.t. T=M = o andT @z M;EFt: 0.

3. (I8 Fc:c) impliesT = @.

4. #(T;5 F ts: 1) implies A1, To,0,M s.t. T =T1 4T3 and T35 Ft: 0,0 @ M = 7 and
I'y;XkFs: M

5 n([; X F fix(a.t) : 7) implies AT, To, M s.t. T =T+ Do, and T1 @ :: M;E Ft: 7 and
Do; X F fix(z.t) : M

6. m(I'; X+ case t of b: 7) implies AT, Ty s.t. T =T+, and ;X Ft: 0 and o (b) Ta; 2, 7.

7. m(T; 2 F tla\s] : 7) implies A1, To, M st. T =T1 4+ T, and Ty @ = My Ft: 7 and
I'y: ¥ F s: M are derivable.

8 w([;X F t: M) implies In, Ty, 7, fori € Ln, s.t. T'=>" T, and M = 1" |[r;] and
(T X Ht 1), fori € lun.

Proof. By induction on 7. O
Lemma 19. If n(T; X t: 1), then domT C fv(t).
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Proof. By induction on 7. O
Lemma 20 (Type of Answers). If m(I; X F¢: 1), then

o t = Alc]L implies T =c My ... M,, where n = |A|.

e { = (A\x.s)L implies T =M — 0.
Proof. By induction on . O

Lemma 21 (Reverse substitution). If I'; X b t{x := s} : 7 then there exist contexts T'y, T's, and a
multiset of types M such that:

1. TW®r o M;XHLt:T;
2. T9; X Fs: M; and
3. I'=T1+7T,s.

Proof. By induction on the derivation of T';¥ + t{x := s} : 7. Note that if ¢ = x, then we set
Iy =@, M := 7], and 'y := T, and the result holds trivially. So we henceforth assume that
t # x. A word on notation in the proof below: we write I'; 'y as shorthand for T'y + I's.

e TVAR. t{z := s} = y and the derivation ends in:

————  TVAR
y: |7 Zky:T

Given the above mentioned comment, t =y. We set I'y :=y : [1], M :=]].
e TABS. t{z := s} = Ay.u and 7 = N — ¢ and the derivation ends in:
Fr'ey:N;Xtu:o
Yk yu: N —o

TABS

Then t = Ay.r and u = r{x := s}. By the i.h. there exist I'}, '}, and M’ s.t.
Mer:M;Tkr:o Iy Yks: M Foy:N=T1+T=T®y N +T%)

FromTY @y Ndz: M;ZkFr:o wededuce I'f @z :: M; X F Ay.r : N — 0. Thus we
set I'y :=T%, I'y :=T'%, and conclude.

e TCONS. t{z := s} = ¢ and the derivation ends in:

——— 17CONS
;¥ Fc:c

Then ¢t = ¢ and we set I'y := @, M :=[], and 'y := &, and the result holds trivially.
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e TAPP. t{z := s} = ur and the derivation ends in:

I';Xhtu:o cQP =17 Iy Xbkr:P
N+ Xbur:r

TAPP

where, I' = I'y +I'5. Given the above mentioned observation, t = t; to, for some terms ¢; and
to, and u = t1{x := s} and r = to{x := s}. Thus we have:

IM;Ykt{z:=s}:0o cQP =71 Iy Y kto{x:=s}:P
I+ T2 F (trto){x:=s}:7

TAPP

From the i.h. on I'1;3 F ¢1{z := s} : ¢ we know there exist I';1, 12, and Aj s.t.

Mi®rzN;XkFti:o TigsXbks: My Iy =T+
Let P = [p1,...px]. Then I's = Zle I'y;. From the 4.h. on each T'g;; 3+ tof{x := s} : p;, for
i € 1.k, we know there exists I'g;1, I'as2, and Ny; s.t.

Fojn @ Nojs X hta:pi Toios X s: Ny Toy =Toi1 +Taio

We thus have Zle o1 @ Zle Myi; ¥ to 0 P and therefore, using TAPP, also (I'1; @
x Ml) + (Zle FQH D Zle ./\/121),2 F tl tz 0. We set M = M1 + Zle ./\/lgi and
Iy =111+ Zle I'g;1. This proves the first item.
For the second item we set I'y :=I'15 + Zle T'9;0.

We are left to verify that ' =T +T's =T'11 + 12 + Zle I'3;. We reason as follows:

I+ T+ Zle Ty
Iy +Te+ Zle(rml +T29)

I+ Zle Poip + T2 + Zle oo
= I +1y

o TFIX. t{z := s} = fix(y.u) and the derivation ends in:
Moy :N;Zhu:r Io; 2k fix(yu) : N
I+ Ty 3 F fix(yu) : 7

TFIX

and ' =Ty +T5. Thent = fix(y.t1), v = t1{x := s} and by the i.h. on 1Dy = N; X Fu: T,
there exists I'11, 112 and M s.t.

Moy Nor: MYkt i7 TigsXks: My T =T @y N +Ts (3)

Similarly, by the i.h. on T'y; ¥ b fix(y.u) : 03, where N = [o1,...,04] and Ty = 37, , T%,
there exists I'y;, T'5, and M5 s.t.

Iy @a: My S fix(yty) oy ThyX ks My Th=T% @y My +Th, (4)
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LetTo1 =Y, ,ThandToe =3, , Thyand Ma =3, , Mb. ThenTo1®z : Moy X+
fix(y.t;) : N. Thus we can derive:

Moy Nox: Mi;XkHt 7 Iy @z : Mo Xk fix(y.ty) : N
14T ®@x: My + Moy X F fix(yu) @ 7

TFI1X

Notice also that:
F12F22; YEs: Ml U MQ

Thus we set M := Ml + MQ, Fl = F11F21 and FQ = 1"211"22.

e TCASE. t{x := s} = case u of b and the derivation ends in:

I';XrFu:o o (b)To; X, 7
I'M+T9;YFcaseuof b: 7

TCASE

and I' = I'y + I's. First let us assume that o = ch and ch matches with b = (ciz; =
si)ier- ThenTo®Z; M; S F sj 105 and 7 = 0;. In this case we use the .h. onI';; X Fu: o
and I'y; © 7; MY Fs;:oj.

If o does not match with b = (¢c;Z; = s;)ies, then we know that (Do; BT 2 M3 X' F 54 04)ier
and ¥ = X' U{p} and p := (e 7 (M; = 0;)ics) p and also 'y = Y, T'y; and 7 = p. Here we
use the i.h. on I'1; 3 F w: o and on each of (T'y; @ T; : M3 X' F 8,1 04)ier.

O

4 Towards Completeness of The Strategy

We next outline the proof method [BBBK17] that we use to prove that the strong call-by-need
strategy (to be introduced in Sec. 5) is correctly behaved w.r.t. reduction in Ae.

e Step 1 (Sec. 4.1). Weakly normalising terms of A, are typable in the non-idempotent
intersection type system 7.

e Step 2 (Sec. 4.2). Typable terms in 7 are weakly normalising in the theory of sharing Agy.

e Step 3 (Sec. 6). Factorization of the reduction sequence in Ag, obtained in Step 2 into an
external part followed by an internal part, by means of a standardisation theorem. The former
part corresponds to the strong call-by-need strategy and the latter shown to be superfluous.
The end term of the external part is shown to be identical modulo unsharing (or unfolding
of explicit substitutions) to the original normal form from Step 1.

A corollary is that the strong call-by-need strategy is complete w.r.t reduction in the Extended
Lambda Calculus: if t reduces to a normal form s in Ag, then the strategy computes a normal form
u such that s is the unsharing of w.
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4.1 Definable Terms in ), are Typable (Step 1)

This section addresses Step 1 of the diagram below, where t € Aq:

Step 1 Step 2
t e WN(A) 2> t € Typable(T) 2> ¢ € WN(Aan)

As discussed in the Introduction, we don’t want ¢ to just be typable in 7 but to be typable
with some additional constraints so that Step 2 holds too. For example, we mentioned that x (2
is typable by setting z to have type [] — «, for a a type variable; however, the term is not
normalising in Ag,. We must require that the typing judgement I'; X + ¢ : 7 be such that [] ¢ N(T)
and [| ¢ P(7) [BKV17]. Here N(I') and P(7) refer to the usual notions of negative and positive
occurrences of types in 7 (¢f. Fig. 4). In the presence of constants and case expressions, this
constraint does not suffice. We introduce an extended set of constraints below that determines what
we call good judgements (cf. Def. 22). We revisit below some examples from the introduction
to motivate them. B

Consider the term case c of (d = d) Q2. It is typable with, for example, type (e ¢ ([d] = d);er][])-
Notice how the type of the blocked case includes occurrences of the types of arguments to which it
applies (in this case the empty multiset type). This will allow us to extend the above mentioned
constraint to blocked case expressions.

Consider now the term case z of (¢ = d) - (e = Q). This term is typable with type d, if
x : [c], however, it is not weakly normalizing in Ag,. This motivates the new constraints ¢ ¢ P(T),
c ¢ N(X), and ¢ ¢ N(7) in Def. 22. In particular, in a term such as case z of (¢ =d)- (e = d)
which is in normal form, we will type it by assigning x an appropriate error type.

Finally, note that in pure lambda terms all terms in weak head normal form have a variable
at the head. Since the types of all variables are in the typing context I', we can place restrictions
on their type through I'. For example, in the above mentioned term x {2 one may require that
[| ¢ T'(z) to force the type system to account for Q. However, now we may have term in weak
head normal form headed by blocked case expressions. In order to have access to their types so
that we may place restrictions on them, we have to record them. This is the role played by the
error logs and motivates the third, and final, item of our notion of good judgements, namely that
all occurrences of error types be accounted for in the error log.

We will make use of the following notions on error types. The first one, ﬁ, establishes a
canonical notation for error type E as defined below. The second is F; ~ E5 that holds if El) = Fs.

e _
<eTB§ = <ej7'3>
Gty = (G)T
Er = ﬁT

Definition 22 (Good types and typing judgements). The set of positive (resp. negative) types
occurring in T, denoted P(T) (resp. N(7)), is defined in Fig 4. A type 7 is good if ¢ ¢ P(7) and
| ¢ N(1). We say M is good if each T € M is good. A typing context I' is good if I' =T';T
and Yz € domT'y, I'y(x) is good and Vo € domT'., T'c(x) is an error type. A typing judgement
'Y Ft:7is good if

e [ is good;
o [¢P(E) and[] ¢ P(7);
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Figure 4 Positive and negative types
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The proof of Step 1, namely that terms definable in A, terms are typable (Thm. 25), consists of
two steps. First we show that —.-normal forms are typable with good typing judgements. These
typing judgements I'; ¥ ¢ : 7, for ¢ € NF(—), are such that constants do not occur negatively
in 7 nor in ¥ nor positively in I'. However, constants may occur positively in 7 such as when
typing the normal form ¢ and also negatively in I' such as when typing the normal form x ¢ where

z: [[c] = a].

Lemma 23 (Normal forms are typable). Lett € NF(—).

Then there exists a context I', an error

context 3 and a type T such that 1(T; X Ft:7), and T; 5 Bt 2 7 is good. Moreover, if t is of the

form:

o © N, then T is a type variable; and

e (case Ny of (c;7; = Ni)icr)N, where Ny does not match with (c;x; = Ni)ier, then T =
(e (M; = 0y)icr p1-.- pr) with k =|NJ|.

Proof. By induction on the structure of ¢, according to the characterization of Lem. 4. We thus
consider three cases for ¢:

o t = A\Z.yN where N = Ny, ..

.y Ni.. By the i.h. there exist contexts (I';);e1. .k, error contexts

(3:)ie1. .k, types (Ti)ie1..k s-t. the typing judgements I';; 3; F 7; are good, and derivations m;

s.t. wl(F,,El H Nz :

Ti)iel.k- Let T :=J%;. Note that I';;¥; F 7; good implies T';; T F 7;

good. Also, I';; 3, + N; : 7; derivable implies T';; T F N; : 7; derivable. Let « be a fresh type
variable; we can build the following derivation:
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STity:[[n] =[r]—...=m —=a;TFyN:a

Also, note that if T is empty, then this proves item (1). Let A :=> T; +y: [[11] = [m2] —
.. =[] = a]. We can use TABS to deduce

A\Z; Y FAZYN : A(x1) — ... = Azg) = «

& PA\Z: Y F A(zy) — ... = A(zr) — «) follows from [| ¢ P(;%; = ;) above.
Likewise, ¢ € N(A\ Z; T F A(z1) — ... = A(zx) — «) follows from ¢ ¢ N(T';; 5; - 7)
above.

t = AZ.cN where N = Ny, ..., Nj. By the i.h. there exist contexts (I';);c1..x, error contexts
(X:)ie1. k, types (7i)ic1..k s-t. the typing judgements T';; 3; b 7; are good, and derivations ;
s.t. Tr'L(]-—"LaE’L F Nz : Ti)iel..k~ Let T := UZZ Note that F“21 - Ti gOOd 1mphes ].—‘“T H Ti
good. Also, I';;3; B N; : 7; derivable implies T';; T F N; : 7; derivable. Then we can build
the derivation

STy YhHeN:cln]...[m]
Let A=) T;. We can use TABS to deduce
A\NZ; T FAZ.eN : A(zy) = ... = Azg) =[] ... [7%]
& PAA\NZT E Az)

= ...
above. Likewise, ¢ € N(A\ z; T
c g N(Ty; %, F ;) above.

A(zg) = c[n] ... [mx]) follows from [| & P(T';%; F )
FA(x) = ... = A(xg) = c[n] ... [r]) follows from

t = \.(case My of (c;¥; = M;)icr)N, My does not match with (c;z; = M;)icr, N =
Ny,..., N, and we assume I = l.m. By the i.h. there exist contexts (T';);e1.x, error
contexts (%;)ie1..k, types (7:)ic1..x and derivations m; s.t. m;(Ti;X; B N ¢ 75)ic1..x and the
typing judgements

;¥ = N; @7 are good (5)

The i.h. also allows us to deduce the existence of contexts (A;);co..m, error contexts (1;)ico..m.,
types (0;)ico..m and typing derivations &;

§i(Ais i = M; 2 0i)ico.m (6)
s.t. the typing judgements

A;; T B M; : o; are good (7)
We consider multiple cases following Rem. 5:

— My is of the form My = x P. Then by item (1), oy is a type variable a and hence
(ciT; = M;)er follows from TCMISMATCH using (6):
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a ((ci%; = si)ier) (Xier Di \Ti) U{p}k Ti,p
where p := (e a (M; = 0;)icr)T1 ... Tk. We then use TCASE to deduce:
Ao+ (e A\ 7i); UYi U{p} I case My of (c;Z; = M;)icr :
<eo<(./\/li = Ui)ieI>Tl-~-Tk

Multiple applications of TAPP result in:

AO + (ZiEI Al \ fi) —+ Zjel..k Fj; U_Tz U Ez U {p} F (case MO of (Cifi = Mi)iel) N .

<Ea (Ml = Ui)iel T1 .. .Tk>

Let © := Ao + (D cr A \Ti) + D 4ey 5 Iy and @ := UJT; UUE; U {p}. Finally, we

apply TABS multiple times to deduce:

O\ z;® - A\z.(case My of (¢;Z; = M;)icr) N : O(z1) = ... = O(x) —
(ea(M; = 0i)ier 1. k)

Note that © \ Z;® - O(x1) — ... = O(z;) = (€a(M; = 0)ics 71 ... T) good follows

from (5) and (7). In other words,

x [ ¢ PO\Z;@FO(x1) = ... = O(x;) = (e (M; = 04)icr 71 ... T)); and

* C ¢N(@\.’f,‘b F @(.’)31) — .. @(Z’l) — (ea(/\;li = Ui)ieITl---Tk>)
follows from (5) and (7). In particular, ¢ ¢ N((ea(M; = 0i)ier)71...7) and [| ¢
P((ea (Ml = Ui)i€I>Tl . Tk).

— My is of the form Ax.N. Then following Lem. 18, o0y must be a functional type and
hence we can proceed as in the previous case.

— My is of the form cP. Since M, does not match with (c;iT; ?Mi)iel, either ¢ ¢ (¢;)ier
or ¢ = c; for some j € I and |P| # |Z;|. Since My = cP, then following Lem. 18
oo = ¢ M with |[M| = |P|. Thus oy does not match (c;Z; = M;);er and we can proceed
as in the previous case.

— My is of the form (case Ny of (c;z; = N;)ier)P, where No does not match with
(c;Z; = Ni)icr- Then by the i.h. and item (2), o9 = ep (M; = 0;)ics. Thus oy does
not match (¢;z; = M;);e; and we can proceed as in the previous case.

O

The second step consists of showing subject expansion for —, (i.e. t = sand I; 2 F s : 7
imply I X - ¢ 7).
Lemma 24 (—.-expansion). Lett =, s. If ;X Fs:7 thenT; X F¢: 7.

Proof. By induction on the derivation of I'; ¥ F s : 7. We first present the cases in which reduction
is at the root since these do not involve the i.h..

e f(-step. t = (Ax.t3)ts and t = (Ax.t3)te —e t3{z := t2} = s. From Lem. 21 there exist 'y,
I's, and M such that Ty @ x :: M; X Fit3:7,T9; 5ty : M, T =11 +T'5. We can conclude
by using TABS and then TAPP.

o fix-step. t = fix(z.u) = u{zr := fix(x.u)} = s. From Lem. 21 there exist 'y, T'g, and
M such that Ty @z :: M;EXFw: 7, To; X F fix(zu) : M, and T' =T’y + T'y. We can thus
conclude immediately by using TFIX.
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e case-step. ¢ = case c¢;u of (¢;T; = Si)icr —ve 5;{Z; = u} = s and j € I and |u| = |z;]|.
Let y = x; so that s;{Z; := u} may be written s;{y := u}. Also, assume |y| = n. From
Lem. 21 there exists I'yp1, o, Zp1, Epe and M, such that T'ypyy @ yy, 2 Moy 81 F si{yr =
Ut Ayg ;= Uup—1}t i T, DposXpa Fto : M, T =T + T and ¥ = 3,1 + X0, Iterating
further applications of Lem. 21 produces I'1; and T'12, ..., 1), Y11 and Zia, ..., X(_1)2
and My, ..., M,_1 such that

1L Thu@y o Mi@...Oyn s My X ks,

2. Tio; X0 by : M, (for @ € 1..n);

3. T =Ty + 3" Ty and
4.9 =3, 0, Se.

From the second item we deduce Y1 Tio; Ui Zio b ¢cju : ¢ My... M,,. We are left

to verify that ¢c; My ... M,, (c1Z1 = s1...CpZn = Sp) I'11; 211, 7 in order to conclude that

¥ Ft: 7 using TCASE. Since cj My ... M, matches ci1Z1 = s1...¢p,Tp = 5y, We simply
note that TCMATCH applies since I'11 @ y1 :: M1 @ ... @y, :: My; X11 F s ¢ 7 is derivable.

Having concluded the cases in which reduction is at the root, we resume our proof of the rest
of the cases by induction on the derivation of I'; ¥ F s : 7.

e TABS. Then t = Ax.u, u =, v’ and s = Az.v’ and the derivation of I'; ¥ - Az.u’ : 7 ends as
follows where 7 = M — o:

Fres:M:;ZFu 0
Sk xuw M=o

TABS

From the i.h. we have '@z :: M; 3 F u : o, thus we may conclude using TABS.

e TAPP. Suppose s = t] to with ¢; —. t] (the case in which s = t; t;, with t5 —, ¢} is similar
an omitted). The derivation of I'; ¥ b ¢} t5 : 7 must end as follows:

I YHt o cQM=r1 Iy X Fty: M
F1+F2;E|_t/1t227'

TAPP

where I' = Ty + I's. We simply use the i.h. and then TAPP.

e TFIX. Then s = fix(z.w') and u — w'. Moreover, the derivation of I'; X + fix(z.u') : 7
must end as follows:

M@z MIbEW:T Iy Yk fix(za') : M
[+ T3k fix(zu') i 7
We use the i.h. on the derivation of I'y ® x :: M;X F «/ : 7 and conclude that I'y & x ::
M;E b w7 is derivable. Note that since s = fix(x.u) —. fix(z.u') and each derivation
of To; ¥+ fix(a.u') : p, for p € M, is smaller than the given one, we can apply the i.h. to

the derivation of I'y; ¥ F fix(z.u') : M and deduce I's; ¥ F fix(z.u) : M. We then conclude
using TFIX.

TFI1X
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e TCASE. t = case u of b where b = (c;%1 = s1)...(CyZTy = 5,). The derivation ends in:

I';XrFu:o o {b)To; X, 7
T

— CASE
I'n+I'y;XFcaseuof b:7

where I' = 'y +T'g. If u —, v/, then we simply apply the i.h. to the derivation of I'i; X F u : o
and then conclude using TCASE. If s; — s;, then if s; occurs in a subderivation of the
derivation of o (b) T'y; %, 7 we apply the i.h. and build a derivation of o (o) I'y; %, 7 and
conclude using TCASE. Otherwise, we conclude immediately.

O

Theorem 25 (Step 1). Suppose t is definable in A\e. Then there exists a context T', an error
context 3, a type 7 and a derivation w s.t. m(I;X ¢ 7) with ;8 ¢ : 7 good.

Proof. Suppose t is definable as s in Ae. Then t € WN(—,). The result is an immediate consequence
of Lem. 23 and Lem. 24. O

4.2 Typable Terms are Definable in )y, (Step 2)

The idea behind Step 2 is to show that: 1) redexes in a term t that are accounted for by a
typing derivation for t, lets call them typed-redexes, are finite in number and that that number
can only decrease by reducing them; and 2) terms that are in such typed redex-normal form and
that are typed with good typing judgements are also in normal form with respect to Ag, (i.e. are
in NF(—g,)). That a redex is accounted for in a typing derivation 7 is expressed as the redex
occurring at a typed occurrence in w. For example, in a term such as x (id id) with z : [[| — «], the
redex id id is not typed-redex since there is no subderivation of 7 that types/accounts for it.

Positions in terms are defined as usual; we write € for the empty position. Let p be a position
in a term ¢ and let m(I; X ¢ : 7).

Definition 26. We say p is a typed occurrence in 7 and define it inductively on m:

e 7 ends in TVAR or TCONS: p=¢

e m ends in TABS: Then w has the following form and p = € or p = 0.p' and p' is a typed

occurrence in my.
o

Freoz M;EEt:T
LYXFXXedt - M— T

TABS

e m ends in TAPP: Then w has the following form and p = € or p = 0.p' and p' is a typed
occurrence in g or p = 1.p" and M # [ and p’ is a typed occurrence in .

YXFt:r tQM=0 A;XFs: M
FrA;YkFts:o

TAPP
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e 7 ends in TFIX: Then m has the following form and p = € or p = 0.p' and p’ is a typed
occurrence in mg.

U 1
Frexz:M;XFt:T AT F fix(at) : M
TA; S F fix(zt): 7

TEFIX

e 7 ends in TCASE with a matching case. Then w has the following form and p =€ orp = 0.p
and p’ is a typed occurrence in wy or p = j.p' and p’' is a typed occurrence in wy.:
m
_— Az M;XFs;:0
;Y bt c;M — - 1CMarcH
CjM <(CZ.’E1 = 5i)i€]> A; E, oj
I'A; X+ case t of BZO‘j

o

TCASE

and c; M matches (¢;T; = $;)ier-

o 7 ends in TCASE with a mismatching case: Then w has the following form and p = € or
p = 0.p/ and p’ is a typed occurrence in wy or p = j.p’, with 7 € I, and p’ is a typed
occurrence in m;.:

Ty _
7o VR . pi=(eT(M;= 0i)ier) pr--- Pi
m (F,LEBLCZ ..MZ-,E}—SZ; Ui)iEI
T <(Cixi = 3i)i€[> A YU {p}, p
TA; X U{p}Fcasetofb:o

TCMISMATCH

TCASE

and T does not match (¢;¥; = s;)ier and A = (3, T4).

e m ends in TES: Then m has the following form and p = € or p = 0.p' and p’ is a typed
occurrence in mg or p = 1.p" and p’ is a typed occurrence in .
o 1
ez MEHt:T I'g;¥Fs: M
T Xk tfa\s] : 7

TES

e 71 ends in TMULTI: Then m has the following form and p = € or p = i.p’ and p’ is a typed
occurrence in ;.

T

TyXkt: Ti)lgign

ifi;z t: i[n]
i=1 i=1

(n>0)
TMULTI

We say t is in m-normal form iff ¢ has no typed redex occurrences in 7. We write size(w) to
denote the size of a derivation in terms of the number of nodes of the derivation seen as a tree.
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Similarly, size(II) is the sum of the sizes of all the derivations in the set of derivations II. Also,
fix(m) denotes the number of nodes in 7 that are instances of TFIX.

The measure of a derivation 7, M(w), is the pair (size(r), fix(7)). The following results all aim
at showing that this measure decreases when typed redex occurrences are reduced (¢f. Lem. 31).
We begin our analysis by adding two typing rules to 7 that allow us to type substitution contexts.
This will be a convenient technical device to analyse the typing of terms of the form ¢L (¢f. Lem. 27
below).

——— 1CHOLE
;% lFe: o

Mor:MIIFL:A zéddomA Ty;XFs: MON
I To; X IFL[z\s] : APz : N

TCCONS

Lemma 27. 7y (I;E F L 2 7) 4ff A0, 09,73 s.t. T = Iy, and m(T'; X I L : T's) and
m(Pol's; X Ft: 7) and size(my) = size(m) + size(m) — 1 .

Proof. By induction on L. If L = ¢, then we set I'1 := &, I's := @, and 'y := I". Suppose
L =L'[z\s]. Then my has the form:
L 11,
A Dz M;DEHH 7 m
A Aoy X il [z\s] : T

TES

where I' = AlAQ. By the i.h. on TtL! 31"11,1"12,1"13 s.t. Al Dx M= F11F12, and L/ (Fll; YIE
L' :Ty3) and 7 (T12T13; X F ¢ 7) and size(mys) = size(my ) + size(m) — 1. From Ay @zt M =
F11F12 we deduce:

Al@x::M:Fn—i—Flg:I"u@x::/\/ll—i—l"'m@x::/\/lg (8)
where M = M; + Ms. We next construct the derivation mp/(;\

Moz MY IFL T3 x¢domli3 Ay Y ks: M

- - TCCONS
1122 IFL[2\s] : T13 B a2 Mg
We set
Fl = FlllAQ FQ = F/12 Fg = Flg Dx MQ (9)
Note that I' = A1Ay = I'1I's. Moreover,
size(my)
= size(muw ) +size(ll,) +1
= size(my) + size(m) — 1 + size(Il;) + 1 O

= (size(my) + size(Il;) + 1) + size(m) — 1
= size(myys) + size(m) — 1

Lemma 28. If n(I;X F (Ax.t;)Lte : 7), then there exists ' s.t. ©'(T;2 F t1[x\to]L : 7) and
size(m) > size(n’).

Proof. By induction on L.
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Suppose L = €. Then 7 has the form:

s H2 M
T o .. cQM=r ——— TMULTI
I';XFAety:o Ty Xkt M

My X F (Axdy)te i 7

TAPP

By Lem. 20(2) on 71, 0 = M — 7. Moreover, by Lem. 18(2), 71 must end with TABs:

11
I
ez M;XHty T MosT7QM=>T1 —ZTMULTI
TABS ;X kty: M
;XX et M— T
TAPP
F1F2; ¥ F ()\l‘.tl)tg T
We construct the following derivation 7’
11 II,
—— TMULTI
ez M;EFt T I'y; Xkt M
TES
Flrg; Y E tl [IIZ\tg] T
Note that size(n) = size(m11) + 1 + size(Ila) + 2 > size(m1) + size(Ilp) + 2 = size(n').
For the inductive case, suppose L = L'[y\s]. Then 7 has the form:
T H2
cQM=r7 —_—
;Y F Azt [y\s] : o Iy; Xty M
TAPP
[T Y F (Aztq)L[y\s]tz : 7
By Lem. 18(2), there exist I'11,T'12 s.t. Ty = T'11T2, and 7 must end with TES:
11 H3 I
P 2
M@y N;SF Aety)l : o [k s: N cAQM=r71 _
/ FQ, E |_ tQ : M
;2 F (Axty)L'[y\s] : o
F1F2; Y E ()\.’E.tl)Ll[y\S]tg T
We can then build the following derivation ms:
T11 a M 11,
o =T —_—
i@y N;ZDF Azt))l 1o Iy X kHty: M
TAPP

F1F2; Y E (AIL‘.tl)L/tQ .o

and apply the i.h. to it to deduce that there exists 75 s.t. 75(T; X F t1[x\t2]L : o) and
size(my) > size(w}). Finally, we construct the derivation 7’:
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7T/2 H2
Foy:N; X tfz\ta]l i o To; Nty : M
[T X 6L [y\s]ta : 7

TES

Note that:

size(n)
size(m) + size(Ila) + 2
= size(m1) + size(Il3) + 2 + size(Ily) + 2
= size(m)+ size(Ily) + 2+ size(Il3) + 2 .
(
(
(

1
size(mg) + size(Il3) + 2
size(n}) + size(Il3) + 2
"

size(m

[AVANI

O

Lemma 29. If m(I';; X F Alej] : e My ... M,,), and M = My,..., M, and ma(T2 ® % = M; S F
t:o) and |A| = |Z|, then m3(T'1+T2; X F t[Z\A] : 0). Moreover, size(ms) = size(ms)+size(m)—1.

Proof. By induction on A using Lem. 27. 0
Lemma 30. If wey)(I' @ 2 =2 [03]ier; X - Clx] - 7) and (A5 Yo b s 0y)ier, then

1. for some K C I:

Wc[s](r@x 2 oilienk + Z Ap; XU U Ty b= Cfs]:7)
kEK kEK

where size(mqy)) = size(mey)) + Y pex Size(wh) — |K|.

2. Moreover, if p € pos(C) is the occurrence of the hole in C and p is a typed-occurrence in Ty,

then K # .
Proof. By induction on C. O

Lemma 31 (Weighted Subject Reduction for sh). Let #(T;X F ¢t : 7). Ift =g t, then there
exists ' such that ©'(T; X ' : 7). Moreover, if this step reduces a typed —gp-redex occurrence of
t in w, then either

1. size(w) > size(n’); or
2. size(mw) = size(n’) and fix(w) > fix(n’)

Proof. By induction on ¢ —¢, t'. We first consider the case in which the reduction step takes place
at the root of the term.

o t = (Ax.t1)Ltg g t1[x\t2]L = ¢. Immediate from Lem. 28.
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e ¢ = C[z][x\vL] —1sy C[v][z\v]L = t'. The derivation 7 ends in:
Tclx] yr,
Moz MIEC[x]: T Iy; Y koL M
T X F Clz][x\vL] : 7

TES

Let M = [oi]icr and Tl = {&}icr. Then Ty = 37, Ta. Thus for each & € Iy, by
Lem. 27, there exist Fzﬂ,ngg,ngg, s.t. ng = nglrgig, and Wi(rgﬂ;x - L : F2i3) and
ﬂi(nggngg; Z F v 0'1').

From the derivation mc[,] and Lem. 30, we deduce

oML @z s N+ Y Tog; B HClu] : 7)
keK

where N = [0i];cp\ i for some K C I and where

size(mcpy)) = size(mep)) + Z size(&) — | K| (10)
keK

We thus construct the following derivation 7'
113
T[] > TopShul:N

keEI\K
I'1To; 3 F Clo][x\vL] : 7

TES

where II3 = {&-}ie[\K. This concludes the first item of the lemma. We now address the
second one.

size(n’)
= size(mcpy)) + size(Il3) + 2
= size(mep]) + X e p ke size(&) +2
=(10) size(mepy)) + X jex size(§;) — K|+ X e p x s1ze (&) + 2
= size(mcy)) + size(Ilz) + 2 — | K|
= size(m) — |K]|
<Lem. 30(2) size(ﬂ)

o t =ti[x\la] g t1 =1, with « & fv(t;). The derivation of ¢ has the following form:

1 H2
F'ez o M;EFt 7 oY bty M
TES
Fng; 2 F tl [I\tg] . T
By Lem. 19, M = []. Then we set 7’ to be m; and conclude that the first item of this lemma

holds: size(n’) = size(m) < size(m) + 1 = size(n).
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o ¢t = fix(x.t1) —six t1[x\fix(z.t1)]. Then 7 must have the form:

s Hl
Moz MEFL T Iy X F fix(z.ty) : M
TFIX
F1F2; Y fiX(Ji.tl) . T
Then we construct the following derivation 7'
st Hl
M@z MEFt T To; X F fix(zty): M
! ! 2 ix(z-t1) TES

T X F ty[z\fix(z.ty)] : 7
The second item of the lemma holds, namely size(n’) = size(w) and fix(7') < fix(w).

o t = case A[cj|L of (¢;Ti = S;)icr *rcase 5j[T;\AJL = t', where |A[c;]L| = |Z;| and j € I. Then
7 must have the following form, where b abbreviates (¢;Z; = $;)icr and 7 = 0;:

2

1 A h h —

— C‘]M matches b Fg@i‘j 52./\/1;22'_3]‘ 105

Fl; Y1k A[Cj]L : Cj./\/l — ] TCMATCH
CjM <b> FQ,EQ,Uj

1“11“2;2122 F case A[C]‘]L of B L 0j

TCASE
By Lem. 29 on 71 we can construct a derivation 7' (I'1T'y; 2132 F s;[Z\AJL : 0;) s.t. size(n') =
size(ms) + size(m ) — 1 < size(ms) + size(m) + 2 = size(n).

For the inductive cases (i.e. when t = Az.ty, t = t;te, t = fix(z.t1), t = case t; of b, or
t = t1[x\t2]), we conclude from the i.h..

O

The following result is not an immediate consequence of Lem. 20 since our type system does
not have unique types.

Lemma 32 (Constant Answers and their Type). If #(I; 3 F Alc]lL : dM; ... M,,), thenc = d
and n = |A|.

Proof. By induction on . O
Lemma 33. If n(I; X t:7) and t is a weak structure (i.e. t = E[x]), then I'(z) # [].

Proof. By induction on .

e TVAR. The result is immediate.

e TABS, TCONS, TF1X and TCASE. The result is immediate since abstractions, constants, fixed
point and case expressions are not weak structures.
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e TAPP. The derivation ends in:

™

TSk o cQM=r I'o;XkFig: M

TAPP

F1F2; Y t1t2 . T
Then E = E; t2 and Eq[z] = ¢; and we conclude from the 4.h. on 7.
e TES. The derivation ends in:
1 H2

ey :MI Fty:7 Iy Xkt M
F1F2,Zl—t1[y\t2] . T

TES

We consider two cases:

— E = Eq[y\t2] with & # y. We conclude from the 4.h. on 7.

— E = E1[y][y\E2]. From the i.h. on m; we deduce M # []. Thus we can conclude from
the i.h. on any my € Ils.

O

Lemma 34 (Derivation Normal Forms). If 7(I;3X & ¢ : 7) and t is w-normal, then one of the
following holds:

e { 1s an answer
e ¢ is a weak structure (i.e. t = E[z])

e ¢ is a weak error term (i.e. t = Flcase s of b], s is an answer or a weak structure, and

Proof. By induction on 7.
e TVAR. Then E = [ and ¢ is a weak structure.
e TABS and TCONS. Then t is an answer.

e TAPP. The derivation ends in:

1

T Shi o cQM=r I'o;XkFig: M

TAPP

FlFQ;E = tl tQ T
Note that t; is my-normal. By the i.h., t; is either a:
— weak structure with weak context E' and we set E = E' t5 and conclude; or

— weak error term with weak context F/ and we set F = F’ t5 and conclude; or

— constant answer (it cannot be an abstraction answer since otherwise ¢ would not be
m-normal) and we conclude directly since then ¢ is a constant answer.
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e TFIX. The result holds vacuously since t is assumed 7-normal.

e TCASE. The derivation ends in:

1
I';XkFs:o
I'1T'9; X F case s of b:r

Note that s is m;-normal. By the i.h. one of the following cases holds:

o (b)y'y; X, 7
TCASE

— s is an answer. By Lem. 20, s can take one of two forms:

* s = AlcJL. Then ¢ = ¢ My ... M, where n = |A[c]L|. Since s does not enable b,
then it must be the case that ¢ does not match b.

* s = (Az.s')L. Then 0 = M — p, for some M and p.
Thus ¢ is a weak error term with F = .
— s is a weak structure with weak context E/. We set F = [ and conclude.

— sis a weak error term with weak error context F/. We set F = case F of b and conclude.
e TES. The derivation ends in:
1 HQ

oy M;XkHt T oYXkt M
Fng;ZFtl[y\tg] . T

TES

Note that ¢; is my-normal. By the i.h. one of the following cases holds:

— t7 is an answer. Then so is t.
— t1 is a weak structure. We have two further cases to consider:

* {1 = Eq[z], with  # y. Then we set E := E;[y\t2] and conclude that ¢ is a weak
structure.

* t1 = Eq[y]. From Lem. 33 applied to w1, M # []. From the 4.h. on any derivation
in I, the fact that weak contexts are full contexts, and the fact that ¢ is m-normal,
to must be a weak structure or weak error term. This concludes the case.

— t1 is a weak error term. Then ¢t; = Fy[case...]. Then we set F := Fy[y\¢2] and conclude
that ¢ is a weak error term.

O

Remark 35. ¢ ¢ P(7) implies 7 is not a datatype. In other words, T is of the form a, M — o
or E.

Recall that 7 is good if ¢ ¢ P(7) and || ¢ N(7). We say M is good if each 7 € M. Also, we
say M is an error type when each 7 € M is an error type.

Lemma 36 (Good/Error head variables in weak structures). Suppose n(T;X ¢t : 1), t is a weak
structure E{x] and t is w-normal.
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1. IfT'(x) is good, then T is good.
2. If T'(x) is an error type, then T is an error type
Proof. We proceed by induction on 7.

e TVAR. Then result is immediate.

e TABS, TCONS, TFIX, TCASE. The result is immediate since abstractions, constants, fixed
point expressions and case expressions are not weak structures.

e TAPP. The derivation ends in:

1

Fl;ZFtll(T cQM=r FQ,Z}_tQM

TAPP

Plrg; YE tltz . T
Then E = E't5 and E'[z] = ¢;. From the 4.h. on 7m; we have two cases:
— Suppose I'(z) is good. Then o is good. From ¢ ¢ P(c) and Rem. 35, o is either of the
form (a) a; or (b) M — p; or (c¢) E. Case (a) is not possible since 0 @ M = 7 would
not be defined. From case (b) we deduce that 7 = p and hence ¢ ¢ P(7r). For case

(c), we deduce ¢ ¢ P(7) from ¢ ¢ P(o) since 7 ~ . The predicate [| ¢ N(7) may be
deduced similarly. Hence 7 is good.

— Suppose I'(z) is an error type. Then o is an error type and hence so is 7.
e TES. The derivation ends in:

™1 H2
oy M;XEt 7 Iy Xkt M
F1F2;Z I tl[y\tg] . T

TES

We know that either:
— E = Eq[y\t2] with x # y; or
— E = E1[y][y\E2];

In the first case we apply the i.h. to w1 and conclude. In the second item, first note that from
Lem. 33 on w1, M # [|. From the i.h. on each derivation in ITy (¢2 is also a weak structure),
either M is good or an error type. We can then apply the i.h. on m; and conclude.

O
I'is good if I' =T'yI'c and Vo € domT'y, I'y(z) is good and Vz € dom T, I'c(x) is an error type.

Lemma 37 (Weak error terms have error types). Suppose n(I'; X t:7), t is a weak error term,
t is m-normal and T is good, then T is an error type.

Proof. We proceed by induction on 7.
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e TVAR, TABS, TCONS, and TFIX. The result is immediate since variables, abstractions,
constants and fixed point expressions are not weak error terms.

e TAPP. The derivation ends in:

Uyt

ISkt o cQM=r Iy Xkt : M

TAPP

I‘ng; Y tltg °T
Then F = F'ty and F'[case] = t;. From the i.h. on m; we know o is an error type. Hence, so
is 7.

e TCASE. The derivation ends in:

™
Fl;Z H tl e
I''['9; X F case t; of b:T

oy To; X7
TCMATCH

We have two cases:

— F = case F' of b and F/[case] = t;. From the i.h. on m; we deduce that o is an error
type. Hence so is 7.

— F = 0. We have two cases:

x t1 is an answer. By Lem. 20,

- If t; = A[c]L, then o = ¢ M, ... M,, where n = |A]. Since ¢; does not enable b,
then it must be the case that o does not match b. Then 7 is an error type.

- If t; = (Az.s)L, then 0 = M — p. Same as above.

* t1 is a weak structure. By Lem. 36 o is either good or an error type. In either case,
T is an error type.

e TES. The derivation ends in:

1 I,
ey MIFt T ') Xkt M
TES
Flrg; YE tl [y\tg] . T
We have two cases
— F = Fi[y\te]. If M =[], we conclude from the i.h. on 7. Suppose that M # []. By

Lem. 34 and the fact that ¢ is in m-normal form, ¢, must be a weak structure or weak
error term and y € fv(t1). Indeed, if y ¢ fv(t1), then ¢ would be a gc redex; if y € fv(¢1)
and to were an answer, we would have a 1sv redex. If ¢5 is a weak structure, then by
Lem. 36 M is either good or a multiset of error types. If ¢5 is a weak error term, then
by the i.h. M is an error type. In any case, we can apply the i.h. on m; and conclude.

— F = E1[y][y\Fz]. From Lem. 33 on m we know M # []. We apply the i.h. on all
derivations in II; and deduce that M are error types. From Lem. 36 we conclude, that
is, T is an error type.
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Lemma 38 (Coverage for weak structures). Suppose m(I; X F ¢ :7), t is a weak structure E[z], t
is m-normal and T'(z) is good or an error type and covereds,(I'(x)). Then covereds(T).

Proof. We proceed by induction on 7.

e TVAR. Then result is immediate.

e TABS, TCONS, TFIX, TCASE. The result is immediate since abstractions, constants, fixed

point expressions and case expressions are not weak structures.

TAPP. The derivation ends in:

™

— Ty Xkt
Fl;Z}—tlzo U@M:T 272 tg M

TAPP

Fng; Y tth . T
Then E = E't3 and E'[z] = ¢;. From the i¢.h. on m; we know that coveredy (o). From Lem. 36

on 7, we have two cases:

— o is good. From Rem. 35, o is either of the form (a) «; or (b) M — p; or (c) E. Case
(a) is not possible since 0 @ M = 7 would not be defined. From case (b) we deduce
that 7 = p and hence covereds;(7) follows from covereds; (o). For case (c), since 7 ~ o,
then again covereds;(7) follows from covereds (o).

— o is an error type. Then 7 ~ ¢ and hence covereds(7) follows from covereds; (o).

TES. The derivation ends in:

1 Hg
ey M;EFt 71 I Xkt M
F1F2;E = tl[y\tg] T

TES

We know that either:
— E =E;[y\t2] with x # y; or
— E=Ei[y][y\Ez};

In the first case we apply the i.h. to m; and conclude. In the second item, first note that
from Lem. 33 on 71, M # [|. From Lem. 36 on any derivation in Ila, (¢2 is also a weak
structure), M is either good or an error type. Also, from the i.h. on each derivation in IIs,
covereds;(M). We can then apply the i.h. on 7; and conclude.

O

Lemma 39 (Coverage for weak error terms). Suppose m(I'; X -t : 1), t is a weak error term, t is
m-normal and T is good and covereds,(T"). Then covereds (7).

Proof. We proceed by induction on 7.
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e TVAR, TABS, TCONS, TFIX. The result is immediate since variables, abstractions, constants
and fixed point expressions are not weak error terms.

e TAPP. The derivation ends in:

™

— To; Sk ty:
Fl;Z}—tlzo U@M:T 272 tg M

TAPP
Flrg; Y F tth . T

Then F = F' {3 and F'[case..] = t1. From the i.h. on m; we know that covereds (o). From
Lem. 37 o is an error type. Then 7 ~ o and hence covereds (7).

e TCASE. The derivation ends in:
™

Fl;Z}—tlza
I'['9; 3 F case t1 of b:T

o <l§> IS
TCMATCH

We have two cases:
— F = case F/ of b and F'[case] = t;. From Lem. 37 ¢ is an error type. Then 7 € ¥ and
hence covereds (7).
— F = 0. There are two cases:

* t1 is an answer. By Lem. 20,
- If t; = A[c]L, then o = ¢ M; ... M,, where n = |A|. Since t; does not enable b,
then it must be the case that o does not match b. Same as above.
- If t; = (A\x.s)L, then 0 = M — p. Same as above.

* 11 is a weak structure. From Lem. 36 o is either good or an error type. In any case,
o does not match b. Then 7 € 3 and hence covereds (7).

e TES. The derivation ends in:
T 11,

ey MIFt 7 I'g; Xkt M
Flfg;Zl—tl[y\tg] . T

TES

We have two cases:

— F =F1[y\t2]. Then y € fv(t1) and ¢2 is a weak structure or a weak error term. Indeed,
if y ¢ fv(ty), then t would be a gc redex; if y € fv(t;), and t2 were an answer, we
would have a 1sv redex. If t5 is a weak structure, then by Lem. 36 M is either good
or a multiset of error types. Moreover, by Lem. 38, covereds;(M). If ¢5 is a weak error
term, then by Lem. 37 M is an error type. From the ¢.h. on any derivation in Ils,
coveredy. (M). Hence coveredy(I'y @ y :: M). In any case, we can apply the i.h. on m
and conclude.

— F =E[y][y\F2]. From Lem. 33 applied to w1, M # [|. By the i.h. on IIs, covereds(M).
By Lem. 37 M is an error type. We then conclude from Lem. 38 on 7.
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We make use of the following weakened notion of good. A judgement I'; ¥ F ¢ : 7 is said to be
good-minus if:

e I'is good (i.e. I' =T';I'c and Vo € domT'y, T'y(z) is good and Vo € dom T, I'c(z) is an error
type).

o [ £PE).
e c g N(X).
e covereds(T).

In order to compare it with the previous notion of a good judgement, we recall its definition
below: A judgement I'; ¥ ¢ : 7 is said to be good if

e I'is good (i.e. I' =T';I'c and Vo € domTy, T'y(z) is good and Vo € dom T, I'c(z) is an error
type).

o [[&P(2,7).
e c ¢ N(X,7) and
e covereds (") and covereds (7).

Lemma 40. Suppose m(I'; X+ t:7), t is m-normal.
1. If t is an abstraction answer and I'; X F 7 is good, thent € L.
2. Ift is a constant answer and I'; X = T is good, then t € K.
3. Ift is a weak structure and I'; X+ T is good-minus, thent € S.
4. If t is a weak error term and T'; X & 7 is good-minus, then t € £.
5. Moreover, if x € fv(t), then x has some typed occurrence in .

Proof. By induction on .

e TVAR. Then t = y and t is a weak structure. Clearly y € S. Moreover, y has a typed
occurrence in 7.

e TABS. Then ¢t = Az.s and the derivation 7w ends as follows:
1

ez M;¥Fs:o

I'YFXes: M=o

TABS

Clearly, s must be 71-normal.

Claim: Ty @ x : M;X F o is good. T @ x :: M good follows from I'" good and M good;
the latter follows from [| € P(M — o) and ¢ ¢ N(M — o). [| € P(Z,0) follows from

40



| ¢ P(X,M — o). Likewise, ¢ ¢ N(X,0) follows from ¢ ¢ N (X, M — o). Finally,
covereds (T’ @ x : M, o) follows from covereds(I', M — o).

Thus by the i.h. and NFCONS, NFLAM, NFSTRUCT, NFERROR, depending on whether s is an
answer, a weak structure or weak error term s € A and we conclude using LNFLAM.

If y € fv(t), then y € fv(s \ {z}) and we may conclude that y has some typed occurrence in
7 from the 4.h..

TCONS. Then I' = & and ¢ = ¢ and clearly ¢ € K. Note that ¢ ¢ N(c).
TAPP. Then ¢t = ¢1 t5 and the derivation 7 ends in
T 4p) I3
I';XkHt:0 cQM=r I'y; Xkt M
F1+F2;2Ft1t227'

where I' =Ty +T'5. Since, t is not an abstraction answer, by Lem. 34, we consider two cases:

TAPP

— t is a constant answer. Note that ¢; must be a constant answer too and t; is m-
normal since ¢ is m-normal. From Lem. 20(1) on 71, ¢ = ¢ My ... M,,. Therefore,
T=cMy... My M.

Claim: T1;2 F o is good. [| € P(X,7) implies [] € P(X,0); likewise ¢ ¢ N (Z,7)
implies ¢ ¢ N (X,0). Ty good follows from T' good. Finally, from covereds (T, ) we
know coveredy;(I'1, o).

We may thus apply the i.h. on 71 to obtain ¢; € K.

Claim: T'3; 35+ M is good. [| ¢ P(X, ) also implies M # [|. That I'y;E F p good, for
all p € M, may be proved as above.

This allows us to apply the i.h. to any derivation in IT3 and deduce t, € N. We conclude
t € S from rule SNFAPP.

Note that x € fv(t) implies z € fv(t1) or « € fv(tz). For item (5) we conclude from the
i.h. on m or my in Il3.

— t is a weak structure. Then ¢; is also a weak structure and I'; is good. From Lem. 36
on w1, we have two cases:

* o is good:

c ¢ P(o) (11)
[l ¢ N(o) (12)

Claim: T'9; % F M is good. From (11) and Rem. 35, o is of one of the following
forms: o, M — 7, or E. The first case is not possible since then 0 @ M = 7
would not be defined. Suppose 0 = M — 7. From (12) we deduce [| ¢ P(M).
From (11) we deduce ¢ ¢ N'(M). Hence [] ¢ P(2X, M) and ¢ ¢ N(Z, M), since by
hypothesis we already know that [] ¢ P(X) and ¢ ¢ N (X). By Lem. 38 on 7 we
also know that covereds;(M — 7); hence also covereds(M). T's good follows from
I" good. This proves the claim that I's; 3 F M is good.

This allows us to apply the 4.h. to any derivation in II3 and deduce t, € N.
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% o is an error type (€7 (M; = 0;)icr p1 - - - pi) Pj+1---pr and M = [pji1]. Then
o~T.
Claim: T'9; 3 = M is good. By Lem. 38, covereds;(c) and hence also covereds (p;+1).
From [] ¢ P(X) and ¢ ¢ N(X) we deduce [| € P(pj+1) and ¢ ¢ N(p;j+1). Thus
| ¢ P(X, pjt1) and ¢ € N (X, pj11). I's good follows from I' good.
This allows us to apply the i.h. to the only derivation in II3 and deduce t, € N.

Since t; is a weak structure we now prove that I'y; X F ¢1 : ¢ is good-minus.

Claim: T'1; X F t1 : 0 is good-minus. T'1 good follows from I" good. covereds(T';) follows
from covereds;(T"). [] ¢ P(X) and ¢ ¢ N (X) follows from the same assumptions.

From the i.h. on 71, t; € S. Using SNFAPP or ENFAPP concludes the case.

Suppose now that x € fv(t). Then either x € fv(¢1) or = € fv(ty). We conclude that x
occurs typed in 7 from either the i.h. on 7 or any derivation in Ils.

— tis a weak error term. Claim: T'y; 3 = M is good. Since t; is also a weak error term and
I'; is good, from Lem. 37 on 71, o is an error type (€ 7 (M; = 0)ic1 p1--- Pj) Pjt1 - - - Pk
and M = [pj41]. From Lem. 39, covereds;(c). ¢ ¢ N(X) and [] ¢ P(X) follow from the
same assumptions. ¢ ¢ N(7) and [| ¢ P(r) follow from covereds,(c) and ¢ ¢ N(X) and
[l ¢PE).

This allows us to apply the i.h. to the only derivation in IT3 and deduce ts € N.
Finally, since t¢; is also a weak error term and I'y; ¥ F ¢; : ¢ is good-minus, from the i.h.
on 7y, t1 € £. Using ENFAPP concludes the case.

Suppose now that « € fv(t). Then either z € fv(t1) or = € fv(tz). We conclude that =
occurs typed in 7 from either the i.h. on m; or any derivation in IT3.

e TFIX. This case is not possible since otherwise ¢ would not be 7w-normal.

e TCASE. The derivation ends as follows, where b abbreviates (ciZTi = Si)ier-

1 2

I';XFs:o o (byTo; X7
F1—|—F2;E|—casesof6:7'

TCMATCH

Since t is not an answer and is a case expression, by Lem. 34, ¢ is a weak error term. We
consider three cases.

— s is an answer. From Lem. 20 on my, either 0 = M — p or 0 = cM; ... M,,. Neither

of these types match b and, therefore, from o (b) I'y; ¥, 7 we deduce

* T = <eO'(MZ' = O'i)ie]>p1 o Pk and

* ﬂgi(rgi Dz M“Z H S; ¢t Ui)iEIa with FQ = Zie[ ng and 7 € X.
Claim: T1;X F s : 0 is good. Since coveredy(7), also covereds (o). Since [| € P(X),
then [| € P(o). Similarly, since ¢ ¢ N(X), then ¢ € N (o). Hence [|] € P(X,0) and
c € N(2,0). Finally, T'; good follows from I' good. Therefore I'1; X F o is good.
Moreover, since t is m-normal, s is m;-normal and we can apply the i.h. obtaining
se LUK.
Claim: Ta; ® T; :: Mi; 3 & s; @ 0y, is good for each i € I. Indeed, || ¢ N(M;) and
c ¢ P(M;) and ¢ ¢ N(o;) and [| ¢ P(0;) follow from covereds(c) and [] ¢ P(X) and
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e TES.

c ¢ N(X). Hence M, is good for each i € I. Also, covereds(7) implies covereds, (M, ;).
Finally, I'y; good follows from I' good.

Also, t is m-normal implies s; are mg;-normal. We can apply the i.h. obtaining s; € N.
We conclude from ENFSTRT.

s is a weak structure. Since I'; is good, then from Lem. 36 on w1, we have two cases:

* o is good:

c ¢ P(o) (13)
[l ¢ N(o) (14)

Claim: Tg; ® T; :: My; S F s, : 0, is good for each i € I. From (11) and Rem. 35,
o is of one of the following forms: a, M — 7 or E. The first case is not possible
since then ¢ @ M = 7 would not be defined. Suppose ¢ = M — 7. From (14)
we deduce [| € P(M). From (13) we deduce ¢ ¢ N(M). Hence [] ¢ P(X, M) and
c ¢ N(X, M), since by hypothesis we already know that [| ¢ P(X) and ¢ ¢ N ().
By Lem. 38 on 7 we also know that covereds;(M — 7); hence also covereds(M).
The remaining items in order to prove that I'o; 3 F ¢ : M is good is addressed as
in the case where t; is a constant answer. This allows us to apply the i.h. to any
derivation in ITs and deduce t; € N.

* o is an error type (€7 (M; = 0y)icr p1--- pj) pj+1---pk and M = [pj1]. Then
o~T.
Claim: To; © T; :: My; X s, 0y, is good for each i € I. By Lem. 38, covereds (o).
From [] ¢ P(X) and ¢ ¢ N(X) we deduce [| € P(pj+1) and ¢ ¢ N(p;j+1). Thus
| & P(X,pj+1) and ¢ ¢ N(X,pjt1). 'z good follows from I' good. Finally, from
coveredy; (o) we know that also covereds (p;11).
This allows us to apply the i.h. to the only derivation in II3 and deduce t, € N.

Moreover, I'y; % - t1 : ¢ can be shown to be good. From the i.h. on 7y, t; € S. Using
SNFAPP or ENFAPP concludes the case.

Suppose now that @ € fv(t). Then either € fv(s) or = € fv(b). We conclude that x
occurs typed in 7 from either the i.h. on m; or any derivation in IT3.

s is a weak error term.

Claim: To; ®Z; : My; 2 F s, 1 0y, is good for each i € I. Since I'; is good, from Lem. 37
on 7, o is an error type (€7 (M; = 0;)icr p1--- Pi) Pj+1---pk € 3. From Lem. 39,
covereds; (o). From the ¢ ¢ N (X) we deduce ¢ ¢ N(pj+1). From the [| ¢ P(X) we

deduce [] ¢ P(p;+1). This allows us to apply the i.h. to the only derivation in IT3 and
deduce ts € N.

Finally, since t; is also a weak error term and I'y; ¥ F t; : ¢ is good, from the i.h. on
my, t1 € €. Using ENFAPP concludes the case.

1 H2
ey MEFL 7 Io: Yty M
Fl +F2,E|‘t1[y\t2]7'

TES
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Since ¢ is in m-normal form, y € fv(t;) and to cannot be an answer. Note that M # [|: if
M =[], then T'y; ¥ F 7 good-minus follows from I'; ¥ + 7 good [-minus] and we could apply
the i.h. w.r.t item (5) and deduce that y has a typed occurrence in 71, in which case M # [].
By Lem. 34 on any derivation in Il and the fact that ¢, is not an answer, ¢, must be a weak
structure or a weak error term.

We prove T'a; ¥+ tg : M is good-minus. I's good follows from I' good. covereds(I'z) follows
from coveredx(T"). Finally, [| ¢ P(X) and ¢ ¢ N (X) are immediate from the same hypothesis.
From the i.h. on any derivation in II; we have

theN (15)

We next verify that I'y @ y :: M is good.
— 15 is a weak structure. Since I's is good, by Lem. 36, M is good or is an error type.
Then I'y @ y :: M is good.
— t9 is a weak error term. By Lem. 37 M is an error type. I'; good follows from I' good.

Thus we know that I'y & x :: M is good.

We next consider various cases:

— t is an abstraction answer. Claim: Ty &z :: M;X F 7 is good. [|] ¢ P(X,7) and
¢ ¢ N(32,7) are immediate from the same hypothesis. Lem. 38 and Lem. 39 on I,
allow us to deduce that covereds(M). covereds;(T';) follows from covereds(T"). Thus
covereds(T'; &y :: M).

The i.h. on 7 gives us ¢ € L. We conclude from this; (15) and NFSUB.

— t is a constant answer. Claim: T'y @ x :: M;X F 7 is good. As above. The i.h. on m

gives us t; € K. We conclude from this, (15) and NFSUB.

— t is a weak structure. Claim: I'y @ x :: M; X F 7 is good-minus. As above. The 4.h. on
m gives us t1 € S. We conclude from this, (15) and NFSUB.

— t is a weak error term. Claim: Ty ® x :: M; ¥ b 7 is good-minus. As above. The i.h.
on m; gives us t1 € £. We conclude from this, (15) and NFSUB.

Suppose x € fv(t). Then either x € fv(t1) or x € fv(tz). In either case we use the i.h..

O

Lemma 41. If n(T;X Ft:7), t is in w-normal form and T; 2 F ¢ : 7 is good, then t € NF(—gy).

Proof. Consequence of Lem. 40 and Lem. 13. O

Theorem 42 (Step 2). If r(T;X Ft:7) and T; 5 Ft: 7 is good, then t is definable in Agp.

Proof. By induction on the size of w. First, from Lem. 41, if ¢ ¢ NF(—g,), then ¢ must have a
typed redex occurrence in . Let t —gy 5. From Lem. 31 there exists £ such that {(I'; X F s) and
M(€) < M(m). We conclude from the i.h. on s. O

Assembling Step 1 and Step 2 we obtain:
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Figure 5 Evaluation Contexts

EBOX
OeCy
cecCh h+#A teSyuUE cech teky cech
ﬁ—f EAPPL i i v EAPPRSTRUCT —hc(t)ﬁ EAPPRCONS
CteCy tCeCy tceCy
ceCh t¢SyuEy x¢d cecCh . teSyUE
v # S : ¢ ESUBSLNONSTRUCT LEICo; hﬂ J ESUBSLSTRUCT
Clz\t] € Cyg Clz\t] € Cyg
CLect cyec cech
! v : SuBsR w ELAM
C1[x][x\C2] € Cy Az.C e Cy
CeCy h{citier or h=c; € {ci}ties and [Cly]| # |2;]
ECASEL
case C of (¢;Z; = 8i)ier € Cy
teNy ti (cifi = si)ier tr € Npua, forallk <j cecCh .
* ECASE2

case t of 141 = t1,...,¢;4; = C,...,cpp =1, €Cy

Theorem 43 (Soundness of Ag, w.r.t. Ae). Lett be a term in Ae. Ift € WN(—), thent € WN(—q).
More precisely, if t —¢ ne, where ng € Agy is a —o-normal form, then t —gy ng,, where ng, s a
—sn-normal form. Moreover, ng, = ne.

Proof. Let t —¢ ne, where n, is in —e-nf. Then 7#(I;X ¢ : 7) and T'; X F 7 is good by Thm. 25.
But then ¢ is weakly —gp-normalising by Thm. 42, so that ¢ —g, nen, where ng, is in —¢,-nf. By
Lem. 14(1) t® —g ng, and by Lem. 14(2) ng, € NF(—.). Since t® = ¢ —»g n, and t° —¢ ng,, then
we conclude n, = n because —, is Church-Rosser. O

5 The Strong Call-by-Need Strategy

The strong call-by-need strategy ~—?7, is a binary relation over terms in Ag, and is parameterized
over a set ¥ of variables called frozen wvariables. 1t is defined by means of reduction rules similar
to those given for the theory of sharing (Def. 10) only that the garbage collection rule is absent
and reduction is restricted to a subset of the set of full contexts called evaluation contexts. We
next describe evaluation contexts. Note that although they rely on a given set of normal forms,
for expository purposes, we first describe the evaluation contexts and then characterize its normal
forms.

Definition 44. Evaluation context judgments are expressions of the form C € Cf,? where C is
a full context, ¥ is a set of variables and h is a symbol called discriminator of the context. This
symbol may be one of “’, ‘A’ or any constant c,d, ... and will prove convenient to discriminate the
head symbol in the context; evaluation context formation rules will place requirements on them. An
evaluation context is a context C such that the evaluation context judgement C € Clt is derivable
using the rules in Fig. 5.
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EBOX states that any redex at the root is needed (we may disregard ¢ and ‘-’ for now). Rule
EAPP-L allows reduction to take place to the left of an application. We must make sure that C is
not an abstraction. This is achieved by requiring that h # X\ (¢f. ELAM and how all rules persist
h). Rule EAPPRSTRUCT allows reduction to take place to the right of an application when it is an
argument of a term ¢ that is a structure normal form or an error normal form. The " in ¢tC € Cj
reflects that ¢ is not headed by a constant and that ¢ C is not an abstraction. Rule EAPPRCONS is
similar only that the discriminator is set to the head variable of ¢ via hc(¢) and will be consulted
when deciding if reduction can take place in the condition of a case (¢f. ECASEL). This function
is defined as: hc(c) := ¢, he(ts) := hc(t) and he(t[x\s]) := hc(t). Note that hc(Alc]L) = c.

The role of frozen variables is best explained in the setting of ESUBSLNONSTRUCT and ESUBSLSTRUCT.
In a term ¢ such as z[z\y s], clearly y s is not to be substituted for x since it is not an answer.
Thus, computation has to proceed in s. However, if ¢ is placed under an explicit substitution,
then whether we should reduce s depends on its context. For example, we do want to reduce it in
z[z\y s][y\z] but not in z[z\y s][y\Az.c] since Az.c does not use s. These two examples motivate
ESUBSLSTRUCT (z is a structure normal form) and ESUBSLNONSTRUCT (Az.c is not a structure
normal form nor an error term). Also note that in order for the focus of computation to be placed
to the right of y in y s, we must know that y will never be substituted for, or else, that it is frozen.
Rule ESUBS-R allows computation to take place in the body of an explicit substitution.

There is no rule for fix(z.t) since reduction must take place at the root in a term such as that.
Regarding case expressions, in order for reduction to take place in the condition we must ensure
that reduction at the root is not possible (¢f. ECASEL). This is achieved by requiring that the
discriminator either is not a constant listed in the branches (h ¢ {c;}icr) or that, if it is, then
the number of expected arguments by the branch are not met (|C[y]| # |z;|). The notation |C[y]|
counts the number of arguments in the spine of the term Cly]. It is defined as follows:

z] = 0 .
‘|CI — 0 |fix(x.t)| :=
_ [t[z\s]| =[]
[Az.t] = 0
ts] = 1+ |case t of b| =

We know that in fact Cly] is a constant answer:
Lemma 45 (Answer contexts are answers). Suppose C € Ch.

e If h =c, then, for any term t, there exist A and L s.t. C{t] = A[c]L.

e If h = A, then, for any term t, there exists a variable x, term s and substitution context L
s.t. Cft] = (\x.s)L. Moreover, C is either of the form (Ax.C')L or (Az.t)Lq[y\C]L2.

Proof. By induction on the derivation of C € C%. Note that since h € {c, A}, this derivation cannot
end in any of the rules EBOX, EAPPRSTRUCT, ECASEL, or ECASE2. The remaining cases are
addressed below.

e EAPPL. The derivation is as follows:
cech h#X

- EAPPL
Cs S C,lg

Then the first item holds and by the i.h. there exist A’ and L’ s.t. C[t] = A'[c]L’. We set
A:=ALsand L:=e.
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e EAPPRCONS. The derivation is as follows:
teky cech

EAPPRCONS
tcech?

The first item holds. The result follows from Lem. 60.
e ESUBSLNONSTRUCT. The derivation is as follows:
CeCl s¢SyUEy x¢

- ESUBSLNONSTRUCT
Clz\s] € Cy

— If h = ¢, by the i.h., for any ¢, there exist A" and L’ s.t. C[t] = A’[c]L’. We set A := A’
and L := L'[z\s].

— If h = A, by the i.h. there exists a variable y, term u’ and substitution context L’ s.t.
Clt] = (\y.u')L’. Moreover, C is either of the form (Ay.C")L' or (Ay.u')Li[y\C'|La. We set
u = and L = L'[z\s] and conclude.

e ESUBSLSTRUCT. The derivation is as follows:

CEChy tESHUES
Clz\s] € Ch

ESUBSLSTRUCT

— If h = c, then by the i.h., for any ¢, there exist A’ and L' s.t. C[t] = A’[c]L’. We set
A:=4A"and L :=L'[z\s].

— If h = A, by the i.h. there exists a variable y, term v’ and substitution context L’ s.t.
C[t] = (A\y.u)L’. Moreover, C is either of the form (Ay.C")L' or (Ay.u')L1[y\C'|La. We set
uw=1u' and L = L'[z\s] and conclude.

e ESUBSR. The derivation is as follows:

Cq GCS CQECb

o SuBsR
Ci[=z][z\C2] € Cy

— If h = c, then by the i.h. on the derivation of C; € Cg with ¢ = z, we deduce that there
exist A" and L’ s.t. C1]z] = &'[c]L’. Given any ¢, we set A := A" and L := L'[x\Ca[¢]].

— If h = A, by the i.h., we pick ¢ = x and hence there exists a variable y, term u' and
substitution context L’ s.t. C[z] = (Ay.u/)L’. Moreover, C is either of the form (Ay.C')L’
or (Ay.u')L1[y\C'|Le. Given any ¢, we set u = u’ and L = L'[z\C2[t]] and conclude.

e ELAM. The derivation is as follows:

The second item holds. We conclude immediately (with L := €).
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For reduction to proceed in a branch j (¢f. ECASE2), the condition must be in normal form,
each branch ¢ with ¢ € 1..5 must be in normal form and the condition must not enable any branch
(t # (c;T; = $i)icr). Note that the bound variables in branch j, are added to the set of frozen
variables. We now define the strategy itself.

Definition 46. The —?Y, strategy is defined by the following rules.

Az t)Ls] —g, Ct\s]L] (aB)
if cech
lGlz]z\vL] =& Gi[C[v][z\v]L] (1sv)
if ci[G[O][z\oL]] € C}
Cltix(z.t)] =Y Ct[z\fix(z.t)]] (fiz)
Clcase Alcj|L of (c;Z; = s;i)icr] —2n C[s;[7;\AIL] (case)
if € Cl and j € I and |A[D]| = ||

The discriminator h in the conditions of all rules is existentially quantified. The condition
C1[Co[][x\vL]] € C% in the definition of the 1sv-redex carries over from [BBBK17]. It avoids 1sv-
reducing (Az.y)[y\id] in (Az.y)[y\id]t so that the outermost dB-reduction step takes precedence
instead. The condition also avoids to 1sv-reduce x[z\(Ay.yz)[z\id]] on the variable z, so that the
1sv-reduction step on the variable = takes precedence over it. The following result states that the
strategy is deterministic:

Lemma 47 (Determinism). If Ci[r1] = Cors], where Ci,Cy € Cf,f and 11,72 are redexes, then
C, =Cy and ry = 1.

Determinism is a consequence of a slightly more general result, namely Lem. 58. The proof of
the more general result requires introducing some preliminary notions and proofs.

Definition 48 (Variables frozen by an evaluation context). Given an evaluation context C € Ch,
we write fzﬁ(C) for the set ¥ extended with all variables bound by abstractions, or bound to weak
structures or weak error terms, in the path from the root to the hole of C. This is defined by
induction in the judgement C € C (cf. Fig. 5):

2% (0) 9 (EBoX)
( t) = f27(C) (EAPPL)
( o = (¢ (EAPPRSTRUCT)
Z’(tc) = 270 (EAPPRCONS)
(C[x\t]) = f2’(¢c) (ESUBSLNONSTRUCT)
2(clz\t]) = () (eSussLSTRUCT)
27 (¢, [[x]] [2\C]) = f2°(&) (ESUBSR)
Z(\x.0) = 22900 (ELam)
fz”(case t of c1) = t1,...,C;0; = C,...,Cnlipy = tn) = 2% () (rCAsED)
fz” (case Cof (c;Z; = i)ier) f2’(c) (ECASE2)
Lemma 49. fz°(¢1[¢]) = fzfzﬁ(cl)(CQ)
Proof. By induction on Cj. O
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Lemma 50 (Decomposition of evaluation contexts). If C1[Cy] € Ch then €1 € Ck and ¢, € Cf;,/, for
some W' and where 9’ = f2°(Cy).

Proof. 1f Cy is empty, it is immediate that C; € C{; and Cy € Cf,L,/ with i/ = hand ¥ =9 = 1‘219(01)7
so we may assume that C; # . We proceed by induction on C;[C2] € Ch.

1.
2.

10.

Empty, C;[C2] = 0. Then C; is empty, so it is immediate.

Left of an application, C;[Cs] = C}[Ca]t with C}[C2] € C% and h # A. By i.h. C} € Ck, so
C, =C)t e Ch. Also by i.h., Cy € Ch with 0/ = f2°(C}) = f2"(Cy).

Non-structural substitution, C;[C2] = C/[C2][x\t] with C| € Ck, t € Sy Uy, x ¢ V. By
i.h. C) € Ch, so Cp = C)[z\t] € Ck. Also by i.h., Co € Cl with 9" = 2 (C}) = 27 (Cy).

. Structural substitution, C;[Cs] = C}[Cq]{x\t] with C{[Cs] € Cgu{g;} and t € Sy U Ey.

By i.h. € € Cfy,y, s0 C1 = Cifz\t] € Cf. Also by i.h, C2 € Ch for some h' with
0 =" () = 27 (Cy).

Inside a substitution, C;[C2] = C[z][z\C}[C2]] with C|[C2] € Ck. By i.h. C; € Ch so
C; = C[z][x\C}] € C%. Also by i.h., Cy € Cl for some b’ with ¢ = fz°(C;) = fz”(Cy).

Right of a structure, C;[C2] = ¢C}[C2] with C|[C2] € C} and t € Sy UEy and h = -. By
i.h. Cy € Cl soC; =1C) €Cy. Also by i.h., Cy € Cl, for some b/ with ' = fz2°(C}) = 27 (Cy).

Right of a constructor answer, C;[Ca] = ¢ C}[Ca] with C}[C2] € C! and t € Ky. By i.h.
C, €ChsoCy =1tC| €Ch. Also by i.h., Co € Cl for some i’ and ¥’ = f2°(C}) = 2°(C1).
Under an abstraction, C;[C2] = Az.C}[Ce] with C{[Cs] € C’LZL/L;{JI}’ for some h”, and
h =X By ih C] € Cl’;c{z} s0 C; = Az.C} € C). Also by i.h., Co € Clij for some h' with
0 = 2700 () = f27 ().

In the branch of a case, C[Cy] = case t of ¢12; = t1,...,¢;&; = C[Cal,...,Crip =ty
and ¢t € Ny and t ¥ (¢;T; = si)ier and ty € Nyug, for all k < j and C}[Cq] € Cg(jii and
h=-.Byih C| € CQ(J’{%} so C1 = case t of c1&1 = t1,...,¢,;T; = C},...,cpiy, =, € Cy.

Also by i.h., Co € CQ,, for some A’ with o = 2291} (¢)) = 27 (¢y).

In the condition of a case, C;[Cs] = case C|[Ca] of (c;Z; = s;)ics € Cj and C,[Cy] € C”
and " ¢ {c;}ic; or h" = c; € {c;}ier and |A(C,y)| # |&;| and h=- . By i.h. Cj € Ck” so
Ci1 = case C} of (¢;Z; = s;)ier € Cy. Also by i.h., Cy € Cf;// for some h' with ¢ = fzﬁ(C’l) =
f27(cy).

O

Definition 51 (Reduction place). In a term C[t], with C € C} for some h, the subterm t is said
to be a C-reduction place if any of the following hold:

1.

t is the redex pattern of a beta-step, i.e. t = (A\x.s)Lu;
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2. t is the variable contracted by an ls-step, i.e. t =z and C = C1[Co[z\vL]], where Cy € Cf;,/ for
some ', and 9 = z°(Cy);

3. t is a free variable (not bound by C) such that = & f2°(C);
4. t is the redex pattern of a fiz-step, i.e. t = fix(z.s);

5. t is the redex pattern of a case-step, i.e. t = case A[c;]L of (¢;T; = 8;)icr and |A[c;]L| = |Z]
and j € 1.

Lemma 52 (Reduction places are stable by trimming a context down). Let C1[Ca] € C%, and let t
be a C1[Cq]-reduction place. Then t is a Co-reduction place.

Proof. Let us consider the five cases in Def. 51 for the fact that ¢ is a Cy[Cq]-reduction place:

1. If t is the redex pattern of a beta-step. Then ¢ is trivially a Cs-reduction place, as being
the redex pattern of a beta-step does not depend on the context.

2. If t is the variable contracted by an lIs-step. That is, ¢ = z and z is bound to an answer
vL. There are two cases, depending on whether z is bound by the external context C; or by
the internal context Cs:

(a) If x is bound by Cy.
Then z is not bound by Cy. To show that ¢ = x is indeed a Co-reduction place, it suffices
to show that = ¢ fZﬂ/(Cg). By Lem. 49 we know that fz" (Cy) = fz7(Cy[Cy]). Since x is
bound by Cp, let us write C; = C11[Ci2[z\vL]]. We know that x ¢ ¥ by Barendregt’s

1"

convention. By applying Lem. 49 again we obtain that fz”(C1[C]) = f2”' (C12[Co][z\VL)]),
where ¢ = fzﬁ(Cn). Note that x is not bound by Ci1, so = & ¢'".

"

Now note that vL is an answer but not a structure, so 9" = 9 and fz’ (C12[Ca][x\vL]) =

"

f2”" (C12[C3]). Note also that since 2 ¢ ¢ and x is not bound by C5[Cs] we know
that = ¢ f2" (C12[C2]). Finally, we may apply Lem. 49 once more to conclude that
z ¢ 2" (C12[C2]) = £z (C2), by which we conclude that x is a Cy-reduction place, as
required.

(b) If x is bound by Cs.
Then t = x is trivially a Co-reduction place, as it is the variable contracted by an ls-step.

3. If t is a free variable z such that z ¢ fz’(C1[C2]). As z is not bound by C;[Ca], we have

that z is also not bound by Cy. Moreover, by Lem. 49 we have that fz” (C1[Cy]) = 7" (1) (Ca).
Since the composition C;[Cs] is a context in Cf;, by the decomposition of evaluation contexts

(Lem. 50) we know that fz”(C1) = ¢', so we conclude that 2 & fz”(C1[C,]) = fzﬂ/(Cg), so t is
a Co-reduction place, as required.

4. If ¢ is the redex pattern of a fix-step, i.e. t = fix(z.s). Then ¢ is trivially a Co-reduction
place, as being the redex pattern of a fix-step does not depend on the context.

5. If t is the redex pattern of a case-step, t.e. ¢t = case A[c;]L of (¢;Z; = ;)icr and
|A[c,]L| = |z;| and j € I. Then t is trivially a Co-reduction place, as being the redex pattern
of a case-step does not depend on the context.
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Lemma 53 (Non-abstraction answer evaluation contexts do not go below abstraction answers).
Let t = vL be an answer. Suppose that t = Ct'] for some context C € Cy, some set of variables
9, and some term t'. Then C is a substitution context, i.e. L can be split as L. = LiLo such that
C=Ls.

Proof. By induction on the length of the substitution context L.

1. Empty, L = 0. Immediate, by noting that no formation rule for C allows going below an
abstraction except ELAM (which concludes with A = ), so C must be empty.

2. Non-empty, L = L'[y\u]. We consider three cases, depending on the formation rule applied
to build the context C:

(a) Non-structural substitution, i.e. u & SyUEy, y ¢ ¥ and C = C;[y\u] with C; € Ch.
Note that vL' = C1[t'], so by 4.h. C; must be a substitution context. Then C = Cy[y\u]
is also a substitution context.

(b) Structural substitution, i.e. v € SyUE&y and C = Cy[y\u|] with C; € Cgu{y}'
Similar to the previous case.

(c) Inside the substitution, 7.e. C = C;[y][y\C2] and C; € C; and C; € Cy. Note that
vL’ = C1[y], so by i.h. C; must be a substitution context L”. This implies vL." = C1[y] =
yL”, which is a contradiction.

O

Corollary 54 (Evaluation contexts do not go below beta-steps). Let t = (Azx.s)Lu be the redex
pattern of a beta-step. Suppose that t = C[t'] for some non-empty context C € Cf;, some set of
variables ¥, and some term t'. Then L can be split as L. = L1Lo such that C = Ly u.

Proof. We consider the three possible formation rules for C as a context in Ch:

1. Left of an application (eAppL), i.e. C=Cyr. Then r = u. By the previous Lem. 53 we
have that C; is a substitution context, and we conclude.

2. Right of a weak structure or error term (eAppRStruct), i.e. C =1rC; and r €
Sy UEy. Impossible, as (A\x.s)L & Sy U Ey.

3. Right of a constructor answer (eAppRCons), i.e. C=rC; and r € Ky. Impossible,
as (Az.s)L & Ky.

O
Lemma 55. IfA[c|L = C[t] € Ch and t is a variable, beta-redez, fiz-redex or case-redex, then h = c.
Proof. By induction on C[t] € Ch.
e eBox. Not possible since A[c]L is not a variable, beta-redex, fix or case expression.

e eCasel, eCase2 and eLam. Not possible since A[c]L is not a case expression nor a lambda
expression.
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e eAppL. Follows from the i.h.

cech h#A

; EAPPL
CteCy

e eAppRStruct.. Not possible since t ¢ Sy U Ey.

teSyU& cech
tCely

EAPPRSTRUCT

e eAppRCons. Then L = € and A = Aju and s = Ay[c]. We conclude from the fact that
hc(Aq[c]) = c.
scky cech

sCe Cgc(t)

EAPPRCONS

e eSubsLNonStruct. From the 7.h.

ceCh t¢Syu&y x¢d

- ESUBSLNONSTRUCT
Clz\t] € Cy
e eSubsLStruct. From the i.h.
cech teSyUE
Yde}) Y =™ ESUBSLSTRUCT

Clz\t] € Ch
e eSubsR. Then A[c]L = Cy[z][x\C2[t]] implies L = L/[z\Cs[t]] and C;[z] = Ay[c]L’.

cLect cyec
Cl[[l‘]] [x\Cg] S Cg

SuBsSR

We thus conclude from the i.h. on C; € Cf; and taking t = x.
O

Lemma 56 (Evaluation contexts do not go below matching cases). Let t = case A[c;]L of (¢;T; =
si)ier be the redex pattern of a case-step. Suppose thatt = C[t'] for some non-empty context C € Ch,
some h, set of variables ¥, and some term t' that is a C-reduction place. Then either j ¢ I or

AlesILl # |2
Proof. There are only two cases:

1. eCasel (the branch of a case). Then the condition A[c;|L % (c;Z; = s;)icr of ECASEL of
implies either j ¢ I or |A[c;]L| # |z;].

2. eCase2 (the condition of a case). Then the following conditions hold: A[c;]L = C1[t'] € Ch
and h ¢ {c;}ier or h = c¢; € {c;}ier and |A(C,y)| # |Z;|. The result follows from Lem. 55,
which establishes that h must be a constant.
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Lemma 57 (Strong normal forms have no reduction places under an evaluation context). Let
r € Ny be a strong normal form. Then r cannot be written as C[t] such that C € Ck and t is a
C-reduction place.

Proof. Suppose that r = C[t], where ¢ is a C-reduction place. Let us check that this is impossible
by induction on C € Ch:

1. Empty, ¢.e. C= 0. Then r must be a -reduction place, for O as a context in Cf,‘. Let us
consider the five cases of the definition of [J-reduction place:

(a) If r is the redex pattern of a beta-step. The only way to derive r € Ny would be
by having r» = sr; with s an answer. But strong structures are not answers, so this case
is impossible.

(b) If r is the variable z contracted by an ls-step. Impossible, as there are no
substitutions to bind z.

(c) If r is a free variable z such that = ¢ fz”(0J). Impossible, as this means that 2 & ¥,
but a variable z is a strong normal form in Ny if and only if z € 9.

(d) r is the redex pattern of a fix-step, i.e. t = fix(x.s). It is not possible to derive

TEN&.

(e) r is the redex pattern of a case-step, i.e. t = case A[c;]L of (¢;Z; = $;)icr and
|Alc;]L| = |Z,;| and j € I. r € Ny can only be derived using ENFCASE or ENFSTRT.
The former is not possible since Alc;]L ¢ &y and the latter is not possible since the
condition A[Cj]L % (Cifi = Si)iél fails.

2. Left of an application, i.e. C=C;s and C; € C% and h # A. The only way to derive
r = C1[t] s is by having C1[t] € Sy UEy UK y. Moreover, ¢ is a C-reduction place, which implies
that ¢ is also a Cy-reduction place (by Lem. 52). So we may apply the i.h. to conclude that
this is impossible.

3. Non-structural substitution, i.e. C = Ci[z\s] with s € Sy U&y and x & ¥. The only
way to derive r = Cy[t][z\s] is by having C1[t] € Ny.
Moreover, t is a C-reduction place, which implies that ¢ is also a Cj-reduction place (by
Lem. 52). By 4.h. this is not possible.

4. Structural substitution, i.e. C = Ci[z\s] and s € Sy U Ey. The only way to derive
r = Cy[t][x\s] is by having Ci[t] € Nyuay-
Moreover, t is a C-reduction place, which implies that ¢ is also a Cj-reduction place (by
Lem. 52). Thus we may apply the i.h. to conclude that this is impossible.

5. Inside a substitution, i.e. C = C;[z][z\Ci] and C; € Cy. The only way to derive
r = C1[x][z\C1[t]] is by having C;[z] € Ny. Note that = ¢ fz (Cy), since 2 € ¥ and 2 cannot
be bound by C; (by Barendregt’s convention).

Moreover, t is a C-reduction place, which implies that ¢ is also a C;-reduction place (by
Lem. 52). So we may apply the i.h. to conclude that this is impossible.
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6. Right of a weak structure or weak error term, i.e. C =5sC; and s € Sy U&y. The
only way to derive r = sCy[t] is by having Cy[t] € Ny.
Moreover, t is a C-reduction place, which implies that ¢ is also a Ci-reduction place (by
Lem. 52). So we may apply the i.h. to conclude that this is impossible.

7. Right of a constructor answer, i.e. C = sC; and s € Ky. The only way to derive
r = sCy[t] is by having C;[t] € Ny.
Moreover, t is a C-reduction place, which implies that ¢ is also a C;-reduction place (by
Lem. 52). So we may apply the i.h. to conclude that this is impossible.

8. Under an abstraction, i.e. C = Az.C;. The only way to derive r = Az.C1[¢] is by having
Cit] € Nouay-
Moreover, t is a C-reduction place, which implies that ¢ is also a Cj-reduction place (by
Lem. 52). So we may apply the i.h. to conclude that this is impossible.

9. In the branch of a case, C = case t of ¢1#; = t1,...,¢;2; = Cyi,...,Cp%, = t, and
t €Ny and t # (¢;T; = s;)icr and t € Nyus, for all k < j and C{[Co] € Cgﬁfi and h = -
. The only way to derive r = case t of ¢1&1 = t1,...,¢;&; = Ci[t],...,cpy, = ¢, is by

having C1[t] € Myuga,3-
Moreover, t is a C-reduction place, which implies that ¢ is also a Cj-reduction place (by
Lem. 52). So we may apply the i.h. to conclude that this is impossible.

10. In the condition of a case, C = case C; of (¢;T; = $;)ier € Cj and C1[Cq] € Cf;” and
W' ¢ {c;}icr or K" =c; € {c;}icr and |A(C,y)| # |Z;| and h = - . The only way to derive
r = case Cq[t] of (¢;Z; = s;)ier € Cy and Cq1[Cq] € Cf;” is by having C1[t] € ./\/'lgu{fj}.
Moreover, t is a C-reduction place, which implies that ¢ is also a Ci-reduction place (by
Lem. 52). So we may apply the i.h. to conclude that this is impossible.

O

Lemma 58 (Unique decomposition). If C1[t1] = Calta] with ¢ € Ck for some h, such that t; is a
C;-reduction place for i € {1,2}, then (C1,t1) = (Ca, t2).

Proof. By induction on the derivation of C; € Cf,f:
1. eBox (root), C; = 0. By cases on the definition that ¢; is a Ci-reduction place:

(a) If t; is the redex pattern of a beta-step. Suppose that Co were not empty. Let
t1 = (Az.s)Lu. Then Cafta] = (Az.s)Lu. By Cor. 54 we have that L can be split as
L = L;Ly such that C; = Lou. This means that to = (Az.s)Lj, so ¢3 cannot be a Co-
reduction place, as it is neither an application nor a variable nor a fix-expression nor a
case expression. Hence this case is impossible.

(b) If t; is a variable z contracted by an ls-step. This case is not possible, as there is
no substitution binding x.

(c) If t; is a free variable z such that 2 ¢ fz’(C;) = ¥. Immediate, as C; = [ so
ty =z &9 =1z (Cy).

(d) If t; is the redex pattern of a fix-step. The result is immediate since Co must be
empty.
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If t; is the redex pattern of a case-step. Suppose that Co were not empty. Let
t1 = case A[c;|L of (c¢;Z; = s;)icr and |Alc;]L| = |Z;| and j € I. Then Calts] =
case A[c,]L of (c;&; = s;)icr. However, by Lem. 56, Co must be empty.

2. eAppL (left of an application), i.e. C; = Cy;s; with Cyp € C{; and h # A. Then
C11 81 = Cq[t2]. By case analysis on the formation rules for Co:

(a)
(b)

(c)

(d)

eBox, C; = [0. Impossible (the symmetric situation was already considered in the base
case).

eAppL, i.e. Cy = Cy1 s with Co; € C. Then Cy1[t1] = Cop[tz]. The contexts C1; and
Co; are both in Cf;, and each t; is a C;1-reduction place (by Lem. 52), so by 4.h. we have
(C11,t1) = (Ca1, t2).

eAppRStruct, s.e. h =, Co = 53Co; and sy € Sy UEy and Cyy € C4'. This implies
that s = Cy1[t1] where ¢; is a C1;-reduction place. Terms in Ny such as s are in normal
form and hence cannot have a reduction place such as t; under an evaluation context
such as C17. This last fact is a direct application of Lem. 57.

eAppRCons, i.e. Co = s3Cy1 and sy € Ky and h = hc(sz) and Cyy € Cl’;l. The same
argument as in the previous subcase (i.e. EAPPRSTRUCT) applies.

3. eSubsLNonStruct (non-structural substitution), i.e. C; = Cy;[z\s1] with s; & SyUEy
and z € Y and Cq; € Cf;. By case analysis on the formation rules for Cs:

(a)

Empty, Co = 0. Impossible (the symmetric situation was already considered in the
base case).

Non-structural substitution, i.e. C; = Coi[z\s2] and sy ¢ Sy U Ey. Note that each
t; is a C;1-reduction place by Lem. 52. By the i.h. on C; we have that (Cq,t1) = (Ca, t2),
so we conclude.

Structural substitution, i.e. Cy = Coi[z\s2] and s2 € Sy U Ey. This case is
impossible, as the formation rule for C; implies that so & Sy U Ey.

Inside a substitution, i.e. Cy = Co1[][x\Ca2] and Co; € C and Cyy € Cj. We
claim that this case is impossible. Note that we have that Cy1[t1] = Ca1[z], where ¢
is a Cyj-reduction place by virtue of Lem. 52. Moreover z ¢ ¥, and z is not bound by
Co1 (by Barendregt’s convention), so x & fZﬂ(Cgl); these conditions imply that z is a
Co1-reduction place.

This allows us to apply the i.h., obtaining (C11,2) = (C21,%1). Since t; = z is a Cy-
reduction place by hypothesis, and x is bound by C;, we conclude that it must be
involved in an ls-step. This implies that the substitution [z\s;] contains an answer,
that is, s; = vL. But from the formation rule of Co, we also know that s = Caata].

So the situation is such that Cos[ts] = vL. By the fact that non-abstraction answer
evaluation contexts such asCas do not go below answers (Lem. 53) we conclude that o
must be of the form vL;. This is a contradiction, as t5 is a Cy-reduction place, which
means that it must be either an application or a variable or a fix or a case expression.

4. eSubsLStruct (structural substitution), i.e. C; = Cii[z\s;] and Cy; € Cgu{x} and
s1 € Sy U &y. By case analysis on the formation rules for Cs:
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(a)

Empty, Co = 0. Impossible (the symmetric situation was already considered in the
base case).

Non-structural substitution, i.e. Cy = Ca1[z\s2] and s ¢ Sy U Ey. Impossible
since s1 = s9 and s1 € Sy U Ey.

Structural substitution, i.e. Cy = Ca1[z\s2] and sy € Sy U Ey. Then 51 = s2 and
each t; is a C;;-reduction place as a consequence of Lem. 52, so we may apply the i.h.
to conclude (Ci1,t1) = (Ca1,t2), as required.

Inside a substitution, i.e. Co = Co1[z][z\Ca2]. Then we have that s; = Caa[ts]. Note
that to is a Cop-reduction place by Lem. 52. This is impossible since s is a strong normal
form, and it may not have a reduction place under an evaluation context (Lem. 57).

5. eSubsR (inside a substitution), i.e. C; = Cy1[z][z\Ci2] and Ci; € C} and Cy2 € Cj.
By case analysis on the formation rules for Cs:

(a)
(b)

(c)

(d)

Empty, Co = [0. Impossible (the symmetric situation was already considered in the
base case).

Non-structural substitution, i.e. Cy = Coi[x\s]. Impossible (the symmetric situ-
ation was already considered in the case in which C; is built up with a non-structural
substitution).

Structural substitution, i.e. Cy = Co1[z\s2] and sy € Sy U Ey. Impossible (the
symmetric situation was already considered in the case in which C; is built up with a
structural substitution).

Inside a substitution, i.e. Co = Co;[z][x\Ca2]. Then each ¢; is a C;;-reduction place,
as a consequence of Lem. 52. By applying the i.h. we obtain that (Ci2,%1) = (Ca2,t2),
as required.

6. eAppRStruct (right of a weak structure or error term), i.e. h =, C; = s C1; and
51 € SyU&y and Cqq1 € Cf; . By case analysis on the formation rules for Cs:

(a)
(b)
(c)

(d)

Empty, Co = 0. Impossible (the symmetric situation was already considered in the
case in which C; is empty).

Left of an application, i.e. Cy = Coy s2. Impossible (the symmetric situation was
already considered in the case in which C; goes to the left of an application).

Right of a structure, i.e. Co = s5Cy; and sy € Sy U Ey. Then each t; is a C;1-
reduction place, as a consequence of Lem. 52. By applying the i.h. we conclude that
(C11,t1) = (Ca1,t2), as required.

Right of a constructor answer, i.e. C; = s3Co; and s, € Ky. Not possible since
s1=syand Ky N (SyU&) = 2.

7. eAppRCons (right of a constructor answer), i.e. C; = s1C11, $1 € Ky, h = hc(sq)
and Cqy; € Cf; . By case analysis on the formation rules for Csy:

(a)
(b)

Empty, Co = 0. Impossible (the symmetric situation was already considered in the
case in which Cy is empty).

Left of an application, i.e. Cy = C;s. Impossible (the symmetric situation was
already considered in the case in which C; goes to the left of an application).
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(c) Right of a structure, i.e. Co = s2Co1 and s2 € Sy U Ey. Not possible since s = s9
and Ky N (Sy U 519) = .
(d) Right of a constructor answer, i.e. C; = s2Co; and sy € Ky. Then each ¢; is a

C;1-reduction place, as a consequence of Lem. 52. By applying the i.h. we conclude that
(C11,t1) = (Ca1,t2), as required.

8. eLam (under an abstraction), i.e. C; = Az.C11, h = A and Cy; € Cl%{m}. Then Cq
cannot be empty (the symmetric situation was already considered in the case in which C;
is empty), so Co must be of the form Az.Co;. By Lem. 52 we know that each ¢; must be
a C;;-reduction place, so we may apply the i.h. to conclude that (Cy11,t1) = (Ca1,t2), as

required.
9. eCasel (branch of a case), i.e. h = ., C; = case u; of ¢i1&1 = $1,...,¢;%; =
Ci1y--+,CnTn = Sp and u; € Ny and uy ¥ (¢;T; = w;)ier and s € Nyugz, for all k < j

and Cy; € Cf;luﬁ . By case analysis on the formation rules for Cs:

(a) eBox (empty), Co = [. Impossible (the symmetric situation was already considered
in the case in which C; is empty).

(b) eCase2 (condition of a case), i.e. Cy = case Co1 of (c;T; = s)ier € Cj and
Co1 € C% and either h ¢ {c;}jecs or h=c; € {c;};es and |A(C,y)| # |2%| . Then by
Lem. 52 we know that ¢2 must be a Caj-reduction place. Thus u; = Ca1[t2]. This is not
possible by Lem. 57.

(c) eCasel (branch of a case), i.e. Cy = case uy of ci&1 = ),...,c;a; =
Cit,-..,CnZy = s, and ug € Ny and uy ¥ (¢;Z; = s))ier and s), € Nyuz for all k <
j" and Co; € CSIUE . Then j = j/ and by Lem. 52 we know that each t; must be a
Cir-reduction place, so we may apply the i.h. to conclude that (C11,t1) = (Ca1,t2), as
required.

10. eCase2 (body of a case), i.e. C; = case Cy; of (¢;T; = 8;)iers h =+, C11 € CQ, and
either A’ ¢ {c;}icr or I = ¢; € {c;}icr and |A(C,y)| # |2;| . By case analysis on the
formation rules for Cs:

(a) eBox (empty), Co = 0. Impossible (the symmetric situation was already considered
in the case in which C; is empty).

(b) eCase2 (condition of a case), i.e. Cy = case Cy; of (c;T; = s)ic; € Cj and
Co1 € Ch and either h ¢ {c;}jes or h = ¢, € {c;}jes and |A(C,y)| # |7k .
Impossible (the symmetric situation was already considered in the case ECASEL).

(c) eCasel (branch of a case), i.e. C; = case ug of ¢181 = §,...,¢;&; = Ci1,...,CpnTy =

S/

and u; € Ny and uy ¥ (¢, = 8,)icr and s, € Nyug, for all k < j and
Ci1 € Cféﬁm . Impossible (the symmetric situation was already considered in the case

ECASEL).
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Figure 6 Y¥-normal forms of the strategy (X € {Sy, Ly, E9,Ks})

tecKy scNMNy x e teSy seNy
cNFCONS —— CcNFAPP SNFVAR —— sNFAPP
cely tse Ky reSy ts €Sy
te KyULyUSy ¢ (cia_:i = Si)iel (Sz S Nﬂufi)iej
ENFSTRT
case t of (¢;ZT; = S;)ier € v
te& seNy te&s (s; € Nyus,)ier t € Nyuia
—  ENFAPP ( s e ENFCASE ML) LNFLAM
tsc &y case t of (¢;T; = $;)ier € &y Ar.t € Ly
t € Xguizy SESyUEy x € ngv(t teXy x&ngv(t
Pote) gv(t) NFSUBNG 7 nev(l) NFSUBG
tlx\s] € Xy tlx\s] € Xy
te Ky te Sy te Ly te &y
NFCONS NFSTRUCT NFLAM NFERROR
te Ny te Ny te Ny te Ny

5.1 Normal Forms of the Strategy

We present an inductive characterization of the normal forms of »=Y . Since reduction in Y

is parameterized over a set of frozen variables 1}, the normal forms too will be parameterized by
this set. The set of normal forms over ¥ (Ny) is comprised of the constant normal forms
over ¥ (Ky), the structure normal forms over ¥ (Sy), the error normal forms over 9 (Ey)
and the lambda normal forms over ¥ (Ly). They are defined in Fig. 6 and are similar to the
characterization of the —g,-normal forms (Fig. 1) except that: 1) the set of frozen variables is
tracked, 2) rule NFSUB is refined into rules NFSUBNG, and 3) a new rule NFSUBG is added due
to the absence of gc in Y. In rules NFSUBNG and NFSUBG, the symbol X represents either Sy,
Ey, Ly or Ky. Rule NFSUBG helps capture terms such as z[y\z][z\s]. Note that z € fv(z[y\z])
but this term is in normal form for any s. However, x is not really “reachable” from z, it is would
in fact be erased if we had gc. The notion of a variable being “reachable” in this sense is defined
as follows:

Definition 59. The set of reachable or, betler still, non-garbage variables of a term t, denoted
ngv(t), are defined below', where b stands for (c;T; = 8;)icr.

) = {x)

) := ngv(t) \ {z}

) := ngv(t) Ungv(s)
; = ngv(t) \ {z}
)
)

>
g
<
—~
Hh
-
Jal
—
8
~
~

=g
1= ngv(t) UU,er., ngv(si) \ i

ngv(s) if z € ngv(t)
(ngv(®) \ {z}) U %] otherwise

IThey may alternatively be characterized as ngv(t) = fv({gc (t)), where g (t) simply removes all garbage substi-
tutions [BBBK17].
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The next result below states that Fig. 6 indeed characterizes the normal forms of the strategy.

Lemma 60 (Normal Form Decomposition). o teKy=1t=A[L

t € Sy = t = E[z] for some weak context E and variable x.
t e Ly =1t=(\x.s)L for some z, s and L.

t € & =t = Flcase s of b] for some error context F and s an answer or a weak structure
and s ¥ b.

Proof. By simultaneous induction on the derivation of t € ICy, t € Sy, t € €y, and t € Ly.

CNFCoONS. We set A:=and L :=e.
CNFAPP. The derivation ends in:
1€y taeNy
tita € Ky

CNFAPP

By the i.h. on t; € Ky, there exists A, ¢’ and L' s.t. t; = A'[¢/]L'. We set A:=A'L't5, c:=¢’
and L := ¢ and conclude.

SNFVAR. We set E = [.
SNFAPP. The derivation ends in:
theSy taeNy
tita €Sy

SNFAPP

By the i.h. on t; € Sy we have t; = E'[z]. Therefore, we set E := E' t5 and conclude.

ENFSTRT. The derivation ends in:

ue€lyULyUSy u ;‘ (Cii‘i = Si)iel (Sz S Nﬁufi)iej
ENFSTRT

case u of (¢;T; = $;)ics € Ey

By the i.h. on u € Ky U Ly U Sy, u is either an answer or a weak structure. Also, we have
u ¥ (c;T; = 8;)ier. Therefore we set F := [ and conclude.

ENFAPP. The derivation ends in:
ti1 €& tg € ng
tity € Ey

ENFAPP

By the i.h. ont; € & we have t; = F/[case s of b]. Therefore, we set F := F’ ¢, and conclude.

ENFCASE. The derivation ends in:

uE&g (S‘ENﬂuq)‘g[
‘ i ENFCASE

case u of (¢;T; = $;)ier € &y

We apply the i.h. on u € £y to obtain F/, then set F := case F' of (¢;T; = 8;)icy-
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e LNFLAM. The derivation ends in:
t € Nouay
Ax.t € Ly

LNFLAM

We set L := € and conclude.

e NFSUB. The derivation ends in:

t1 € quu{y} to €SyUEy yE ngv(tl)

tl[y\tg] € Xy
We must consider each case: X € {S, L, K, E}.

NFSUB

— If X is S, by the 4.h. on t; € Syygy}, we have t; = E'[z]. We set E := E'[y\ts] and
conclude.

If X is £, by the 4.h. on t; € Ly, there exists z,s and L' s.t. t; = (Az.s)L". We set
L := L'[y\t2] and conclude.

— If X'is K, By the i.h. on t; € Kyyugyy, there exists A, ¢’ and L' s.t. t; = A'[¢/]L". We set
A:=1' c:=c and L :=L'[y\t2] and conclude.

— If X'is &, by the i.h. on t1 € Eyuyyy, we have t; = F/[case s of (¢;T; = ;)ier], s an
answer or a weak structure and s % b. We set F := F'[y\t2] and conclude.

e NFSUBG. The derivation ends in:

t1 € Xy x & ngv(tr)
tl[.r\tg] S Xg

NFSUBG

We must consider each case: X € {S, L, K, E}.

If X is S, by the i.h. on t; € Sy, we have ¢; = E'[x]. We set E := E'[x\t2] and conclude.

If X is £, by the i.h. on t; € Ly, there exists z,s and L' s.t. ¢ = (Az.s)L'. We set
L := L'[x\¢2] and conclude.

— If X'is IC, By the 4.h. on t; € Ky, there exists A’, ¢’ and L s.t. ¢t; = A'[c/|L’. We set
A:=1' c:=c and L :=L'[z\ts] and conclude.

— If X'is &, by the i.h. on t; € £y, we have t; = F'[case s of (¢;Z; = 5;)ic1], s an answer
or a weak structure and s 3 b. We set F := F/[z\t3] and conclude.

O
Lemma 61. If C€ Ch, then = € ngv(Cz]).
Proof. By induction on the derivation of C%

e EBOX. The derivation ends in:
EBoOx

ey

Immediate.
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ELAM. The derivation ends in:

Then C = A\y.C; and by i.h. = € ngv(Ci[z]). Also, ngv(Ay.Ci[z]) = ngv(Ci[z]) \ {v}.
Therefore, we conclude that = € ngv(Ay.C1[z]) because x and y are distinct.
EAPPL. The derivation ends in:
CLEC) h#A
# EAPP-L
C1 t S C19

Then C = Cy t and by 4.h. x € ngv(Cy[z]). Also, ngv(Cy[z]t) = ngv(Ci[x])Ungv(t). Therefore,
we conclude that « € ngv(Cy[z] ¢).

EAPPRSTRUCT. The derivation ends in:
teSyUEy Crech
tCi € Cg

EAPPRSTRUCT

Then C = ¢ Cy and by i.h. = € ngv(Cy1[z]). Also, ngv(tCyi[x]) = ngv(t)Ungv(C1[z]). Therefore,
we conclude that = € ngv(tCy[x]).

EAPPRCONS. The derivation ends in:
tekKy C ech

tCy € C:;C(t)

EAPPRCONS

Then C := tC; and by i.h. = € ngv(Ci]z]). Also, ngv(tCi[z]) = ngv(¢) U ngv(Cyi[z]).
Therefore, we conclude that x € ngv(tCy[x]).

ESUBSLNONSTRUCT. The derivation ends in:
CLeCh t¢SyU& y¢ v
Cily\t] € C§

ESUBSLNONSTRUCT

Then C := Cy[y\t] and by i.h. = € ngv(Cy[z]).
ngv(t) if y € ngv(C1[z])

Also, ngv(Ci[2][y\t]) = ngv(Ci[z]) U {@ otherwise

In either case, we conclude that = € ngv(Cy[x][y\¢]).
ESUBSLSTRUCT. The derivation ends in:
C1 €CHq, tESHUEY

- ESUBSLSTRUCT
Cily\t] € Cy

Then C = C1[y\t] and , by i.h. z € ngv(Cy[z]).

ngv(t) if y € ngv(Cy[z])

Also, ngv(Ci[2][y\t]) = ngv(Ci[z]) U o otherwise

In either case, we conclude that « € ngv(Cy[x][y\t]).
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e ESUBSR. The derivation ends in:
cLech creg
C1lylly\Co] € Cf

Then C = Cq[y][y\Ce] and by 4.h. y € ngv(C1[y]) and x € ngv(Ca[z]).

Also, ngv(C1[y][y\C2[=]]) = ngv(Ciy]) \ {y} U ngv(Ca[x]).
Therefore, we conclude that « € ngv(C1[y][y\C2[x]])-

ESUBS-R

e ECASE-1. The derivation ends in:

te ./\/;9 t ?A (Cii‘i = Si)ie] tj S NﬂUij for aﬂj <1 C € CQU@

ECASE-3
case t of 121 = t1,...,¢;25 = C1,...,Cply, =ty € Cy

Then C = case t of c177 = t1,... ,CjT; = Ciy oo, Cply = 1y and by .h. © € ngv(Cl[[m]])
Also, x ¢ ;. Also, ngv(case t of c1&1 = t1,...,¢;&; = Ci[z],...,cpTy = t,) = ngv(t) U
ngv(C1[z]) \ 25 UUjeo. ., nev(ci@s) \ .

Therefore, we conclude that = € ngv(case t of c121 = t1,...,¢;@; = Ciz],..., @y = tn).

e ECASE-2. The derivation ends in:
CceCy h¢{citier orh=c; € {citicr and [A(C1,y)| # |;]
ECASE]

case C; of (¢;T; = $;)ier €Cy

Then C = case Cy of (¢;Z; = $;)ics and by i.h. x € ngv(Cy[x]). Also, ngv(case C[z] of (c;z; =

si)ier) = ngv(C1[z]) UU,ey ., ngv(si) \ Zi.
Therefore, we conclude that x € ngv(case Ci[z] of (¢;%; = si)icr)-

O

Lemma 62 (Strengthening for normal-form judgements). t € Nyug,y and x &€ ngv(t) = t € Ny.
Similarly fort € Ky, t € Sy, t € Ey, and t € Ly.

Proof. By simultaneous induction on the derivation of t € Ky, t € Sy, t € €y, and t € Ly.
e SNFVAR. The derivation ends in:
yedU{x
—{} SNFVAR
Y € Spufz)
Since x ¢ ngv(y), © # y. Thus, y € ¢ and we conclude from SNFVAR:

y €V
SNFVAR

y € Sy

e CNFCONS. The derivation ends in:

te
MG NFCONS
t e Nﬁu{z}

We conclude from the i.h..
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CcNFAPP. The derivation ends in:

t1 € Kyugey  t2 € Nyugay CNFAPP

tite € Kyugey
We conclude from the i.h. on t; € Kyyq,y and ta € Nﬁu{m}.

SNFAPP. The derivation ends in:

t1 € Syugay  t2 € Nougay SNEAPP

t1t2 € Spufa)
Similar to previous case.

ENFAPP. The derivation ends in:

t1 € Eyugay  t2 € Nyugay ENFAPP

t1t2 € Eyula)
Similar to previous case.
ENFSTRT. The derivation ends in:

u € Kyugay U Lyugzy USsu(zy  © ¥ (City = 54); si € Nougayu )i
wufe) U Lougay USougey  u ¥ ( Jier_( suz)uz Jier ENFSTRT

case u of (¢;T; = S;)ier € 519u{w}

We apply the i.h. on u € Koz} U Loufar U Sougay and (si € Nyu(ajus, )ier and conclude
immediately from ENFSTRT.

ENFCASE. The derivation ends in:

u € Eyufa si € NyUtarus, )i
dU{z} ( JU{z}U l) eI ENFCASE

case u of (¢;T; = Si)icr € Eyufa}
We conclude by applying the i.h. on u € Eyyqy and (s; € Nyuiajus, )ier-
LNFLAM. The derivation ends in:
t € Nougayoryy
Ayt € Lyugay

LNFLAM

We may assume w.l.o.g that y # x. Therefore, ¢ ngv(Ay.t), implies « ¢ ngv(t). Therefore
we conclude from the i.h. and an application of LNFLAM.

NFSUB. The derivation ends in:
t1 € Xgu{eyuiy) T2 € Syutay UEsugay v € ngv(ty)
t1[y\t2] € Xou(ay

NFSUB

We may assume w.l.o.g that y # z. Since y € ngv(t1), we have ngv(t1[y\t2]) = ngv(t1) \
{y} Ungv(tz). Therefore, z ¢ ngv(ti[y\t2]), implies = ¢ ngv(t;) and = ¢ ngv(tz). Therefore
we conclude from the i.h. on t; € Xyyuayugyy and t2 € Syugay U Eyuiey and an application
of NFSUB.
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NFSUBG. The derivation ends in:
t1 € Xougzy ¥ & ngv(t1)
t1[y\t2] € Xou(ay

Since y & ngv(t1), then ngv(t1[y\t2]) = ngv(t1). Therefore, x ¢ ngv(t) implies x ¢ ngv(ty).
Thus we may apply the i.h. tot; € Xyu(.}, obtaining £ € Xy. We then conclude by applying
NFSUBG.

NFSUBG

O

Lemma 63 (Weakening for normal-form judgements). ¢t € Ny and = ¢ 9 and = not bound in t,
then t € Nﬁu{x}. The same holds for Sy, Ly, Ky and Ey.

Proof. By simultaneous induction on t € Ny, Sy, Ly, Ky and Ey. O

Lemma 64 (Weakening for contexts). ¢ € Ch and x ¢ 9 and x not bound in C, then C € Cgu{a;}'

Proof. By induction on C € Ch.

O

Lemma 65 (Normal-forms). Ay C NF(—7,).

Proof. By simultaneous induction on the derivation of t € Ky, t € Sy, t € €y, and t € Ly.

CNFCONS. Immediate.

cNFAPP. The derivation ends in:
t1EKy ta €Ny
tity € Ky

CNFAPP

By i.h. ont; € Ky and to € Ny, we have t; € NF(—Y,) and t5 € NF(—7%,). From Lem. 60 we
know t; € Ky = t1 = A[c|L, therefore ¢; is a constant answer and not an abstraction answer
and we can conclude that t1to € NF(—5,).

SNFVAR. Immediate.

SNFAPP. The derivation ends in:
t1 €Sy ta €Ny

tits € Sy

SNFAPP

By i.h. on t; € Sy and t; € Ny, we have t; € NF(—Y,) and to € NF(—Y,). From Lem. 60
we know t; € Sy = t1 = E[z], therefore we know ¢; is not an abstraction answer and we can
conclude that t1ty € NF(—2,).

ENFAPP. The derivation ends in:
t1 €& ta€Ny
tita €&y
By i.h. on t; € & and ty € Ny, we have t; € NF(—Y,) and to € NF(—Y,). From Lem. 60

we know t; € &y = t1 = F[case s of 13], therefore we know ¢; is not an abstraction answer
and we can conclude that ¢,t; € NF(—7,).

ENFAPP
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e ENFSTRT. The derivation ends in:

uweKyULyUSy ui (¢ = si)icr  (8i € Noug, )ier
ENFSTRT

case u of (¢;T; = Si)icr € &y

By i.h. onu € Ky ULy U Sy we have u € NF(—Y). We can apply the i.h. for each
(5; € Noua, )ier, giving us (s; € NF(—1%,));er. Therefore, we can conclude case u of (¢;7; =
si)ier € NF(—Y,) because we cannot apply —case since u ¥ (¢;%; = 8;)ier-

e ENFCASE. The derivation ends in:

uw€& (si € Nyus, ier
‘ e ENFCASE

case u of (¢;T; = 8;)icr € Ey

By i.h. onu € & we have u € NF(—Y,). From Lem. 60 we know u € £y = u = F[case s of b]
and hence is not a constant answer. We can apply the i.h. for each (s; € Nyugz, )ics, giving
us (s; € NF(—Y,))icr. Therefore, we can conclude case u of (¢;Z; = s;)icr € NF(—Y,).

e LNFLAM. The derivation ends in:
t1 € Nyuia)
Ar.ty € Ly

LNrLAM

By i.h. on t; € Nyu(s), we have t; € NF(H;?:{I}), then Az.t; € NF(—Y) is immediate.

e NFSUB. The derivation ends in:
t, € Xﬂu{m} th €ESyUEy x € ngv(tl)
tl[x\tg] (S Xﬂ

NFSUB

By i.h. on t; € Xyuay and ta € SyUEy, we have t; € NF(HZ&J{I}) and to € NF(—Y,). From
Lem. 60 we know t5 is either a weak structure or a weak error term, ¢, is not an answer. We
can conclude t[z\ts] € NF(Y,) because we cannot apply 1sv.

e NFSUBG. The derivation ends in:

t1€Xy T ¢ ngV(tl)
tl[x\tg] S X19

NFSUBG

By i.h. on t; € Xy, we have t; € NF(—?%). From Lem. 61, if we take the contrapositive we
have C ¢ C%, for z & ngv(C[z]). Therefore, we can conclude that t;[z\ts] € NF(—2,).

O
Lemma 66 (Normal-forms). Suppose t € NF(—2,).
1. Thent e Ny
2. If x € ngv(t), then 3C, h s.t. t = Clz], where C€ Ch and x ¢ ¥
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Proof. We show both items by simultaneous induction on ¢. Note that for the first item, due to
NFSTRUCT, NFLAM, NFERROR and NFCONS, it suffices to show that t € Ly U Ky U Sy U Ey.

o t=uo.

— For item 1, let ¥ be any set of variables such that fv(z) C ¢. By definition of fv(), z € ¥,

and from
z eV
SNFVAR

r €Sy
we have z € Ny.

— For item 2, we set C := [ from EBOX and conclude.
o t=)\y.s.

— For item 1, let ¥ be any set of variables such that fv(Ay.s) C ¢. By the i.h. on s,
5 € Nyugyy since fv(s) €9 U {y}. Then from

s EN,
2= oty) LNrLAM
Ax.s € Ly

we have \y.s € Ny.

— For item 2, z # y, from the i.h. on s, s = Ci[z], where C; € C{;, for some h, and x & 9.
If ¢ = ¢ U {y}, we apply:

and conclude. Otherwise, we first apply Lem. 64 and then use ELAM.
ot =1;1o.

— For item 1, let ¥ be any set of variables such that fv(t1t3) C ¢. By the i.h., we have
t1 € Ny since fv(t;) C 9 and ts € Ny since fv(ta) C 9. Then from t; € Ny, it must be
the case that t1 € Ly USy UKy UEy. If t1 € Sy U Ky U Ey, then we reason as follows:

th €Ky ta €Ny t1 €Sy ty €Ny t1 €& ta €Ny

cNFAPP SNFAPP ENFAPP
tita € Ky tita € Sy tita € Ey

and conclude by applying NFCONS, NFSTRUCT and NFERROR, resp. Suppose t; € Ly.
By Lem. 60 t; = (Az.s)L and we could apply 1sv, contradicting ¢; € NF(>—Y,). This
concludes the case.

— For item 2, we consider two cases.

% x € ngv(ty). Since t; € NF(—Y,) by the 4.h. w.r.t. item 1, and * € ngv(t;), then by
the 4.h. w.r.t. item 2, 3Cq, hy s.t. t; = C1[z], where C; € Cf;l and x € 9. Moreover,
we have h # A, since h = X implies, by Lem. 45, that C[z] is an abstraction
answer, contradicting the hypothesis that t1to € NF(>—Y,). Therefore we conclude
by applying EAPP-L.

CLecCh h#A

o EAPP-L
City € 619
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% 1 € ngv(ty). Since t € NF(>—Y,) by the i.h. w.r.t. item 1 and = € ngv(tz), then
by the i.h. w.r.t. item 2, 3Cy, hy s.t. ta = Cyfx], where C; € Cf,fl and =z ¢ 9.
Additionally, by the i.h. w.r.t. item 1, t; € NF(—Y,). Moreover, t; € Sy UKy UEy
since if we suppose t; € Ly, by Lem. 60 t; = (Az.s)L and we could apply lsv,
contradicting t; € NF(—Y,). In the case that t; € SyUEy, we apply EAPPRSTRUCT
and conclude. Otherwise, in the case that t; € Ky, we apply EAPPRCONS and

conclude.
theSyUEy Crech theKy CrecCh
e EAPPRSTRUCT ) i EAPPRCONS
t1C1 €Cy t1C1 €Cy

e t = case s of b.

— Let ¥ be any set of variables such that fv(case s of b) C 9. By the i.h., we have s € Ny
since fv(s) C 9. Likewise, we have (s; € Nyu(s,)ier since (fv(s;) € 09U {Z;})ies. Then
from s € Ny, it must be the case that s € Ly USy UKy U Ey. If s € Ey, then we use:

s€& (si € Nyug,)ier

ENFCASE
case s of (¢;T; = $;)ics € &y

Otherwise, suppose s € Ky U Ly USy. We claim s 3 b and hence we can use ENFSTRT:

sERyULyUSy s (citi = Si)ier (8 € Nyus, )ier
ENFSTRT

case s of (¢;T; = Si)ier €&y

We are left to prove the claim. If s € Sy, then it holds trivially since weak structures
are not answers. If s € Ly, then trivially s ¥ b. If s € Ky, then s = b implies ¢ not in
normal form, contradicting our hypothesis.

— For item 2, we consider two cases.

% x € ngv(s). Since s € NF(—Y%) by the i.h. w.r.t. item 1, and z € ngv(s), then
by the i.h. w.r.t. item 2, 3C;,hy s.t. s = C;[z], where C; € Ci" and = ¢ 9. If
hi ¢ {c;}ic1.n then case C; of b € Cy by ECASEL, concluding the case. Suppose
that h1 = ¢; € {c;}ic1.n. Then by Lem. 45 for any term ¢, there exist A and L
s.t. Ci1[t] = Alc;|L. In particular, Ci[z] = A[c;]L. But then [A| = [A(C,z)| # ||
for otherwise ¢ would be a case redex, contradicting the hypothesis. Therefore, we
then conclude by ECASEL.

CeCy h¢{citicr or h=c;j € {ci}icr and |A(C,y)| # ||

case C of (¢;Z; = 8i)iecr € Cy

ECASEL

* x € ngyv(s;) withi € 1..n. From the i.h. w.r.t. item 1, s € Ny and (s; € Nyuga})ier-
Therefore, by the i.h. w.r.t. item 2, 3Cq, hy s.t. s; = Cq1[z], where C; € Cgl and
x € 9. Moreover, s % (c;Z; = $;)ics must hold since we would have a case redex
for the branch enabled by s otherwise. Therefore, we conclude by an application of
ECASE2.

sENy s# (T = s;)ict sk € Nyus, forallk<j Ce€ CQUI—,
- ECASE2

case s of ;%1 = $§1,...,C;%; = C,...,C,Tp = S € Cy
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o = tl[y\tg}.

— For item 1, let ¥ be any set of variables such that fv(¢1[y\t2]) C . By the i.h., we have
t1 € Nyugyy since fv(t1) € 9 U {y} and ty € Ny since fv(ta) C 0.
If = & ngv(t1), then from Lem. 62, t; € Ny. We conclude t;[y\t2] € Ny using NFSUBG.
t1 € Xy y & ngv(ty)
tl[y\tg] € Xy

NFSUBG

Suppose, on the contrary, that y € ngv(t;). From ¢, € Ny, it must be the case that
to € LyUSyUKyUEy. From item 2 applied to t1, we know t; = C[y], where C € Cf; and
y &€ 9. Then ty € Ly UKy is not possible since ¢ is in normal form. Hence t5 € Sy U Ey.
We thus conclude by using;:

t, € Xﬁu{y} to €eSyUEy y € ngv(tl)
tl[y\tﬂ € Xy

NFSUB

— For item 2 we consider two cases.

% x € ngv(ty). Since t; € NF(—Y,) by the i.h. w.r.t. item 1 and = € ngv(t;), by the
i.h. w.r.t. item 2, 3Cy, hy s.t. 1 = Cy[x], where C; € Cf;l and x € 9. Therefore, if
ta ¢ Sy U Ey we conclude by applying ESUBSLNONSTRUCT.

CreCh tadSyUEy y¢
Cily\t2] € C}

Otherwise, if to € Sy U &y, we conclude by first applying Lem. 64 and then use
ESUBSLSTRUCT.

ESUBSLNONSTRUCT

C1 €Chugy ta€SHUE
Cily\ta] € Cy

* = € ngv(tz). From the definition of ngv(), it must be the case that y € ngv(t1).
Since to € NF(—Y,) by the i.h. w.r.t. item 1 and = € ngv(ts), by the i.h. w.r.t.
item 2, 3Cq, ho s.t. t2 = Cafz], where Cy € Cg” and z ¢ 9. Additionally, since
t; € NF(—Y,) by the i.h. w.r.t. item 1 and y € ngv(t;), by the i.h. w.r.t. item 2,
3Cy, hy s.t. t1 = C1[y], where C; € Cg“ and y € . Furthermore, by Lem. 45 ho must
be . If h = ¢, then, for any term ¢, there exist A and L s.t. C[t] = A[c]L. If h = ),
then, for any term ¢, there exists a variable z, term s and substitution context L
s.t. C[t] = (Az.s)L. In either of these cases we would have a redex, contradicting
our hypothesis that t € NF(~—? ). Therefore, we conclude by ESUBS-R.

ESUBSLSTRUCT

Ci € Cg Cq € 619
Ccilylly\Ca] € Cf

SuBs-R

From Lem. 65 and Lem. 66 we deduce:

Lemma 67. NF(—Y) = Ny.
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6 A Standardization Theorem for the Theory of Sharing

This section addresses a standardization theorem for Ag,. Suppose t is definable in Ag, as
nen € N. Then there is a reduction sequence ¢ —»g, ngy (cf. figure below). Notice that reduction
steps in this sequence can take place under any context and substitution can take place even
though the target is not needed for computing the strong normal-form. The standardization
theorem reorganizes the computation steps in the reduction sequence t —»g, ngy so that it can be
factored into two parts ¢ >>=L>fhu —»;}}9 ng,. The prefix ¢ @fhu is reduction via the strong-call-by-need
strategy; the double headed arrow indicates multiple steps of the strategy. The suffix u —_” ngy
consists of reduction steps in the theory that are internal, hence not required for obtaining the
strong-normal form. In fact, ng, and u are shown to be identical via unsharing. Moreover, w is
actually a normal form of the strategy. In summary, and following [BBBK17], the standardization
theorem is split into three parts depicted below:

t

gc
r ———— » Ngp

L)
/ Lemy
v

n

gc
e Part I (Postponing gc): All gc steps are postponed (Lem. 68).

e Part II (Factorization): The resulting prefix is factorized into an external part that con-
tributes to the strong normal form and an internal part that does not (Lem. 70).

e Part IIT (Internal steps are negligible). Internal steps all take place inside garbage explicit
substitutions (Lem. 72).

Part I Part I is just Lem. 68 below. A strict —g-reduction step, denoted —gpn\g, is a
—rsp-reduction step without using the rg.-rule.

Lemma 68 (Postponement of gc). Ift —gy s, then there is a term u s.t. t —gy\gc U —gc S.

Proof. Straightforward by noticing that the non gc reduction rules of Ag, (Def. 10) allow the
patterns of the left hand-sides to be polluted with explicit substitutions and do not place conditions
on free variables. O

Part IT Part II requires that we first define what an internal step is. A ¥-internal —, step
(—37) is a —gp-step that is not a =Y, i.e. not a ¥-step in the strategy). External steps are

steps in the strategy, that is, ~7 -steps.
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Lemma 69 (Commutation of Internal /External Steps). Let fv(tg) C . Iftg —5 t1 =5 t3, then
there is a term to such that ty >=L>ght2 —»;hﬂ ts, where the reduction from ty to to includes at least
one step and the one from to to t3 has at most two steps.

Proof. The proof of this result is tedious and extensive. It has been relegated to the appendix. [J

The final factorization result is obtained from the commutation lemma. More precisely, one

shows that (—>;Bl?ﬁx7case,>—>§B7ﬁx)case,—>f£,,Hfsv) forms a square factorization system according

to the terminology of [Accl2], taking H}?B’ﬁx’case U ) to be external dB, fix or case
(resp. 1sv) reduction, and a;g?ﬁx,case (resp. —1) to be the internal dB, fix or case (resp. 1sv)

reduction. One then concludes from Theorem 5.2 in [Accl2].

(resp.. —

Lemma 70 (Factorization of Strict Steps). Let fv(t) C 9. Ift —gn\gc u, then there is a term s
such that t >=1>1S9hu —»;hﬁ S.

Part III As mentioned, if the — ¢, reduction sequence reaches a —gy-normal form, then all the
internal steps factored out by Lem. 70 can be erased by gc steps.

Lemma 71 (Inclusion of Normal Forms). Let ¥, ¢ be such that fv(t) C 9. Ift € NF(—gn), then
t € NF(—2,).

Proof. This is immediate since —Y, C —gp. O
Lemma 72 (Normal Forms Modulo Internal and gc steps). Let ¥, t be such that fv(t) C 9.
1. Ift —gc ny with ng € NF(—Y,) then t € NF(—2,).

2. If t =3 nyg with ny € NF(—Y,) then t € NF(—Y,) and there is u such that t -4 u and
Ny —gc U.

Proof. We show that the following conditions are equivalent for any term ¢ such that fv(¢) C ¥.

They imply items (1) and (2) of this lemma: (i) ¢ is a % -normal form, (i) /g (¢), that is ¢ with

all garbage substitutions removed, is a —g,-normal form, (iii) ¢ =_y s for some s € NF(—4,), (iv)

t =9 s for some s € NF(—Y,). Here =_y stands for the least equivalence relation containing

—rgcU =gV O
ge sh -

Note that this result applies to terms in —g,-normal form too, since NF(—g,) C NF(>—2,). Here
is an example [BBBK17]. Consider the sequence z[y\z[2\id]] =" 2[y\id[2\id]] —¢c 2. All three
terms are in NF(—2,): this is straightforward for x, and due to the fact that the substitution is
garbage for the two others. Moreover, although we do not have x[y\z[2\id]] = z[y\id[2\id]], both
terms reduce in one gc-step to the same term .

All three parts can now be assembled to complete the argument outlined in the Introduction.

Theorem 73 (Standardization for —g,). Let 9, t be such that fv(t) C ¢. Ift —»g, nen, where
Ney € NF(—gn), then there exists a term ng € NF(—Y,) such that t =iy and ng —gc Dgh.

Proof. Suppose t —»gn ngn With ng € NF(—4,) (so that in particular ng, € NF(—4c)). By Lem. 68
of Part I there is a term r such that the reduction sequence ¢t —g, ng, can be decomposed as
t —en\ge T —Pgc Dsn, and by Lem. 70 of Part IT there is a term u such that the reduction

sequence t —»gp\gc T can in turn be decomposed as ¢ ST 37 r. Finally, since fv(ng,) C ¢ and
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NF(—¢n) C NF(—Y,), we have ng, € NF(—Y,), and Lem. 72 of Part III allows us to deduce that
both r and u are also in NF(—Y,). Moreover, using convergence of —4 (which is straightforward),
Lem. 72 further allows us to deduce that u —»4c ngp. ]

Corollary 74 (Completeness of ~—2% ). Let 9, t be such that fv(t) C 9. Ift —». n., where
n, € NF(—,), then there exists a term ny € NF(—Y,) such that t =Yng and n§ = n,.

7 Related Work and Conclusions

Related Work Call-by-need for weak reduction was introduced in the 70s [Wad71, HMT76].
Relating call-by-need strategies with call-by-need theories has been pioneered in [AF97, MOW9S,
CF12]. Big-step semantics for call-by-need was studied in [Lau93]. Completeness of call-by-need
through intersection types was first studied in [Kes16], although the result itself was proved by
other means before that [AF97]. A recent survey on non-idempotent intersection types and its
applications in the study of the lambda calculus may be found here [BKV17]. The calculi with
explicit substitutions at a distance used here is called the Linear Substitution Calculus and was
inspired from [Mil07] and further developed in [AK10]. The use of this tool to study abstract
machines for weak call-by-need reduction appears here [ABM14]. It is also used in [AB17], to
provide a detailed analysis of the cost of adding pattern matching to S-reduction, although open
terms are not considered.

Regarding strong reduction, as already mentioned in the introduction, [GL02] proposed an
implementation of strong call-by-value, by iterating the standard call-by-value strategy on open
terms (terms with variables). In [BDG11], it is noted that the implementation of [GL02] requires
modifying the OCAML abstract machine so they propose a native OCAML implementation where
the tags that distinguish functions from accumulators are coded directly in OCAML itself. [Cré90,
Cré07] defined abstract machines for reduction to strong normal form. Other abstract machines
for strong reduction have been studied too: [GNM13, dC09, ER06]. [AG16] explore open call-by-
value and [ABM15] study a (call-by-name) machine based on the linear substitution calculus for
reduction to strong normal form. None of these mentioned works address however strong call-
by-need except for [BBBK17]. The latter proves similar results to this work but for S-reduction
only. While developing this work we learned of [Ber14]. In his PhD thesis, Bernadet proposes a
non-idempotent intersection type system for a similar calculus that includes fixed-points and case
expressions. The aim however is to characterize a subset of strongly normalising terms. Thus, for
example, the standard fixed-point combinator used here cannot be typed; a modified combinator
is adopted. Since there is no notion of call-by-need reduction strategy, ideas related to good or
covered types, as presented here, are not developed either.

Conclusions The recent formulation of a strong call-by-need strategy [BBBK17] was argued
to provide a foundation for checking conversion in proof assistants. This work emerged out of
the realization that the restriction to S-reduction of [BBBK17|, and hence lack of treatment of
inductive types and fixed point operators, left a gap to be filled. We have introduced a strong
call-by-need strategy that is proved to be complete with respect to the Extended Lambda Calculus
of Grégoire and Leroy [GLO02] that includes the aforementioned constructs. A key obstacle has been
devising a non-idempotent intersection type system that could connect reduction in the Extended
Lambda Calculus with reduction in the theory of sharing, the latter is also introduced in this paper.
This system is able to deal with case expressions that can block on open terms or non-exhaustive
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branches and also that can collect arguments. The presence of the fixed-point combinator has not
provided any substantial obstacles.

In order to base an implementation of conversion in a proof assistant on our strategy, one should
be able to iterate a restriction of it, to weak head normal form, as described in [Coq96]. This has
the benefit of failing early when types are not equivalent. Another line of work is to implement a
compiled version of the strategy, as developed in [GL02]. Finally, big-step semantics and abstract
machines that implement our strategy are yet to be developed.
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A Postponement of internal steps

In this section we use the notion of the anchor of a step, which is the underlined variable in each
of the following cases:

1. dB step.

cl(\z.t)Ls]

i.e., the anchor is the binding occurrence of the variable bound by the abstraction that takes
part in the pattern of the dB-redex.

2. 1sv step.

Ci[Co[z][z\vL]]

i.e., the anchor is the occurrence of the variable that is substituted by the lsv step.

3. fix step.

Cl(£ix(z.0))

i.e., the anchor is the binding occurrence of the variable bound by fix that takes part in the
pattern of the fix-redex.

4. case step.

Clcase A[c;]L of (¢;Z; = s;)ici)

i.e., the anchor is target of the case that takes part in the pattern of the case-redex.

Definition 75 (Internal and external steps). We say that t; reduces in a 9-internal step to to,
written t; —30 to, if and only if there is a step in call-by-need that is not a gc step and is not in
the strong call-by-need strategy, i.e. t1 (—rep\gc\ —Y ) ta. We sometimes call 9-internal steps just
internal steps if ¥ is clear from the context. Steps in the strategy —?, are called ¥-external
steps (or just external steps).

Lemma 76 (Substitution contexts are evaluation contexts). If L is a substitution context s.t.
domL N = @, then exists h s.t. L € Ch.
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Proof. By induction on L. The empty case is immediate from X-Box. If L = L'[z\¢] consider two
cases, depending on whether ¢ is a weak structure or weak error term or not:

1. If t € Sy UEy. By i.h. we have that L' € Cgu{z} so L'[z\t] € Ch.

2. If t ¢ Sy UEy. By i.h. we have that L’ € Ck. By the hypothesis we can assume z ¢ 9. Hence
L'[z\t] € C} follows from ESUBSLNONSTR.

O

Lemma 77 (Answers are stable by reduction). 1. Let (Ar.t)L —gn\gc 5 be a dB, 1sv, fix, or
case step. Then s is an abstraction answer.

2. Let A[c]L —gp\gc 5 be a dB, 1sv, fix, or case step. Then s is a constructor answer.

Proof. Both items are proved by cases on the kind of step contracted. We present a detailed proof
of first case and then comment on the second one (whose proof is similar).

1. dB step. Let A denote the dB-redex and A’ its contractum. Two cases: the step is either
internal to ¢ or internal to one of the substitutions in L:

(a) If the step is internal to ¢. Then ¢ = C[A] and the step is of the form:
(Az.C[A])L —gp\ge (Az.C[A'])L

(b) If the step is internal to one of the substitutions in L. Then L = L;[y\C[A]]Ly
and the step is of the form:

(Az.t)L1 [Y\C[A]|L2 —en\ge (Az-1)L1[y\C[A]]L2

2. 1sv step. Two cases: the variable contracted by the 1sv step is either internal to ¢ or
internal to one of the substitutions in L.

(a) If the variable is internal to ¢. Then ¢t = C[y]. Two subcases: the substitution that
binds y is either in C or one of the substitutions in L.

i. If the contracted substitution is in C. Then C = C;[Cz[y\vL']] and the step is
of the form:

(Az.C1[Co[ly] [y \vL)L —emge (Aw-Ca[Colv][y\v]L'])L,

ii. If the contracted substitution is one of the substitutions in L. Then L =
L1[y\vL']Ly and the step is of the form:

(Az.Cly])L1[y\vL Lo —amge (Az.C[v])Ly [y\v]L'Ly

(b) If the variable is internal to one of the substitutions in L. Then L = L;[2\C[y]]Ls.
Two subcases: the substitution that binds y is either in C or one of the substitutions in
Lo.

i. If the contracted substitution is in C. Then C = C;[C3[y\vL']] and the step is
of the form:

(Azt)Ly [2\C1 [Ca [yl [y \VL']]|L2 —omge (Az-£)La[2\C1[Ca[v][y\v]L]|Lo
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ii. If the contracted substitution is one of the substitutions in Ls;. Then
Ly = Lop[y\vL/]La2 and the step is of the form:

(Az.t)Ly[2\C[y]]La1 [y \vL L2z —>am\ge (Am.t)L1[2\C[v]]Lo1 [y\v]L Loo

3. fix step. Let A denote the fix-redex and A’ its contractum. Two cases: the step is either
internal to ¢t or internal to one of the substitutions in L:

(a) If the step is internal to ¢. Then ¢t = C[A] and the step is of the form:
(Az.C[A])L —gn\ge (Az.C[A'])L

(b) If the step is internal to one of the substitutions in L. Then L = L;[y\C[A]]Ls
and the step is of the form:

(Az.t)L1 [y\C[A]L2 —emge (A2-1)L1[y\C[A']|Lo

4. case step. Let A denote the case-redex and A’ its contractum. Two cases: the step is
either internal to ¢ or internal to one of the substitutions in L:

(a) If the step is internal to ¢. Then t = C[A] and the step is of the form:
(Az.C[A])L —gp\ge (Az.C[A'])L

(b) If the step is internal to one of the substitutions in L. Then L = L;[y\C[A]]Ls
and the step is of the form:

(Az.t)L1 [Y\C[A]]L2 —an\ge (A2-£)La [y\C[A]]L,

For the second case note that a term A[c]L is of the form ..((((cLy t1)La) t3)Ls ...tn)L,. Thus any
step which takes place either in the t; or in the L; preserves this same form. In the case of a
lsv-step that substitutes into a t; or L;, again the same form is preserved. O

Lemma 78 (Abstraction answers are backwards stable by internal steps). Let tg —2° (Az.s)L = t
be a U-internal step. Then:

e the source of the step is of the form tog = (Az.sp)Lo;

e the anchor of the step is not below a substitution context, i.e. it is inside sy or inside one of
the arguments of Lg.

Proof. By induction on the context C under which the step takes place:
1. Empty, C = [J. Note that the step cannot be a dB, £ix, nor case step, as it would then be
a v-external step, since O € Cf;.

So it must be a 1sv step, contracting the outermost substitution, that is, to = C; [y][y\vLa] =5’
C1[v][y\v]Le = t. Note that Ci[v] = (Ax.s)L; where L = L;[y\v]La.

We claim that C; is not a substitution context. By contradiction, suppose that C; is a
substitution context. Then the 1sv step to = yL'[y\vLa] =5 vL'[y\v]Ly = ¢ is Y-external

since L'[y\vLa] € C by Lem. 76. This contradicts the assumption that the step is ¥-internal.

Now, since C;[v] = (Az.s)L1, there are two cases, depending on the position of the hole of Cy:
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(a) The hole of C; lies inside s. Then C; = (Axz.C3)Lj, and the step is of the form
to = (A\z.Co[y])Li[y\vLle] —57 (Az.Co[v])Li[y\v]Ly = t. By taking sq := C3[y] and
Ly := L [y\vLz] we conclude.
(b) The hole of C; lies inside L. Then C; = (Az.s)L1;[2\Ca]L12 where Ly = Lq1[2\C2[v]]L12,
and the step is of the form tg = (Az.8)L11[2\C2[y]]L12[y\vL2] =57 (Az.s)L11[2\Ca[v]|L12[y\v]Ls =
t. By taking sg := s and Lo := L1 [2\Ca[y]]L12[y\vLa] we conclude.

Note that, as already argued, in both cases, the anchor of the step is not below a substitution
context.

2. Inside an abstraction, C = A\z.C’. The step is of the form tq = A\z.C'[ro] =3 A\z.C'[r] = ¢,
so L =Ly =0, with so = C'[rg] and s = C’[r]. Note that the anchor of the step is inside sg,
hence not below a substitution context.

3. Left of an application, C = C'u. Impossible, since the step would be of the form tg =
C'[ro]u =53 ¢'[r]u =t but ¢ is not an application.

Right of an application, C = uC’. Impossible, analogous to the previous case.
Inside a fix, C = fix(2.C’). Impossible, analogous to the previous case.

Inside the body of a case, C = case ¢’ of b. Impossible, analogous to the previous case.

N o e

Inside the branch of a case, C = case t of (c1T1 = $1)...(¢;%; = C') ... (ChTy = Sn)-
Impossible, analogous to the previous case.

8. Left of a substitution, C = C'[y\u]. Then the step is of the form ¢, = C'[r][y\u] —3’
C'[ry\u] = (Az.s)L'[y\u] = ¢, where L = L'[y\u]. We consider two cases, depending on
whether v is a strong J-structure:

(a) If u € Sy U &y. Note that the isomorphic step C'[r] —gp\gc (Az.5)L, taking place under
the context C’, cannot be (¢ U {y})-external, since then the fact that ¢’ € C{;U{y} would

imply that C'[y\u] € C%, and the original step would be ¥-external, contradicting the
hypothesis.

Hence the step C'[r] %sﬁhﬁu{y} (Az.s)L' is (9U{y})-internal. By i.h. we have that C'[r] =
(Az.s0)L{, so the source of the original step is of the form C'[r][y\u] = (Az.s0)Ljly\u].
By i.h., we also have that the anchor of the step is either inside sg, or inside one of the
arguments of L By taking Lo := Lj[y\u] we conclude.

(b) If u & Sy U Ey. Similar to the previous case: the isomorphic step C'[r] —gn\gc (Az.5)L,

taking place under the context C’, cannot be J-external, as this would imply that the
original step is ¥-external.
So it must be J-internal and we may apply the i.h. to conclude that C'[r] = (Az.s0)Lg
and, moreover, that the anchor of the step is either inside sg, or inside one of the
arguments of L. This means that the source of the original step is of the form
C'[r]ly\u] = (Az.s0)Ly[y\u], as required.

9. Inside a substitution, C = u[y\C’]. Then it must be the case that v = (Az.s)L’ and the
step is of the form (Az.s)L'[y\C'[r]] =&’ (Az.s)L'[y\C'[r']], with L = L'[y\C'[]]. By taking
s0 := s and Lo := L'[y\C’[r]] we conclude. Note that the anchor of the step is inside one of
the arguments of Ly, as required.
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Lemma 79 (Beta-redexes are backwards stable by internal steps). Let to —2" (Azx.s)Lu =1 be a
¥-internal step. Then:

e the source of the step is of the form tog = (Az.sp)Lo uop;

e the anchor of the step is not below a context of the form L' uq, i.e. it is inside sq, inside one
of the arguments of Ly, or inside ug.

Proof. By case analysis on the context C under which the step takes place:

1. Empty, C = [J. We claim that this case is impossible.

The step cannot be a dB, fix, nor case step, since U € Cf;, so it would be a J-external step,
contradicting the hypothesis that it is a ¢¥-internal step.

So it must be a 1sv step, i.e. of the form ¢, = C;[y][y\vL] =5’ C1[v][y\v]L’ = t. This is
impossible, as we would have C;[v][y\v]L" = t = (Az.s)Lu but the root of Cy[v][y\v]L is a
substitution node, while the root of (Az.s)Lu is an application node, which is a contradiction.

2. Left of an application, C = C'u. The step is of the form C'[rju —g’ C'[r']u. The
isomorphic step C'[r] —>gp\gc C'[1”] takes place under the context C'.

We consider two cases, depending on whether C’ is a evaluation context over 1 or not:

(a)

If ¢’ € C%. Note that h = X since otherwise C' u € C%, and the original step is ¥-external,
contradicting the hypothesis.

By Lem. 45, since C' € Cf;, we know that C’ has the form of an abstraction answer, that
is, more precisely, there are two cases:

i. The context C’ is of the form (Ax.C”)L. Then the original step is
to = A\z.C"[r)Ls =30 Ma.C”[r'Ls =t

By taking so := C”[r], with Ly = L and up = u we conclude. Note that the anchor
is internal to sg, as required.

ii. The context C’ is of the form (Az.s)L;[y\C”]L2. Then the original step is
to = (Az.s)Li[y\C"[F]]La s =57 (Az.s)Li[y\C"[r']|Las =t

By taking Lo := L1 [y\C"[r]]L2, with so = s and up = u we conclude. Note that the
anchor is internal to one of the arguments of L, as required.

If ¢’ ¢ Cli. Then the step C'[r] —gp\ge C'[1’] = (Az.s)L is J-internal, so by the fact that
answers are backwards stable by internal steps (Lem. 78) we have that C'[r] = (Ax.s¢)Lo
and the anchor of the step is not below a substitution context. Hence t = C'[r]u =
(Az.s0)Lou and the anchor of the original step is not below a context of the form Lu,
as required.

3. Right of an application, C = (Az.s)LC’. The step is of the form tq = (Az.s)LC'[ro] =5
(Az.s)LC'[r] =t By taking ug := C'[ro], with s = s and Ly = L we conclude. Note that the
anchor is internal to ug, as required.
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4. Constructor other than an application, i.e. C = Az.C’, or C =C'[y\r], or C = r[y\C],
or C = caset of 7] = t1,...,¢;a; = C',... ¢ &, = tp, or C = case C' of (¢;T; = $;)icr,
or C = fix(x.C’). Impossible, as this would imply that the root of ¢ is not an application
node, but we know that ¢ = (Az.s)Lu is an application.

O

Lemma 80 (Adding an arbitrary substitution preserves evaluation contexts). If C € Ck and x ¢ 9,
then Clz\t] € Ch.

Proof. Two cases, depending on whether ¢ is a weak structure/error term or not:

1. If t € Sy U Ey. By the weakening lemma for evaluation contexts (Lem. 64), the fact that
C e Cf; implies that C € Cf;u (o} By applying the context formation rule for structural

substitutions (ESUBLSTR) we have C[z\t] € C}, as wanted.

2. If t € Sy U&y. Recall that x & 9 by hypothesis. By applying the context formation rule for
non-s(ESUBLSTR)tructural substitutions (ESUBLNONSTR) C € C% implies Cz\t] € C4, as
wanted.

O

Lemma 81 (Reachable variables after substitution of a variable). Let x be a variable not bound
by a context C. Then for any term t:

ngv(Cz]) C ngv(cft]) U {z}
Proof. By induction on C. O

Lemma 82 (Reachable variables in normal forms are below evaluation contexts). If t € Nyy(ay
and x € ngv(t) then t can be written as t = Clz] with ¢ € Ch.

Proof. Corollary of Lem. 65 and Lem. 66(2).
O

Definition 83 (Cl-critical contexts). Let Ck be a set of terms depending on a set of variables o).
A context C is said to be Cg—critical if the following conditions hold:

1. Clp] € Ck for some term p; and
2. c[x] & Ch for some variable x ¢ ¥ that is not bound by C.

Lemma 84 (Normal-form-critical contexts are evaluation contexts). The following inclusions be-
tween sets hold:

1. The set of Ny-critical contexts is included in C',g.
2. The set of Sy U Ey-critical contexts is included in Cy.

3. The set of Ly-critical contexts is included in C;},
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Proof. We address the first two items, the third being similar. Let Xy denote the set Ny (resp.
Sy U&y), and let Y denote the set C% (resp. NACtxty). Suppose that C is a Ch-critical context,
and let us show that C € Y. Since C is Cl-critical, there is a term p and a variable 2 not bound
by C such that C[p] € C% and C[z] & Ch. We proceed by induction on the derivation that C[p] € Ch:

1. n-var, C[p] =y € Sy U&y. Then C = and in fact C € NACtxty.

2. nfLam, C[p] = \y. N} € Ny. If C is empty, i.e. C = [, we trivially have C € Ch.
Otherwise, C is non-empty, i.e. C = Ay.C’ such that C'[p] € Nyuryy and C'[z] & Nyugyy- By
i.h. we conclude C’ € Cf;u{y}, and hence \y.C' € Ch.

3. n-app, C[p] = MY N? € Sy U &y. If C is empty, i.e. C = [J, we trivially have C € NACtxty.
Otherwise, C is non-empty and there are two possibilities:

(a)

The hole of C is to the left, i.e. C=C' NY. Then C'[p] € SyU&y and C'[z] € SyUEy.
By i.h. we obtain that C' € NACtxty, so by applying the formation rule for generalized
non-answer evaluation contexts over 9, using the left-application rule, we have ¢’ NV €
Cy.

The hole of C is to the right, i.e. C = M?C’. Then C'[p] € Ny and C'[z] &€ Ny.
By 4.h. we obtain that C' € C{;, so by applying the formation rule for generalized non-
answer evaluation contexts over 9, using the right-application rule, we have MY ¢’ € Cy.
Note that we must use the fact that MY is a strong ¥-structure to be able to apply the
formation rule.

4. nfSubG, C[p] = t[y\s] € Xy with t € Ch and y ¢ ngv(t). Let us check that C € Y?. If C is
empty, i.e. C = [, we trivially have C € Y”. Otherwise, C is non-empty and there are two
possibilities:

(a)

(b)

The hole of C is to the left, i.e. C = C'[y\s]. Then C'[p] € C% by formation of
Clp] € Ck. Moreover we claim that C'[z] ¢ Ck. To see this, note that the fact that
y & ngv(C'[p]) U {z} implies that y & ngv(C'[z]) by the contrapositive of Lem. 81. So,
by contradiction, if we suppose C'[x] ¢ CQ we can apply the same formation rule and
obtain that C'[z][y\s] € C%, contradicting the hypothesis that C[z] & Ch.

Therefore we are able to apply the i.h. on the facts that C'[p] € C% and C'[z] & C} to
conclude that ¢’ € Y. This in turn implies that C'[y\s] € Y by the fact that adding
an arbitrary substitution preserves evaluation contexts (Lem. 80).

The hole of C is to the right, i.e. C = t[y\C’]. This case is not possible, since t € C%
and y ¢ ngv(t) by formation, and this implies that t[y\C'[z]] € C%, contradicting the
hypothesis that C[z] ¢ Ch.

5. nfSub, C[p] = t[y\M?’] € Xy with t € Xyug,} and M? € SyUEy. Let us check that C € Y.
If C is empty, i.e. C = [0, we trivially have C € Y”. Otherwise, C is non-empty and there are
two possibilities:

(a)

The hole of C is to the left, i.e. C = C'[y\M"]. Then C'[p] € Xgugyy by formation.
Moreover, we claim that C'[2] & Xyu(,). By contradiction, suppose that C'[z] € Xyua}-
Then C'[z][y\M”] € Ck, contradicting the hypothesis that C[z] ¢ Ch.
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So by i.h. we obtain that ¢’ € YYY{#} and, applying the context forming rule for
structural substitutions (ESUBLSTR), we get C'[y\M?] € Y7, that is to say C € Y7, as
required.

(b) The hole of C is to the right, i.e. C = t[y\C']. Then t € Xyu(y,) and y € ngv(t) by
formation. This implies that ¢ = C;[y] with C; € Y by Lem. 82

Note that C'[p] = MY € Sy U Ey. Moreover, we claim that C'[z] € Sy U Ey. By
contradiction, suppose that C'[z] € Sy U Ey. Then t[y\C'[z]] € Ck, contradicting the
hypothesis that C[z] & Ck. So by 4.h. we have that C’ € Cj.

Combining the facts that ¢; € Y7 and ¢’ € Cy, by applying the formation rule for
evaluation contexts going inside substitutions, we conclude that C;[y][y\C'] € Y7, as
required.

6. nfStruct. Suppose that C[p] € Ny by applying the rule requiring that C[p] € Sy U Ey. We
also know that Clz] & Ny, so Clz] & Sy U &y, as the set of strong ¥-normal forms contains
the set of strong ¥-structures. By i.h. we have that C € Cj, as desired.

O

Definition 85 (Structural variables). Let ¢ € Ch. The set of structural variables of C, written
sv(C) is defined by induction on the derivation that C € C'f,} as follows:

1. EBox, C=0€ Ch.
sv(d) =2

2. EAppL, C=C;t € Ch with h # \.
sv(Ci t) :==sv(Cy)
3. ESubLNonStr, C = Cy[z\t] € Cg with C; € Cf,}, x €9, and t € Sy U Ey.
sv(Ci[z\t]) := sv(Cr) \ {x}
4. ESubLStr, C = Cy[z\t] € Cf; with C; € CQU{I}, and t € Sy U Ey.

ngv(t) if x € sv(C)
1%/ otherwise

sv(Ci[z\t]) := (sv(C1) \ {z}) U {
5. ESubsR, C = C[z][z\C2] € C} with C; € C} and C, € Cj.
sv(Ci[z][z\G]) := (sv(C1) \ {z}) Usv(Cr)

6. EAppRStr, C=1tC; € CQ with t € Sy U&y and C; € Cf;.
sv(t Cy) := ngv(t) Usv(Cy)
7. ELam, C = \z.C{ € Cfg‘ with C; € Cgu{x}'

sv(Az.Cp) :==sv(Cy) \ {z}
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8. EAppRCons, tC € Cgc(t) and t € Ky and C € Cf; .

sv(t Cy) := ngv(t) Usv(Cy)

9. ECasel. case C; of (c;T; = si)icr € Cy and C; € Cf,? and h ¢ {c;},c;r or h =c¢; €
{ci}ier and [A(C,y)| # |z;]. .
sv(case C of (¢;ZT; = $;)icr) :=sv(Cy)

10. ECase2. case t of c1@ = t1,...,¢;&; = Cq,...,CpZy, = t, € C; and t € Ny and
t % (¢iTi = si)ier and ty, € Nyug, for all k£ < j and C; € CQU@, .

sv(case t of ¢1%1 = t1,...,C;T; = C1,...,Cply = ty) 1= ngv(t U ngv(t;) Usv(Ci)\ {%;}

Lemma 86 (Reachable and structural variables are frozen). The following properties hold:
1. Lette CQ, where Cf; is either Sy or Ey or Ly or Ny. Then ngv(t) C 0.
2. Let C€Ch. Then sv(C) C 9.

Proof. The proof of the first item is by straightforward induction on the derivation that ¢ € Cf,f.
The proof of the second item is by induction on the derivation that C & Cf;. There are only
interesting two interesting cases, when C is formed by appending a structural substitution, and
when it is formed by going to the right of an application:

1. ESubLStr, C = Cy[z\t] with t € Sy U&y and C; € Cﬂu{w} Then sv(C) C (sv(Cy) \ {z}) U
ngv(t) C o since sv(C;) C YU {z} by the i.h., and ngv(¢) C ¥ by the first item of this lemma.

2. EAppRStr, C=1C; with t € SyU&y and C; € C. Then sv(C) = ngv(t)Usv(Cq) C ¥ since
ngv(t) C ¥ by the first item of this lemma, and sv(C;) C ¥ by the i.h..

O

Lemma 87 (Non-structural variables are not required in ). If C € C'&U{a} and x & sv(C), then
cecCh.

Proof. By induction on the size of the context C, and then by case analysis on the last step of the
derivation that C € Cﬂu (o}
1. EBox, C =0 € Cf (- Then O € Cj.

2. EAppL,C=C;t € Cﬁu{m} with h # A and C; € Cﬂu{w} Then sv(C) = sv(Cy), so x & sv(Cq).
By i.h. C; € Cl, so Ci t € Ch.
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10.

ESubLNonStr, C = C[y\t] € Cf;u{x} with ¢ € Syu(ey U Eougay, ¥ € YU {2z}, and C; €
Cgu{z}' Then x & sv(Ci[xz\t]) 2 sv(C1) \ {y}, so = & sv(C1) \ {y}. Observe that = # y by

the variable convention, so actually = € sv(C1). By ¢.h. C; € Cg. By the fact that adding an
arbitrary substitution preserves evaluation contexts (Lem. 80) we obtain that C;[z\t] € Ch,
as required.

. ESubLStr, C = Cy[y\¢t] € Cgu{x} with t € Sﬂu{w} U 519U{1} and C; € C" Then

du{z,y}*
x & sv(Ci[y\t]) 2 sv(C1) \ {y}, so & & sv(Cy) \ {y}. Observe that x # y by the variable
convention, so actually « ¢ sv(Cy). Hence we can apply the i.h., obtaining that C; € C{;U{y}.
We consider two cases, depending on whether y is structural in Cy:

(a) If y € sv(Cy). Then, by definition of the structural variables, we have that sv(C) =
(sv(C1) \ {y})Ungv(t). In particular, = & ngv(t). By the fact that unreachable variables
are not required in “¢” (Lem. 62) we have that t € Sy U Ey. Now we can apply the
formation rule for contexts adding a structural substitution (ESUBLSTR), and conclude
C1ly\t] € Ch, as required.

(b) If y &€ sv(Cy). Then we may apply the i.h. again on the fact that C; € Cf;u{y} to obtain
that C; € Cf,}. By the fact that adding an arbitrary substitution preserves evaluation
contexts (Lem. 80) we have that Cy[x\t] € Cl, as required.

ESubsR, C = Ci1[y][y\C2] € Cf;u{m} with C; € Cgu{z} and C; € Cyy,y- Then z &
sv(C) = (sv(C1) \ {y}) Usv(Cs). Moreover, = # y by the variable convention, so we know that
x & sv(Cy) and that x ¢ Co. We may apply the i.h. on both C; and Cy to get that C; € C{;
and Cy € NACtxty, which imply C [y][y\C2] € Ch.

EAppRStr, ¢ = tC; € C! } with ¢ € Syuey U Eyugzy and C1 € CQU{:E}. Then z ¢

Ju{z
sv(C) = ngv(t) Usv(Cy), so & ngv(t) and = & sv(Cy). By the fact that unreachable variables
are not required in “¢” (Lem. 62) we have that ¢t € Sy U Ey. By i.h. we have that C; € Cf;.
SotCy € Cf; as required.

ELam, C = \y.C; € Cgu{w} with C; € CSU{Ly}. Then z ¢ sv(C) = sv(Cy)\ {y}. Observe that
x # y by the variable convention, so actually z & sv(Cy). By i.h. we obtain that C; € Cgu{y}v
0 Ay.C1 € Ch and we conclude.

he(t)

. EAppRCouns, tC € Cﬁu{w} and t € Ky and C € Cf;u{m} . Same as the case EAPPRSTR.

ECasel. case C; of (Cii‘i = Si)iej S Cﬂu{w} and C; € CSU{I} and h §é {Ci}ie[ or
h = c; € {Ci}ie[ and |A(C,y)| #* |fj| . Then sv(case C; of (Cii‘i = si)ieI € Cﬁ) = SV(Cl)7
so x € sv(Cq). By i.h. C; € Ch, so case C1 of (¢;Z; = s;)ics € Cy.

ECase2. case t of 121 = t1,...,¢;T; = C1,...,Cpln = tn € Cyp,y and t € Ny and
t ¥ (¢iTi = si)ier and ty € Nyug, for all £ < j and C; € Cq};u{w}u@ . Then x ¢

svcase t of c1&1 = t1,...,C;E; = C1,...,Cn%y = t, €Cy = sv(C1) \ {€;}. We reason as
above, making use of the i.h. and fact that unreachable variables are not required in “”
(Lem. 62).

O
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Lemma 88 (Structural variables are below evaluation contexts). Let C; € Cf;u {z} where x € sv(Cy)

and

x & 9. Then for any term p there is a context Co € Ch such that Ci[p] = Co[].

Proof. By induction on the size of the term C;[p], and then by case analysis on the last step of the
derivation that C; € Cgu{m}'

1

2.

. EBox, C; =0¢ Cgu{$}. Impossible, since « € sv(Cy) = @.

EAppL, C; =Cy 1t € C{;U{I} with Cy; € Cbu{z}' Then sv(Cy1t) = sv(Cy1), so by 4.h. there
exists a context Co1 € Cj such that C11[p] = Co1]x]. Then Ci[p] = Ci1[p]t = Ca1]z]t and
Co1t € Cg

ESubLNonStr, C; = Cyi[y\t] € Cgu{g,-} with t ¢ Syu(ey U Eougay, v € Y U {x}, and
Ci1 € Cjjygpy- Then sv(Cri[y\t]) = sv(Ci1) \ {y}. In particular, z € sv(Cyy), so by i.h. there
exists a context Co; € C% such that Ci1[p] = Ca1[z]. So C1[p] = C11[p][y\t] = Ca1[z][y\t]. By
the fact that adding an arbitrary substitution preserves evaluation contexts (Lem. 80) we
have that Co1[y\t] € C%, as required.

. ESubLStr, C; = Cll[y\ﬂ S Cgu{x} with t € Sﬁu{m} Ugﬁu{m} and Cy; € C{;U{m,y}° We
consider two cases, depending on whether x is a structural variable in Cy1:

(a) If z € sv(Cy1). Then by i.h. there is a context Cay € Cgu{y} such that Cyq[p] = Coy[2].
We consider two further subcases, depending on whether y is a structural variable in
C212

i. If y € sv(Ca1). We consider two more cases, depending on whether z is reachable
in the structure ¢:

A. If € ngv(t). Since y € sv(Ca1) we may apply the i.h. again, to obtain that
there exists a context C3; € Cf; such that Coi[z] = Cs1[y]. Note that we are
able to apply the i.h. since the term Co1 [2] = C11[p] is smaller than the original
term, namely Ci[p] = Cu1[p][y\t].

By the fact that reachable variables are below evaluation contexts (Lem. 82)
and t € Syuqey UEyuiey we know that there exists a context Cao € Cy such that
t = Caz[z]. So we know that

Cilp] = Culplly\t]
= Cu1[p][y\Coz[z]]
= Ca1[z][y\Coz[]]
= C31 [[y]] [y\CQQ [[LL']]] with C31 € Cg and Coy € NACtxty

where, by applying the rule for building evaluation contexts by going inside
substitutions (ESUBSR), we have that Cs1 [y][y\C22] € Ch.

B. If = & ngv(t). By the fact that unreachable variables are not needed in “¥”
(Lem. 62) we have that t € Sy U Ey. So:

Cilp] = Culplly\t]
= Co[z][y\t] with Co € Cgu{y} and t € Sy Ué&y

where, by applying the rule for building evaluation contexts with structural
substitutions (ESUBLSTR), we have that Co1[y\t] € Ch.
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(b)

ii. If y & sv(Co1). Then by the fact that non-structural variables are not required in
“9” (Lem. 87) we conclude that Ca; € C%. So:

Cilp] = Culplly\t]
= Cufzlly\t] with Gy € C}

By the fact that adding an arbitrary substitution preserves evaluation contexts
(Lem. 80), we have Co1[y\t] € Cl, as required.

If © & sv(C11). Recall that, by hypothesis, z € sv(C;) = sv(Ci1[y\t]) and that by
definition of structural variables:

ngv(t) if y € sv(C
sv(Cua[y\1]) = sv(cry) U 4 eV iy € sv(Cu)
1%} otherwise
so, since = ¢ sv(C11), we must have that y € sv(C11) and = € ngv(t).

Now, by applying the lemma that non-structural variables are not required in “¢”

(Lem. 87) on the fact that Ci; € C{;U{Ly} we have Cq1 € Cgu{y}' Since y € sv(C11),

by the i.h. we have that there exists a context Ca; € Cl such that Ciq[p] = Ca1[y].
Moreover, € ngv(t), so by the fact that reachable variables are below evaluation
contexts (Lem. 82) we know that there exists a context Cag € Cj such that ¢t = Coo[x].
So we have:

Cilp] = Culplly\t]
= Coa[y][y\t]
= Cgl[[y]] [y\CQQ [[x]] with Co1 € Cg and Cog € Cﬂ

By applying the rule for building evaluation contexts by going inside substitutions
(ESuBSR), we obtain that Ca;[y][y\C22] € C%, as required.

5. ESubsR, C; = C11[y][y\Ci2] € Cgu{x} with Ci; € Csu{x} and Cio € NACtxtyy(y}. Then
sv(C1) = sv(C11[y][y\Ci2]) = (sv(C11) \ {y}) Usv(Ci2). Observe that x # y by the variable
convention. We consider two cases, depending on whether x is a structural variable in Cjy:

(a)

(b)

If 2 € sv(Cy1). Then by i.h. there is a context Ca; € Cl such that C1;1[y] = Ca1[z]. By
the fact that adding an arbitrary substitution preserves evaluation contexts (Lem. 80),
we obtain that Ca;[y\C12[p]] € C%, as required.

If © ¢ sv(C11). Then by the fact that non-structural variables are not required in “9”
(Lem. 87) we have that C1; € C. Moreover, it must be the case that @ € sv(Ci3), so
by i.h. we have that there is a context Coy € NACtxty such that Ci5[p] = Caa[z]. By
applying the formation rule for evaluation contexts going inside substitutions (ESUBSR)
we conclude that C11[y][y\C2e] € C, as required.

6. EAppRStr, C; = tCy; € Cgu{x} with t € Syuqzy U Evugey and Ci1 € Cgu{x}' Then
sv(C1) = ngv(t) Usv(C11) We consider two cases, depending on whether z is reachable in ¢:

(a)

If = € ngv(t). Then by the fact that reachable variables are below evaluation contexts
(Lem. 82), the structure ¢ can be written as of the form Ca; 2], with Ca; € NACtxty. By
applying the formation rule for evaluation contexts going to the left of an application
(EApPL) we conclude that Caq C11[p] € Cy.
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(b) If = & ngv(t). Then by the fact that unreachable variables are not required in “J§”
(Lem. 62), we have that t € Sy U Ey. Moreover, & € sv(Cq1), so by i.h. there must
exist a context Cop € CQ such that Cy1[p] = C21]x]. By applying the formation rule for
evaluation contexts going to the right of a structure (EAPPRSTR) we conclude that
tCo € Cf; as required.

7. ELam, C; = \y.Cq; € Cgu{m} with Ci; € Cgu{m,y}' Note that = # y by the variable

convention. By 4.h. there must exist a context Cy; € C:;U{y} such that Cy1[p] = Ca1[x], and

Ax.Cop € Cg as required.

8. EAppRCons, tC € C:;EJ(?I} and t € Ky and C € Cgu{m} . Similar to EAPPRSTR.

9. ECasel. case C; of (Cii‘i = Si)ie[ S Cﬁu{z} and C; € CSU{I} and h ¢ {Ci}ie[ or

h= c; € {Ci}ieI and |A(C,y)| =+ |fj‘ Similar to EAPPL.

10. ECase2. case t of €171 = t1,...,¢;Tj = Ci,...,Colln = ty € Cyp,y and t € Ny
and t ¥ (Cii‘i = Si)ie] and ¢ € Nﬂufk for all k < j and C; € Cgu{x}ua Similar to
EAPPRSTR.

O

Lemma 89 (Evaluation contexts are backwards-stable by substitutions). Let C be a two-hole
context, x € 9 a variable, v any value, and p be a term such that x is not bound by Clp,d]. Then:

o, vl ech  implies (Z‘[D,x] ech or dpOe ch)

Proof. Let us write 0 and X to distinguish the two holes of C.

Remark. As an example that the left member of the disjunction does not always hold, consider
the two-hole context C = (z0)[z\yX] with ¥ = {y} and note that C[0,I] = (20)[z\yI] is a
generalized {y}-evaluation context, since z is bound to a strong {y}-structure, but C[0,z] =
(z0)[z\y z] is not a generalized {y}-evaluation context, since z is bound to yz, which is not a
strong {y}-structure. In such a situation, evaluation should focus on x, that is, the right member
of the disjunction holds, and Clp,d] = (zp)[z\y ] is a {y}-evaluation context. (End of remark).

The proof goes by induction on the derivation that E[D, v] is an evaluation context over .

1. EBox, C[0J,v] = 0 € Ck. Tmpossible, as C[(J, v] must contain a value v as a subterm.

2. EAppL, C[0,v] = 1%t € C% with I € Cj. If the value v is inside ¢, i.e. C[J, K] = IC[K]
then the left branch of the disjunction holds as IC[z] € Ch.
Otherwise, the value v is inside I”, i.e. there is a two-hole context C; such that E[D, X] =
C1[0,X]t and C;[0,v] = IV € Cjy. By i.h. there are two possibilities:

e the left branch holds, i.e. C; [O,z] € Cy and then the left branch holds again as
Ci[O, 2]t € Ch; or

e the right branch holds, i.e. Ci[p, 0] € C; holds and then the right branch holds again
as C1[p,0]t € Ch.
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3. ESubLNonStr, C[(J,v] = C[y\t] € Ck where C € C} and t ¢ Sy U Ey. If the value v is
inside ¢, i.e. C[J,X] = C[y\C[X]], we may apply the fact that adding an arbitrary substitution
preserves evaluation contexts (Lem. 80), obtaining that C[y\C[z]] € Ck, that is C[0,z] € Ck
and the left branch of the disjunction holds.

Otherwise the value v is inside C, i.e. there is a two-hole context C; such that C[(J,X] =
C1[0,X)[y\t] and C;[0,v] = C € Ck. By i.h. there are two possibilities:

e the left branch holds, i.e. C; [O,z] € Cg, and then the left branch holds again, as
C1[O, z][y\t] € Ch; or

e the right branch holds, i.e. 61[ ,[0] € Cl, and then the right branch holds again, as
Cilp, Olly\t] € C}.

4. ESubLStr, C[0,v] = C[y\M"] € C} where C € Xou(yy and MY € Sy U Ey. If the value v
is inside MY, i.e. MY = C[v], we consider two further subcases, depending on whether C[z]
is a strong ¥-structure:

(a) If Clz] € Sy U&y. Applying the formation rule for generalized ¥-evaluation contexts,
using a structural substitution (ESUBLSTR), we conclude that C[y\C[z]] € C%, that is
C[d,2] € Ck, and the left branch of the disjunction holds.

(b) If Clz] & Sy UEy. Then, since Clv] € Sy U Ey but Clz] & Sy U Ey, we have that C is
Sy U&y-critical. By Lem. 84 we know that every Sy U Ey-critical context is a C;, context,
so C € Cy.

We consider two further subcases, depending on whether y is a structural variable in C:

i. If y € sv(C). Then by the fact that structural variables are below evaluation
contexts (Lem. 88) there is a context Cy € Cl such that C[p] = Cz[y]. This means
that C[p][y\C] = C2[y][y\C] € C% since C € C; is a non-answer context. So the right
branch holds.

ii. If y € sv(C). Then by the fact that non-structural variables are not required in “¢”
(Lem. 87) we know that C € Cf;” . By the fact that adding an arbitrary substitution
preserves evaluation contexts (Lem. 80), we conclude that C[y\C[z]] € C%, and the
left branch holds.

Otherwise, the value v is inside C, i.e. there is a two-hole context C; such that C[0,X] =
C1[0, ][\ M"] and C;[0,v] = C € Xyu(y3. By i.h. there are two possibilities:

e the left branch holds, i.e. [0, z] € Xgugyy, and then the left branch holds again,
as C [0, z][y\M?] € Ck; or
e the right branch holds, i.e. C; [p,0] € Xyugy}, and then the right branch holds again,
as C1[p, O)[y\M?] € Ch.
5. ESubsR, C[0,v] = C[y][y\1”] € C} with C € C} and I” € Cj. If the value v is inside C[y],
there are two cases, depending on whether the hole of C lies inside the value v or not:

(a) If the hole of C lies inside v. Then C = C;[\z.Cy] where v = Az.C5[y] and C[0, K] =
C1[¥][y\1?[0]]. By the decomposition of evaluation contexts lemma (Lem. 50) we know
that C; € Cf;. By the fact that adding an arbitrary substitution preserves evaluation
contexts (Lem. 80), C;[#\I?[p]] € C&. This means that Clp, ] = C;[=\I’[p]] € C4, so
the right branch holds.
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(b) If the hole of C and the position of v are disjoint. Then there is a two-hole context
C; such that C;[0,v] = C. Note, in particular, that C,[y,v] = C[y], and C[0J,X] =
Cily, X|[y\I?[]]. By i.h. there are two possibilities:

e the left branch holds, i.e. C; [O,z] € C{;, and then the left branch holds again,
as C[0, z] = Cy [y, z][y\1?] € Ck; or

e the right branch holds, i.e. Ci[y,00] € Ck. Using the fact that adding an
arbitrary substitution preserves evaluation contexts (Lem. 80), this implies that
Clp, 0] = Ci[y, O][y\I’[p]] € C%, and the right branch holds again.

Otherwise, the value v is inside I?. This means that there is a two-hole context C; such that
C = C[y][y\C1] and C;[0,v] = I”. By i.h. there are two possibilities:

e the left branch holds, i.e. C; [O,z] € Cy, and then the left branch holds again, as
€[, 2] = Cly][y\C:[O, z]] € Cf; or
e the right branch holds, i.c. 61[ ,0] € Cy, and then the right branch holds again, as
Clp, 0] = Cy]ly\Ci[p, 0] € C§.
6. EAppRStr, E[D,v] =uCe Cf;, with v € SyUEy and C € CS. If the value v is inside u i.e.

u = C[v] and C[[J,X] = C[X]c[], we consider two further subcases, depending on whether
C[x] is a strong ¥-structure:

(a) If Clz] € Sy U&y. Applying the formation rule for generalized J-evaluation contexts,
going to the right of a structure (EAPPRSTR), we conclude that C[J, z] = C[z] C € Ch,
so the left branch holds.

(b) If Clz] & Sy UEy. Then, since Clv] € Sy U Ey but Clz] & Sy U Ey, we have that C is
Sy U&y-critical. By Lem. 84 we know that every Sy U Ey-critical context is a C;, context,
so C € Cyh. Applying the formation rule for generalized J-evaluation contexts, going to
the left of an application (EAPPL), we conclude that C[p, ] = CC[p] € Ck, so the right
branch holds.

Otherwise, the value v is inside C, that is, there is a two-hole context C; such that C = uCy
and C = C;[0,v]. By 4.h. there are two possibilities:

e the left branch holds, i.e. C;[(J, z] € C! and the left branch holds again, as u C; [J, 2] €
Ch by the rule EAPPRSTR; or

° t}ie right branch holds, i.e. C p,0] € Cf; and the right branch holds again, as
uCy[p, 0] € C! by the rule EAPPRSTR.

7. ELam, C[(,v] = \y.C € C} with C ¢ Cgu{y}' Then there must be a two-hole context C

such that C = \y.C; and C = C;[J,v]. By i.h. there are two possibilities:

e the left branch holds, i.e. Ci[0,z] € Cf;u{y} and the left branch holds again, as
M\y.Ci[0, 2] € Cl; or

e the right branch holds, i.e. 61[ ,d) e Cf;u (v} and the right branch holds again, as
M\y.Ci[p, 0] € Ch.

8. EAppRCons, C[,v] =tC € Cgc(t) and t € Ky and C € C% . Similar to EAPPRSTR.
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9. ECasel. E[D,v] = case C; of (¢;T; = si)ier € Cy and C; € Cf;” and h ¢ {c;}ics or
h= C; € {Ci}ie[ and |A(C,y)| =+ |fj‘ Similar to EAPPL.

10. ECase2. E[D,v] = case t of ¢1%1 = t1,...,¢;T; = Ci,...,Cpy = t, € Cy and ¢ €
Ny and t # (c;Z = s;)ic; and tp € Nyug, for all k < j and C; € Cjj . Similar to
EAPPRSTR.

O

Lemma 90 (Effect of appending a substitution context on ¥). CL € C if and only if ¢ € Ch,
where ' := f2° (L).

Proof. Straightforward by induction on L. For each substitution node two cases must be considered,
depending on whether it holds a strong ¥-structure or not. O

Lemma 91 (Effect of permutation rules on ). Let 9 be a set of variables and ' := fz° ([x\v]L).

Ifce Cg, and L s a substitution context such that domL has no variables in common with C, then
Clz\wL] € Ch.

Proof. By induction on the length of L let us show that C € Ch.
1. Base case, L = [J. Then 9’ = ¢ since v is not a strong J-structure, so we are done.

2. Induction, L = L'[y\t]. We consider two subcases, depending on whether ¢ is a strong
J-structure or not:

(a) If t is a strong ¥-structure. Then ¢ = fz”(L) U {y}. Note that y does not occur in

C, so in particular y & sv(C). By the fact that non-structural variables are not required

in “9” (Lem. 87) we obtain that C € szﬁ(L). Then by i.h. C € Ch.

(b) If t is not a strong Y-structure. Then 9 = fz’(L) and we conclude by ...
Finally, by adding an arbitrary substitution (Lem. 80) we have that C[z\vL] € C}, as required. O

Definition 92 (Chain context). The sets of (¥, x)-chain contexts, ranged over by £, L', etc., are
defined as follows:
W = 2% (La)
ceCy
L1,Ly are substitution contexts

(Ly,2,C La) is a (9, x)-chain context
0 = 2’ (L)
CceCy
L is a substitution context
Zis a (¥ U{y}, x)-chain context

(Z,y,C L) is a (9, x)-chain context

Given a (¥, x)-chain context £, its instantiation on two terms ty,ts, written t1.£{ta}, is defined
inductively as follows:

tl <L1, Z, C, L2>{t2} = tlLl[l‘\C[tQ]]LQ
(L, GL{ta} = (L {y})y\ L]l
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Sometimes we write LY to stress that £ is a (9, x)-chain context. The number of rules required
to build a chain context £ is called the number of jumps of Z.

In informal terms, a (¢, x1)-chain context interpreted as a two-hole context, i.e. 0. Z{s}, is
of the form:

O Lafzg \Ci[a2]]
La[r2\Ca[z3]]

Li[z:\Ci[wit1]]

i—'.n.—l [J;n_1 \Cn—l [[xn]]]

Ln [xn\cn [[‘:l2]]]
Ln+1

where n > 1, each C; € Cj., and each ¥; is the set of available frozen variables according to the
definition of generalized evaluation context:

Oy = 2 (Lny1) Bio1 = 2" (Li[2:\Ci[zi41]])

Lemma 93 (Weakening for chain contexts). If .Z is a (9, x)-chain context, and ¥ C ¢’ then £
is a (¥, x)-chain context.

Proof. By induction on the formation rules for chain contexts, using the weakening lemma for
evaluation contexts (Lem. 64). O

Definition 94 (Adding substitutions to chain contexts). IfL is a substitution context, ¥ = fz°(L)
and £ is a (¥, x)-chain context then we write LL for the (9, x)-chain context defined as follows:

1. <L1,£E, C, L2>L = <]-_.1,£C7 C, L2L>
2. (&' x,C L)L = (&L x CLL)
Note that tl (_%L){tg} = (tlg{tQ})L

Lemma 95 (Stripping substitutions from a context using chain contexts). Let C € Cg be an
evaluation context. Suppose that C[t] = sL where all the substitution nodes in the spine of L belong
to the context C (rather than to the subterm t), that is, one of the following holds:

e A.C=CL and s = C[t].
e B. C=sLy[z\(Ly and L = Ly[z\C[t]]L2.
Then in each case the following more precise conditions hold:

e A. There is an evaluation context C; € Ch, where ¥/ = f2%(L) such that:

CzClL s:Cl[t]

o B. There is an evaluation context C € Ch, where o' = f2°(L), and a (9, z)-chain context L
such that:

¢ = ¢ [2]2{0} L= 0.2{t)
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Proof. We proceed by induction on L.

e Empty, L = [J. Then case B is impossible, since the hypothesis B requires that L has at
least one substitution. So case A applies, with ¥/ =1 and C; = C.

e Non-empty, L = L'[y\u]. In case A, C = CL. It suffices to note that, by the decomposition
of evaluation contexts (Lem. 50), C € Cl, where 9 = fz”(L), so by taking C; := C we conclude.

In case B we consider two subcases, depending on whether the hole of C lies inside u or inside
one of the substitutions in L’.

1. If the hole of C lies inside u. Then C = sL’[y\C]. Then since C is an evaluation
context, it must be built using the ESUBSR rule. Hence we have that C = Ca[y][y\I3]
where 9 = fz” ([y\15[t]]) and the contexts are evaluation contexts, that is Co € Ck, and
Iy € Cy.

Note that Co = sL’, so by 4.h., there are two possibilities for Cs:
(a) A. Then C; = CyL’ with s = Cyy]. Let us take ¢ := ¢, with C; := Cy; and
& = (L',y,15,0). Then we have indeed that . is a (y,d)-chain context and:

C = Cofyl[y\13] = L
= Czlﬂy]]L/[ys\Ig] ; LDEZQIE[?A O) {t}
= aUpTl Z o

= Ciy]L{0}

(b) B. Then Cy = Co1[2]-Z/{0O} with L' = O0.2"{y}, where £’ is a (9", z)-chain context.
Recall that 0" = f2°([y\1J[t]]) so it can be that y € ¥ or that y & ¢¥”. In any
case, by the weakening lemma for chain contexts (Lem. 93) we have that £’ is a
(9" U {y}, 2)-chain context.

Let us take ¢ := 9", with C; := Cy; and .2 := (£, y,13,0). Then we have indeed
that £ is a (¢, z)-chain context and:

C = Colyly\13] L = L[y\13[]
= Calz]L{y}y\19] = O02{y}y\15[t]]
= C[L{y}w\18] = O(Z,y,13,0){t}
— o []Z{0) — O02{}

2. If the hole of C lies inside L. Then C = Cy[y\u] and C3 = sL’ where the hole of Cy is
inside L'. By i.h. case B applies for Co so we have that there exist an evaluation context
Cop € Cl,, and a (9", z)-chain context .’ such that:

Cy = Co1 [2] £’ {00} L' =0%2'{t}
Hence by taking 9 := 9" with contexts C; := Co; and .Z := .Z'[y\u] we have:

C = Cfy\y

= a2 (O T EBV

= Ci[z]L {0} [y\u] _ gé{{t;\[i]\f{]t}
= Cil](ZL [y\u){O} = O02{t}

= 2O}
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O

Lemma 96 (Stripping substitutions from a 1sv redex using chain contexts). If C1[Co[z][z\vL]] =
tL where C1[Ca[x\vL]] € Ch is an evaluation context then at least one of the following four possi-
bilities holds:

1. A. Cy =Cy1L where ¥ = fzﬁ(L) and Cy1 € Cg,,.
2. B. C; = Cy1[y]-Z{0O} such that:
L = 02{Cy[z][x\vL]}
where 9" = 2 (L), the evaluation context Cyy is in Ch, and £ is a (9,y)-chain conteat.

3. C. Cy = Co1L such that:
L = Cy[L[z\vL]]

where 9" = fzﬂ(f.), the context Cq is a substitution context, and the evaluation context Coy 1S
mn Ch// .

4. D. Co = Co1[y]{0} such that:
L = [0Z{x}[z\vL']]

where V' = fzﬁ(L), the context C1 is a substitution context, the evaluation context Coy is in
Ch,, and &£ is a (9", y)-chain context.

Proof. We know that Cp[Cefz][z\vL']] = tL. We consider two cases, depending on whether L is
“contained” in Cy, that is, all the substitution nodes in the spine of L belong to the context C;, or
otherwise:

1. If all the substitution nodes in the spine of L belong to the context C;. That is,
the substitution nodes in L do not come from the subterm Cy[x][x\vL']. Then we may strip
the substitution L from C; using Lem. 95, which means that we are either in case A or case
B, and we are done.

2. Otherwise. Then some of the substitution nodes in L come from the subterm Cy[z][z\vL].
So we have that Cy is a substitution context and that L = C;[L;] for some substitution context
L;. Note that L; is non-empty since otherwise L would be subsumed in Cy, which has already
been considered in the previous case. Since L; is non-empty we have that L; = L[z\vL']. So
Co[z][z\vL/] = tL[z\vL']. Then we may strip the substitution L from Co[z\vL'] using Lem. 95.
This gives us two possibilities, which correspond to cases C and D respectively.

O

Lemma 97 (Answers do not have redexes or variables under non-answer contexts). Let vL be an
answer. Then it cannot be the case that vL = C{A] where C € Cy and A is a dB, £ix, case-redex
or a variable.

Proof. By the fact that non-answer evaluation contexts do not go below answers (Lem. 53) we
have that L = L1Ly and C = Ly. This means that vL; is a dB, fix or case-redex or a variable,
which is a contradiction. 0
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Lemma 98 (Stripping a substitution from a term). Let Cf; denote either Ny, Sy, Eg, Ky or Ly.
Ift="tLandt € Ch, thent' € Cg where ¥ C f2°(L).

Proof. By induction on L. If L is empty, it is immediate. If L = L'[z\u] there are two cases,
depending on whether the rule NFSUBG or the NFSUB is applied to derive t € Xy.

L. nfSubG, t = t'L’[z\u] with = ¢ ngv(f'L’) and 'L’ € Xy. Then by i.h. t'L’ € X; where
0 C (1) C 20 (L [2\u)).
2. nfSub, t = #'L’[z\u] with = € ngv(t'L’), t'L" € Xyu(a}, and u € Sy U Ey. Then by i.h.
t'L" € X; where 0 C 12290 1) = 22 (U [\ ).
O

Definition 99 (Reachable contexts). The set of reachable contexts is given by the following gram-
mar:

R == O|Rt[tR]| x.R| R[z\t] | R[z][z\R]
| fix(x.R) | case R of b | case t of (c1Z1 = $1)...(Ci%Ti = R)...(CnTn = Spn)
Lemma 100 (Reachable variables are variables below reachable contexts). ngv(t) = {z | 3R. R is a reachable context an

Rz]}

Proof. Straightforward by induction on ¢t. The interesting case is when ¢ = s[z\u]. Note that in
that case, by i.h., we have that x € ngv(s) if and only if s is of the form R [z]. O

Lemma 101 (Evaluation contexts are reachable). Let C € Ct be a 9-evaluation context. Then C
is reachable.

Proof. Straightforward by induction on the derivation that C € Ch. O

Lemma 102 (Replacing a variable in a reachable context yields a reachable context). Let Chea
two-hole context such that C[O,y] is a reachable context and y is not bound by the context Clp,]
(for an arbitrary term p). Then for any term s the context C|OJ, s] is reachable.

Proof. By induction on the derivation that C[[J, y] is a reachable context:
1. Empty, E[IZI, y] = 0. Impossible.

2. Under an abstraction, C[d,y] = Az.R. Then C[;,0y] = Az.Ci[0y, 03], so €[, s] =
Az.C1[0, s] is reachable by 4.h..

3. Left of an application, a[D, y] = Rt. Two cases, depending on the position of the second
hole of C:

- If the second hole of C is in ¢, i.e. C[0y,s] = R[;] C[0y] with ¢ = C[y], then C[, s] =
RCJs] is reachable.

- If the second hole of C is in R, i.e. C[(;,y] = C; [y, 0], then C[O, s] = Ci[0, ]t is
reachable by i.h..

4. Right of an application, E[D, y] =t R. Two cases, depending on the position of the second
hole of C:
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- If the second hole of C is in ¢, i.e. C[0y,s] = C[y] R[] with ¢ = C[y], then C[, s] =
C[s] R is reachable.

- If the second hole of C is in R, i.e. C[;,y] = ¢C1[0y, ds], then C[O, s] = tCy [0, 5] is
reachable by i.h..

5. Left of a substitution, C[(J,y] = R[z\t]. Two cases, depending on the position of the
second hole of C:

- If the second hole of Cis in t, i.e. C[0;,0s] = R[Oy][z\C[ds]] with ¢ = C[y], then
C[O, s] = R[x\C[s]] is reachable.

- If the second hole of Cis in R, i.e. [y, Ty] = C; [y, O] [x\t], then C[0J, s] = C; [0, s][z\¢]
is reachable by i.h..

6. Inside a substitution, C[J,y] = R, [z][z\Rz]. Two cases, depending on the position of the
second hole of C:

- If the second hole oan is in Ry[x], i.e. E[DAl,DQ] :jl [z, 0a][z\R2[1]] with Ry =
C1[0, y], then by i.h. C1[0, s] is reachable, so C[(, s] = Cq[x, s][z\R2] is also reachable.
- If the second hole of C is in Ry, i.e. C[(), ] = Ry [z] [:c\:(fl [0y, 0s]], with Ry = 1[0, 9],
then by i.h. C1[0, s] is reachable, so C[0, s] = Ry [z][z\C1]0, s]] is also reachable.
7. Under a fix, C[(,y] = fix(z.R). Then C[0;,0y] = fix(x.C;[0y,0s]), so C[,s] =
fix(x.C1]d, s]) is reachable by i.h..

8. Under the target of a case, E[D,y} = case R of b. Similar to the case left of an
application.

9. Under a branch of a case, C[[],y] = case t of (1] = 51)...(C;Z = R)...(ChZn = 5n).
Similar to the case right of an application.

O

Lemma 103 (Preservation of reachable variables by internal steps when going to normal form). Let
t =3V s be a V-internal step, such that s € Ny is a strong 9-normal form. Then ngv(t) C ngv(s).

Proof. Let r:t =3 s be the internal step. The proof goes by induction on ¢.
1. Variable, t = z. Impossible.

2. Abstraction, t = Az.t'. Let ry : t' =g\ 8 be the step isomorphic to r but going under
the lambda. Note that r; cannot be (¢ U {z})-external, for otherwise r would be ¥-external.
Let y € ngv(Az.t’) = ngv(t’) \ {z}. Then by i.h. y € ngv(s") \ {z} = ngv(Az.s").

3. Application, t = t; ty;. Note that r cannot be a step at the root, since it would be a dB
step, and it would be external. Hence there are two cases, depending on whether the step r
is internal to ¢; or internal to ¢s:

(a) If r is internal to t;. Let ry : t; —gp\gc 51 be the step isomorphic to r but going under
the context [1t;. Then s = s;t3. Note that r; cannot be ¥-external, for otherwise r
would be ¥-external. So:

ngv(t1 t2) = ngv(ty) Ungv(ts) ch ngv(s1) Ungv(ts) = ngv(sy ta)
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(b) If r is internal to t5. Let ry : to —gy\gc 52 be the step isomorphic to r but going under
the context ¢y (0. Then s = t; s3. Recall that by hypothesis s € Ny is a normal form,
so t; must be a strong J-structure, i.e. t1 € Sy UEy. The step r; cannot be J-external,
for otherwise r would be ¥-external (note that this depends on the fact that ¢; is a
structure). So:

ngv(t1 t2) = ngv(t1) Ungv(ts) cHh ngv(t1) U ngv(ss) = ngv(ty s2)

4. Substitution, ¢ = ¢;[x\t2]. We consider three cases, depending on whether (1) the step r
is at the root of ¢, (2) r is internal to t1, (3) r is internal to ts.

(a) If r is at the root of t. Then r is a 1sv step, which means that ¢; = C[z] and t; = vL
in such a way that:
r:t = Clz][z\vL] =2’ Clv][z\v]L = s
Since s = C[v][z\v]L € Ny we may strip the substitution context [x\v]L (by Lem. 98)
to obtain that C[v] € N; where 9 C 2°(Jz\v]L) = f2’(L). We consider two cases,
depending on whether C[z] is a normal form in Nj:

i. If C[z] € N;. We consider two further subcases, depending on whether z is a
reachable variable in C[z]:

A. If = € ngv(C[z]). Recall that J C 9 UdomL. Moreover, observe that C[z]
is outside the scope of L in the original term C[z][x\vL], so by Barendregt’s
convention we may suppose that variables in domL do not occur in C[z]. In
particular, variables in domL are not reachable in C[z], so by the fact that
unreachable variables are not required in “9” (Lem. 62) we have C[z] € Njy.
Since x € ngv(C[z]) and C[z] is a normal form in Ny, by the fact that reachable
variables in normal forms are below evaluation contexts (Lem. 82), we know
that there exists an evaluation context C € C} such that C[z] = C[z]. There
are two subcases, depending on whether C = C or C # C:

e If C =C. Then C[z\vL] is an evaluation context in C%, contradicting the fact
that r is J¥-internal.

e If C # C. Then there is a two-hole context C such that:
cO,z]=c¢ Clz,d)=cC
And the step is of the form:
r:t = Clz, z|[z\vL] —rsh\ge Clz, v][z\v]L = s

Note that the underlined occurrence of z is reachable on the left-hand side,
so it is also reachable on the right-hand side.

More precisely, G[D, x] = C is an evaluation context so by Lem. 101 it is also
a reachable context. Recall that replacing a variable by an arbitrary term in
a reachable context is still a reachable context (Lem. 102), so C[(],v] is also
reachable. Moreover, since reachable variables coincide with variables below
reachable contexts (Lem. 100) we have that = € ngv(C[z,v]).

This contradicts the fact that s is a normal form, since to conclude that
C[z, v][z\vL] is a normal form, given that x € ngv(Clz,v]), we would require
that x is bound to a structure, but it is bound to a value v.
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(b)

B. If = & ngv(C[z]). Let us show that ngv(t) C ngv(s). Consider an arbitrary
variable y € ngv(t) = ngv(C[x][z\vL]), and let us show that y € ngv(s). Since
x is not reachable in C[z], it must be the case that y € ngv(C[z]). Moreover,
since z # y and y is reachable in C[z], by the fact that reachable variables are
below reachable contexts (Lem. 100) there must exist a two-hole context C such
that:
C[d, z] is reachable Cly,d]=c¢

By replacing a variable in a reachable context (Lem. 102) we obtain that
C[d,v] = C is also reachable. So y € ngv(Cly,v]) = ngv(C[v]). Hence y €
ngv(C[v][z\v]L) = ngv(s), as required.
ii. If C[z] ¢ N;. Then by definition (Def. 83) C is a Nj-critical context. By Lem. 84
since C is X-critical, it is an evaluation context, C € Cg.

Recall that 9 C JUL. Moreover, the context C is outside the scope of L in the original
term C[x][z\vL], so by Barendregt’s convention we may suppose that variables in
dom L do not occur in C. In particular, variables in dom L are not structural variables
in C, so by repeatedly applying the fact that non-structural variables are not required
in “9” (Lem. 87), we may conclude that C € C%.

Then also C[z\vL] € C%, contradicting the fact that the step r is J-internal.

If r is internal to ¢;. Let r; : t; — s1 be the step isomorphic to r but going under
the context [z\t2]. Then s = sj[x\t2]. Note that r1 cannot be J-external, since then r
would be J-external. There are two cases, depending on whether z is reachable in ¢; or
not:

i. If x € ngv(t;). Note that by i.h. x € ngv(s;). Then ngv(t) = ngv(t;) Ungv(ty) C*™
ngv(s1) Ungv(tz2) = ngv(si[z\ta]) = ngv(s).
ii. If = & ngv(t1). Then ngv(t) = ngv(t;) C*" ngv(s1) C ngv(si[z\t2]) = ngv(s).

If r is internal to ¢5. Let ry : to2 — s5 be the step isomorphic to r but going under the
context t1[z\O]. Then s = ¢1[z\s2]. We consider two subcases, depending on whether
x is reachable in ¢ or not:

i. If « € ngv(t1). We consider two subcases, depending on whether r; is J-external
or YJ-internal:

A. If r is ¥-external. Since t;[z\s2] is a normal form, we know that t; € Nyya}-
By the fact that reachable variables in normal forms are below evaluation con-
texts (Lem. 82) there must exist an evaluation context C; € C% such that
t1 = Cifx]. Moreover, since the step r; is external, we have that to = Co[X]
where Cy € Cf; and X is the anchor of a redex. If we let ¥/ denote its contractum,
we have that the step r is of the form:

r:t=C2][x\C2[X]] =3 Cifa][x\Co[E]] = s

Note that Co cannot be a non-answer ¥-evaluation context, since otherwise the
step r would be ¥-external.

Hence we have that Co ¢ Cj. Recall that evaluation contexts which are not non-
answer evaluation contexts have the shape of an answer (Lem. 45). In particular,
the subterm C3[>’] is an answer (Ay.r)L. This contradicts the hypothesis that
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s = Cy[x][z\(Ay.r)L] is in normal form, since z is below an evaluation context
and bound to an answer.
B. If r is ¥-internal. Then ngv(t) = ngv(t1) U ngv(ts) C*" ngv(si) Ungv(ts) =
ngv(s) as required.
ii. If = & ngv(t1). Then ngv(t) = ngv(t1) = ngv(s) and we are done.

5. Fix, t = fix(z.t1). Impossible since the reduction step would have to be inside ¢; and then
s would not be in Njy.

6. Case, t = case tg of ¢1&1 = t1,...,Cp%, = t,. The r step cannot be at the root since
it would be external. So it must be inside one of the t;, with 7 € 0..n. We reason as in the
previous cases using the i.h..

O

Lemma 104 (Backwards preservation of strong normal forms by internal steps). Let ty — t be
an internal step with t € Xy where Xy stands for either Ny, Sy, Eg, Ky or Lgy. Then tg € Xy.

Proof. By induction on the derivation that ¢ € Ch.

1. INfLam, ¢t = Az.t’ € Ny with ¢ € Nyy(,). Note that the step r cannot be a dB, 1sv or
fix step at the root of ¢y, since the right-hand side of these rules is a substitution. Then
to must be of the form Az.tj and r must be internal to . Let rq : t) =g g NV} be
the step isomorphic to r but going under the lambda. Then by i.h. t € Ny, so indeed
to = Az.t) € Ny.

If the step r is at the root of ¢y, then it must be a case step of the form case c; of ci77 =
ti,...,c; = Ax.t',..., ¢ @y = t, — Az.t’. But this is an external step.

2. n-var, t € Sy U &y with x € ¥. This case is impossible since, regardless of whether the step
r is a dB or a 1sv step, the right-hand side of r always contains at least one substitution.

3. nfStruct. Recall that the rule NFSTRUCT allows us to conclude that t € Ny from the
premise that ¢t € Sy U Ey. Then by i.h. ty € Sy U Ey, and applying the rule NFSTRUCT we
conclude ty € Ny.

4. n-app, t = uN? € SyU&y with u € SyUEy and NV € Ny. Note that the step r cannot be
at the root of tg, since the right-hand side of both dB and 1sv steps is a substitution, rather
than an application.

So tg is an application t; 2, and we consider two cases depending on whether the step r is
internal to t; or internal to ¢o:

(a) If r is to the left of to = t; NV. Let ry : t; —sn\ge ¢ be the step isomorphic to r
but going under the context 0 NV. Note that r; cannot be ¥-external, since this would
imply that r is ¥-external. So r; is ¥-internal and by i.h. we have that t; € Sy U Ey.
Hence to = t; NV € Sy U &y, as required.

(b) If r is to the right of tg = uty. Let ry : to —gp\ge N? be the step isomorphic to r
but going under the context w[J. Note that r; cannot be ¥-external, since this would
imply that r is ¥-external. So r; is ¥-internal and by i.h. we have that t; € My. Hence
to = M"Yty € Sy U Ey, as required.
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5. nfSubG, t = s[r\u] € Xy with = & ngv(s) and s € Xy. We consider three cases, depending
on whether (1) r is a step at the root of tg, (2) to is a substitution so[z\ug] and r is internal
to t1, (3) to is a substitution so[z\ug] and r is internal to ts.

(a) If r is at the root. Note that r cannot be a dB step since it would be external, it must
be a 1sv step:

r : to = CyJly\vL] =5 Clo]ly\v]L = s[z\u]
So s is of the form s = s'L; with Ly[z\u] = [y\v]L and C[v] = s’. Note that since
s = s'L; € Xy by Lem. 98 we must have s’ € X;; where 0 C 2 (1a[2\u]) = f2° ([y\v]L) =
f27(L).
We consider two subcases, depending on whether C[y] € Xj.

i. If C[y] € X;. Note that ¥ C f2°(L) C ¥Udom L. and variables in dom L do not occur
in C[y], since C[y] is outside the scope of L in the original term ¢y = CJy][y\vL]. In
particular, variables in domL are not reachable variables in C[y], so by repeatedly
applying the fact that unreachable variables are not required in “9” (Lem. 62), we
have that Cy] € Xy.

Let us consider two further subcases, depending on whether y is a reachable variable

in Cy]:

A. If y € ngv(C[y]). Recall that reachable variables in a normal form are below
evaluation contexts (Lem. 82). Then since C[y] is a normal form in C and
y € ngv(C[y]), we know that C[y] may be written as C[y], where C € C%.
We consider two cases, depending on whether C and C are the same context or
distinct contexts:

e If C=C. Then C € Ch, hence C[y\vL] € Ch. This contradicts the hypothesis
that the step r is ¥-internal.

e If C # C. Then there is a two-hole context C such that:
c[O,y] =c¢ Cly,0]=c
And the step r is of the form:

r : Cly, y][y\vL] —em ge Cly, v][y\v]L = ¢

Note that the underlined occurrence of y is reachable on the left-hand side,
so it is also reachable on the right-hand side.
More precisely, E[D, y] = C is an evaluation context so by Lem. 101 it is also
a reachable context. Recall that replacing a variable by an arbitrary term in
a reachable context is still a reachable context (Lem. 102), so C[(J,v] is also
reachable. Moreover, since reachable variables coincide with variables below
reachable contexts (Lem. 100) we have that y € ngv(Cly, v]).
This contradicts the fact that ¢ is a normal form, since to conclude that
Cly, v][y\v] is a normal form, given that y € ngv(C[y,v]) we would require
that ¢ is bound to a structure, but it is bound to a value v.
B. If y & ngv(C[y]). Then we are done, as C[y] € Xy, so by applying the NFSUBG
rule we obtain that Cly][y\vL] € Xy, as wanted.
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(b)

(¢)

ii. If Cly] & X;. Note that C[v] = s’ € X;;. So by definition (Def. 83) C is a X;-critical
context. By Lem. 84 since C is Xj-critical, it is an evaluation context, C € X;.
Moreover, note that J C fzﬂ(L) C YUdomL. and variables in domL do not occur
in C, since C is outside the scope of L in the original term tg = C[y][y\vL]. In
particular, variables in domL are not structural variables in C, so by repeatedly
applying the fact that non-structural variables are not required in “¢” (Lem. 87),
we may conclude that C € Xy. Then the context C[y\vL] is an evaluation context
in Xy, contradicting the fact that the step r is ¥-internal.

If r is to the left of ty = sg[z\u]. Let ry : 5o —>gn\gc 5 be the step isomorphic to r but
going under the context O[z\u]. Note that r1 cannot be ¥-external, since then r would
be ¥-external. So r; is ¥-internal and by i.h. we have that sg € Cf;. Moreover, since
reachable variables are preserved by internal steps (Lem. 103), by the contrapositive we
have that = & ngv(so), hence to = so[z\u] € C% as required.

If r is to the right of ¢y = s[z\ug]. Then by applying the rule NFSUBG it is immediate
that to = s[z\ug) € C}

6. nfSub, t = s[z\M"] € Xy with = € ngv(s), s € Xou{z} and MY € Sy UEy. We consider
three cases, depending on whether (1) r is a step at the root of ¢y, (2) ¢ is a substitution
so[z\up] and r is internal to t1, (3) to is a substitution so[z\up] and r is internal to t5.

(a)

If r is at the root. Note that r cannot be a dB step since it would be external, it must
be a lsv step:
r:to = Clylly\wL] =5 Clolly\v]L = s[z\M"]

So let us write s as of the form s = s'L; in such a way that Li[z\M?] = [y\v]L. By
Lem. 98 we have that s’ € X; where ¥ C f2? (L1 [2\M?]) = f2° ([y\v]L) = fz(L). Then
the remainder of this case is analogous to case 5a of this lemma.

If r is to the left of to = so[z\M"”]. Let r; : 5o —sn\ge S De the step isomorphic to r
but going under the context O[z\M?]. Note that r; cannot be (9 U {z})-external, since
then r would be ¥-external. So r; is (¢ U {x})-internal, and since s € Xyyiz by i.h.
we have that sp € Xyyq,3. We consider two further subcases, depending on whether x
is reachable in sg:

i. If 2 € ngv(sg). Then so[z\M?] € Xy since sg € Xyu{z}, by the rule NFSUB.
iil. If © € ngv(sp). Then since unreachable variables are not required in “¢” (Lem. 62),
we have that sy € Xy. Hence sg[z\M"] € Xy, by the rule NFSUBG.

If r is to the right of ¢y = s[z\ug]. Let 1 : ug —gn\gc MY be the step isomorphic to
r but going under the context s[z\[J]. We consider two cases, depending on whether r;
is 1-external or ¥-internal:

i. If ry is ¥-external. First note that, since x € ngv(s) and s € Xyuy4y, by the fact
that reachable variables in normal forms are below evaluation contexts (Lem. 82)
there must exist an evaluation context C; € C% such that s = C;[].

Moreover, since r; is a ¥-external step, the term wug can be written as C3[X], where
Cy is an evaluation context in Cli and ¥ is the anchor of a redex. If we let ¥’ denote
the contractum of ¥, the step r is:

r: Ci[a][0\C2[E]] =5 Cullz][2\C2[E]] = s[a\M*] =t
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Since we know that the step r is ¥-internal, the context Cy cannot be a non-answer
evaluation context, i.e. Cy & Cj. Recall that evaluation contexts which are not
non-answer evaluation contexts have the shape of an answer (Lem. 45). This means
that Co[¥'] = (Ay.r)L is an answer. But we also had that C3[¥'] = M?, so it is both
an answer and a structure, which is impossible.

ii. If r; is O-internal. Then by i.h. wug is a structure, i.e. ug € MY. Hence
slx\uo] € Xy, as required.

7. eNfCase. t = case sy of (¢;T; = s;)icr and t € & and (s; € Nyugz, )ier -

Note that the step r cannot be a dB, 1sv or fix step at the root of ¢, since the right-hand
side of these rules is a substitution. So the reduction must be in one of the s; with i € 0..n.
We reason as in the above cases.

If the step r is at the root of ¢y, then it must be a case step of the form case c; of c;27 =
ti,...,¢; =t,...,c, @y = t, — t. But this is an external step.

8. eNfStrt. ¢t = case sg of (¢;T; = 8;)icr and t € Ky ULy USy and t ¥ (¢;T; = s;)icr and
(si € Nyugz, ier -
Note that the step r cannot be a dB, 1sv or fix step at the root of ¢, since the right-hand
side of these rules is a substitution. So the reduction must be in one of the s; with ¢ € 0..n.
We reason as in the above cases.

If the step r is at the root of ¢y, then it must be a case step of the form case ¢; of c;27 =
ti,...,¢; =t,...,c, Ty = t, — t. But this is an external step.

O

Lemma 105 (Backwards preservation of needed variables by internal steps). Let tg —5 C[x] be
an internal step with C € Cf,?, and such that C does not bind x. Then there exists an evaluation
context Co € Clt such that ty = Co[x].

Proof. Let r be the name of the ¥-internal step r : tg —” C[z]. The proof goes by induction on
the derivation that C € Cf;.

1. EBox, C = 0. Then r : ty —3” x, which is impossible, as the right-hand side of both dB,
1sv and fix steps always have at least one substitution and a case reduction at the root
would be external.

2. EAppL, C = Cyt with C; € Cy. Note that r cannot be at the root of ¢y: it cannot be a dB
or case step at the root, since it would be external, and it cannot be a 1sv or fix step at
the root, since then the right-hand side would have a substitution at the root (but it is an
application).

So t; is an application and there are two cases, depending on whether r is internal to the left
or to the right of ¢g:

(a) The step r is internal to the left of ¢, = t;t. Consider the step ry : tj —>gn\gc C2[7]
isomorphic to r but going under the context (J¢. Note that r; must be a ¥-internal
step, for otherwise r would be ¥J-external. By i.h. there exists a non-answer evaluation
context I§ € C; such that tj = IJ[z]. So we conclude by taking Cq := Ij ¢.

100



(b) The step r is internal to the right of t, = Cy[x] . Consider the step ry : t)—>sn\gc?
isomorphic to r but going under the context Co[z] 0. Then it is immediate to conclude
by taking Co := Ca t;).

3. ESubLNonStr, C = Cy[y\t] with C; € Cf; and t € Sy UEy. We consider three cases,
depending on whether (1) the internal step r is at the root of tg, (2) ¢ is a substitution
toly\ro] and the step r is internal to t(, (3) to is a substitution ¢([y\ro] and the step r is
internal to 7.

(a) The internal step r is at the root of ¢;. Note that r cannot be a dB, fix or case
step, since it would be external. So it is an 1sv step of the form:

r: to = C[2][z\vL] =2 C[v][z\v]L = Ci[z][y\t] = t1

Let Ly be the substitution context such that L;[y\t] = [#\v]L, and using Lem. 95 let us
strip the substitution Ly from Cy[«]. This gives us two possibilities, A and B:

i. Case A. Then:
C1 = CHLl C[’U] = C11[[a:]]

where 9 = fzﬂ(Ll) and Cy; € Xj5.

We consider three further subcases, depending on the position of the hole of C

relative to the position of the hole of Cq;.

A. The hole of C and the hole of C;; are disjoint. Then there is a two-hole
context C such that:

E[D,U] = C11 a[:177 D] =C

By the fact that evaluation contexts are backwards-stable by substitutions
(Lem. 89) there are two possibilities: the left and the right branch of the dis-
junction. Let us analyze each branch:

e Left branch. Then C[[J, z] € X;. Note that J = fz”([2\v]L) € YUdomL, and
that the subterm C[[z] is outside the scope of L on the left-hand side of the step
T, so variables in domL do not occur free in C[z]. In particular, variables in
dom L are not structural variables in E[D, z]. By repeatedly applying the fact
that non-structural variables are not required in “¥” (Lem. 87), we conclude
that C[J, z] € Xy.

Hence to = C[z, z][z\vL] and by taking Cy := C[J, 2][z\vL] € Xy we conclude.

e Right branch. Then a[x, 0] € X;. Since ¥ C YUdom L, by repeatedly apply-
ing the fact that non-structural variables are not required in “9” (Lem. 87),
we have that C[z,J] € Xy. This means that the step:

T 6[:5, 2][2\VL] = gn\ge a[x, v][z\v]L

is ¥-external, contradicting the hypothesis that it is internal.

B. The context C is a prefix of the context C;;. By the decomposition of eval-
uation contexts lemma (Lem. 50) the context C must be an evaluation context
in X;. Since Y C9UdomlL, by repeatedly applying the fact that non-structural
variables are not required in “9” (Lem. 87), we have that C € Xy. This contra-
dicts the fact that r is ¥-internal.
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C. The context Cq; is a prefix of the context C. Then C = C11[Cy], so C1[v] = z,
which is impossible.

ii. Case B. Then:
Cl = Cll[[w]].f{D} C[U] = Cll[[w]] L1 = Dg{lﬂ}

where 9 = fz°(Ly), the evaluation context Cy; is in X5, and & is a (¥, w)-chain

context.

We consider three further subcases, depending on the position of the hole of C

relative to the position of the hole of Cyy.

A. The hole of C and the hole of Ci; are disjoint. Then there is a two-hole
context C such that:

G[D,U} = C11 a[w, D] =C
and the internal step r is of the form:
r: to = Clw, 2][z\wL] =3’ Clw, v][z\v]L = t;

Note that w is bound by [z\v]L = O.Z{x}[y\t] on the right-hand side of the
step r since .Z is a (U, w)-chain context. So w must be bound by [z\vL] on the
left-hand side of the step r, for otherwise it would be free, and free variables
cannot become bound by reduction.

Hence it must be the case that w = z. Note that w is bound to a term of the
form I"fl [[wlj] on the right-hand side of the step r, and we have just argued that
w = z, so I7'[w;] = v. This is impossible since answers do not have variables
below non-answer evaluation contexts (Lem. 97).

B. The context C is a prefix of the context C;;. Then by the decomposition
of evaluation contexts lemma (Lem. 50) the context C must be an evaluation
context in Xj. Since ¥ C 9 UdomL, by repeatedly applying the fact that non-
structural variables are not required in “¢9” (Lem. 87), we obtain that C € Xy.
This contradicts the fact that r is J-internal.

C. The context Cy; is a prefix of the context C. Then C = C11[C1], so C1[v] = w,
which is impossible.

(b) The internal step r is to the left of tq = ty[y\t]. Let r; : tj —>gn\gc C1[x] be the step
isomorphic to r but going under the context [y\t]. Then by 4.h. there is an evaluation
context C19 € Xy such that ¢, = Cg[z]. By taking Cy := Cig[y\t] € Xy we conclude that
to = Cio[z][y\t], as required.

(c) The internal step r is to the right of ¢ty = C1 [z][y\t;]. By taking Co := Cio[y\tj] €
Xy we conclude that tg = C1o[x][y\t], as required.

4. ESubLStr, C = Cq[y\u] with C € C’(};U{y} and u € Sy UE&y. We consider three cases,
depending on whether (1) the internal step r is at the root of tg, (2) to is a substitution
to[y\ro] and the step r is internal to t, (3) to is a substitution ¢y[y\ro] and the step r is
internal to rg.
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(a) The internal step r is at the root of ¢;. Note that r cannot be a dB step, since it
would be external. So r is an 1sv step of the form:

T : tg = C[z][z\vL] %;}9 Clv][z\v]L = Ci[z][y\u] = t1

Let Ly be the substitution context such that [z\v]L = L;[y\u], and using Lem. 95 let us
strip the substitution Ly from C;[«]. This gives us two possibilities, A and B:
i. Case A. Then:
Cl = C11L1 C[’U] = Cﬂl’]

where 9 U {y} = f20 v} (Ly) and Cq1 € X&u{y}' We consider three further subcases,
depending on the position of the hole of C relative to the position of the hole of Cyy:
A. The hole of C and Cy; are disjoint. Then there is a two-hole context C such
that:
E[D,U] =Cy1 /C\[z, D] =C

By the fact that evaluation contexts are backwards-stable by substitutions
(Lem. 89) there are two possibilities: the left and the right branch of the dis-
junction. Let us analyze each branch:

e Left branch. Then C[[J, z] € Xjugyy- First note that ¥ C 9 UdomL, so by
repeatedly applying the fact that non-structural variables are not required in
“9” (Lem. 87) we have that C[0, 2] € Xougy}-

Moreover, note that y is bound by the substitution context L [y\u] = [2\v]L,
so either y = z or y € domL. Observe that y cannot be equal to z, since y is
bound to u and z is bound to v, and strong structures cannot be values, so
it must be the case that y € dom L.

Given that y € domL, the variable y cannot occur free in the subterm C[[z] =
C[z, 2] on the left-hand side of the step r, since this subterm is outside the
scope of L. In particular, y does not occur as a structural variable in the
context E[D,z]. So applying the fact that non-structural variables are not
required in “0” (Lem. 87) we obtain that C[[J, z] € Xy.

Then it is immediate to conclude, since by taking Cq := C[[J, z][z\vL] € Xg,
we have that to = Clx, z][z\vL], as required.

e Right branch. Then C[z,0] € Xjuiyy- By the same argument as in the

previous left branch, we have that a[x, O] € Xy. Then, adding an arbitrary
substitution (Lem. 80) we have that Clz,J][y\u] € Xy, which implies that
the step r is ¥-external, contradicting the hypothesis.

B. The context C is a prefix of Cy;. Then by the decomposition of evalua-
tion contexts lemma (Lem. 50) the context C must be an evaluation context in
Xuty}-

Note that J C 9 UdomL, so by repeatedly applying the fact that non-structural
variables are not required in “J9” (Lem. 87) we have that C € Xyygy)-
Moreover, y is bound by L [y\u] = [2\v]L, and y # z, since y is bound to u and
z is bound to v. Hence y cannot occur free in the subterm C[[z] on the left-hand
side of the step r. In particular, y does not occur as a structural variable in
C. So applying the fact that non-structural variables are not required in “¥”
(Lem. 87) we obtain that C € Xy.
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Note that then C[z\vL] € Xy, which means that the step r is ¥-external, con-
tradicting the hypothesis that it is ¥-internal.
C. The context Ci; is a prefix of C. Then C = C;11[C1], so Ci[v] = &, which is
impossible.
ii. Case B. Then:

C1 = Cu[[w]]f{[j} C[’U] = Cu[[w]] L1 = D.i”{x}

where 9 U {y} = 22"} (L), the evaluation context C is in Xjugyy and £ is a
(9, w)-chain context.
We consider three further subcases, depending on the position of the hole of C
relative to the position of the hole of Cy;:
A. The hole of C and C;; are disjoint. Then there is a two hole context C such
that:
E[D,U} = C11 a[w, D] =C

The step r is of the form:
r: Clw, z][z\vL] =¥ Clw, v][z\v]L

Note that w is bound by O.Z{z}[y\u] = [z\v]L, since £ is a (¥, w)-chain
context. Hence it must be the case that w = z, for otherwise, if it were the case
that w € domL, w would occur free on the left-hand side of the step r, since
it occurs outside the scope of L. This is impossible since free variables cannot
become bound after a reduction step.
Note that w must be bound to a term of the form 11191 Jw1] and, since we have
just argued that w = z, we have that I9'[w;] = v. This is impossible since
answers do not have variables below non-answer evaluation contexts (Lem. 97).
B. The context C is a prefix of Cy;. Then by the decomposition of evalua-
tion contexts lemma (Lem. 50) the context C must be an evaluation context in
Xoutuy
Note that ¥ C ¥ Udom L, so by repeatedly applying the fact that non-structural
variables are not required in “9” (Lem. 87) we have that C € Xyygy3-
Moreover, y is bound by O.Z{z}y\u] = [z\v]L, and y # z, since y is bound
to w and z is bound to v. Hence y cannot occur free in the subterm C[z] on
the left-hand side of the step r. In particular, y does not occur as a structural
variable in C. So applying the fact that non-structural variables are not required
in “9” (Lem. 87) we obtain that C € Xy.
Then, adding an arbitrary substitution (Lem. 80) we have that C[z\vL] € Xy,
which contradicts the hypothesis that the step r is ¥-internal.
C. The context Cy; is a prefix of C. Then C = C11[C1], so C1[v] = w, which is
impossible.

(b) The internal step r is to the left of t, = t{[y\u]. Let ri : tj —gmge C1[z] be
the step isomorphic to r but going under the context [y\u]. Note that r; must be
(9U{y})-internal, otherwise r would be ($U{y})-external. By i.h. there is an evaluation
context Cig € Xgu{y} such that ¢y = Cio[z]. It is immediate to conclude by taking
Co := Cio[y\u] € Xy, since then ty = Ciofx][y\u].
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(c) The internal step r is to the right of ¢, = Ci[z][y\ty]. Let ry @t —gn\gc u. We
consider two cases, depending on whether the step r; is ¥-internal or ¥-internal:

i. If r; is Y-external. Two further subcases, depending on whether y is a structural

variable in C; or not:

A. If y € sv(Cy). Since 1y : £ —rep\gc u is a Y-external step, we can write ¢ = C3[X]
and u = C3[X'] where:
- X is the anchor of a redex, and Y’ its contractum,
- C3 is an evaluation context C3 € Cf;.
Moreover, by the fact that structural variables are below evaluation contexts
(Lem. 88) there exists an evaluation context Ca € Xy such that Ci[z] = Cafy].
Hence the step r is of the form:

r: Co[y][y\C3[Z]] —sn\ge C2[¥][y\C3[X']

If C3 happens to be a non-answer evaluation context, i.e. C3 € Cj; then the
composition Cafy][y\Cs] is a V-evaluation context and r is a ¥-external step,
contradicting the hypothesis that it was internal.

So we may suppose that C3 is not a non-answer evaluation context. By Lem. 45
we know that evaluation contexts which are not non-answer evaluation contexts
have the shape of an answer, that is, C3[*] is an answer when filling the hole with
an arbitrary term. In particular, C3[X'] = u is both an answer and a structure,
which is impossible.

B. If y & sv(Cy). By the fact that non-structural variables are not required in “¢”
(Lem. 87), we have that C; € Xy. Then, regardless of whether ¢, is a structure
or not, adding an arbitrary substitution (Lem. 80) we have Ci[y\ty] € Xy. It
is then immediate to conclude by taking Co := Ci[y\t;] € Xy, since indeed
to = Ca[x][y\t]-

ii. If ry is Y-internal. Then by the fact that structures are backwards preserved
by internal steps (Lem. 104) we have that t), € Sy U Ey. We conclude by taking

Co := C1[y\to] € Xy, since tg = C1[z][y\t5], as required.

5. ESubsR, C = C[y][y\C2] where C; € Xy and C; € Cj;. We consider three cases, depending
on whether (1) the internal step r is at the root of tg, (2) o is a substitution ty[y\ro] and
the step r is internal to ¢}, (3) to is a substitution t{[y\ro] and the step r is internal to rg.

(a) The internal step r is at the root of ¢3. Note that r cannot be a dB redex, since it
would be external. So r is a 1sv redex of the form:

T : tg = C[z][z\wLl] — C[v][z\v]L = C1[y][y\C2[z]] = t1

Let L; be the substitution context such that L;[y\Cz2[z]] = [¢\v]L, and using Lem. 95
let us strip the substitution Ly from C;[y]. This gives us two possibilities, A and B:
i. Case A. Then:
C1 = Cul Clv] = Culyl
where 9 = fzﬁ(Ll) and Cy; € Xj.
We consider three further subcases, depending on the position of the hole of C
relative to the position of the hole of Cyy.
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A. The hole of C and the hole of C;; are disjoint. Then there is a two-hole
context C such that:

E[D,U] =Cy1 a[y, D] =C

Note that y is bound by the substitution context Li[y\I?[z]] = [z\v]L on the
right-hand side of the step r. So it must be the case that y = z, for if we had
y € dom L, we would have that y is free on the left-hand side of the step r, since
it occurs outside the scope of the substitution L. This is impossible, since a free
variable cannot become bound along reduction.

Also note that y is bound to I?[z] and, since y = z, we have I”[z] = v. This
is impossible, since answers do not have variables below non-answer evaluation
contexts (Lem. 97).

B. The context C is a prefix of C;;. Then by the decomposition of evaluation
contexts lemma (Lem. 50) the context C must be an evaluation context in X.
Since ¥ C ¥ UdomL, by repeatedly applying the fact that non-structural vari-
ables are not required in “¢9” (Lem. 87) we have that C € Xy. This in turn
implies that C[z\vL] € Xy, contradicting the fact that the step r is ¥-internal.

C. The context Cy; is a prefix of C. Then C = C11[Cy], so Cy[v] = y, which is
impossible.

ii. Case B. Then:

¢ = i [w]2{0} Clv] = Ci1[w] Ly =024y}

where = fz°(Ly), the evaluation context Cy; is in X5, and & is a (¥, w)-chain

context.

We consider three further subcases, depending on the position of the hole of C

relative to the position of the hole of Cyy.

A. The hole of C and the hole of C;; are disjoint. Then there is a two-hole
context C such that:

E[D,U} =C11 E[w, D] =C

Note that w must be bound by the substitution context (.2 {y}[y\I?[z]] =
[2\v]L, since .Z is a (¥, w)-chain context. So it must be the case that w = z,
for if we had that w € domL, it would be free on the left-hand side of the step
T, since w occurs outside the scope of L. This is impossible, since free variables
cannot become bound by reduction.

Note that w is bound by the substitution context .Z{y} to a term of the
form I9*[w,]. Moreover, given that w = z, we have that IV [w;] = v. This
is impossible, since answers do not have variables below non-answer evaluation
contexts (Lem. 97).

B. The context C is a prefix of Cy;. Then by the decomposition of evalua-
tion contexts lemma (Lem. 50) the context C must be an evaluation context in
Xj5. Since 9 C ¥ UdomL, by repeatedly applying the fact that non-structural
variables are not required in “¢” (Lem. 87) we have that C € Xy. Hence by
adding an arbitrary substitution (Lem. 80), we obtain that C[z\vL] € Xy. This
contradicts the fact that r is ¥-internal.
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6.

10.

C. The context Cy; is a prefix of C. Then C = Cy;[C], so C1[v] = w, which is
impossible.

(b) The internal step r is to the left of to = t{[y\I”]. Let ry : t{, —>sn\ge C1[y] be
the step isomorphic to r but going under the context [y\I?[z]]. Note that r; must be
J-internal, for if it were ¥-external, by adding an arbitrary substitution (Lem. 80) it
would contradict the fact that r is ¥-internal.

So we may apply the i.h. to obtain that there exists an evaluation context Cig € Xy
such that t), = Cio[y]. Applying the ESUBSR rule and taking Cq := Cyio[y][y\I1”] € Xy,
we have that to = Cy1o[y][y\I”[2]], as required.

(c) The internal step r is to the right of to = Ci[y][y\t]. Let 11 : tf) —em g I”[2] be
the step isomorphic to r but going under the context C;[y][y\O]. Note that r; cannot
be ¥-external, since then r would be J-external. Hence r; is ¥-external, and we may
apply the i.h. to obtain that there is a non-answer evaluation context IS € Cy such
that tf = Ij[z]. Taking Co := Ci[y][y\I5] € Xy, we have that to = Ci[y][y\I5[]], as
required.

EAppRStr, C = uC; where u € SyU&y and C; € C. We consider three cases, depending
on whether (1) the internal step r is at the root of ¢y, (2) to is an application tj o and the
step r is internal to ), (3) to is an application t{r¢ and the step r is internal to 7.

(a) The internal step r is at the root of ¢y. This case is impossible: r cannot be a dB
step or a lsv step, since the right-hand side of both dB and 1sv steps is a substitution,
not an application.

(b) The internal step r is to the left of ¢y = t;C;[x]. Let ry : t{ —gn\gc u be the step
isomorphic to r but going under the context [1C;[z]. Note that r1 must be J-internal,
otherwise r would be ¥-external. Then by the fact that normal forms are backwards
preserved by internal steps (Lem. 104), we have that ¢, must be a strong ¥-structure
up. By taking Co := ug C1 € Xy we have that tg = ug C1[z], as required.

(c) The internal step r is to the right of to = uty. Let r1 : tj —gn\gc C1[2] be the step
isomorphic to r but going under the context uw[J. By i.h. there is an evaluation context
Cio € Cf; such that t, = Cio[x]. Taking Coy := uCy1g € Xy we have that tg = uCig[x], as
required.

. ELam, C = \y.C;, where C; € Cq};u{y}' Then t is an abstraction Ay.t, and the step r

is internal to #. Let ry : £y —gn\gc C1[2] be the step isomorphic to r but going under the
lambda. Note that r; cannot be a (J U {y})-external step, since then r would be ¥-external.
Hence r; is (9 U {y})-internal and by i.h. we have that there exists an evaluation context
Cio € Cgu{y} such that t{; = Cyo[x]. Taking Cy := Ay.C1o € Xy we have that to = \y.Cio[z],
as required.

eAppRCons, C=1C; and t € Ky and C; € C}. Similar to EAPPRSTR.

eCasel. C = case C; of (¢;%; = 8;)icr €C, and C; € C% and h ¢ {c;}icr or h =c¢; €
{ci}tier and |A(C,y)| # |Z;| . Similar to previous cases.

eCase2, C = case t of ¢;71 = t1,...,¢;T; = Cy1,..., ¢y, = t, €Cy and ¢t € Ny and
t ¥ (ciTi = si)ier and ty € Nyug, for all k <j Cp € Cf;ufi . Similar to previous cases.
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Lemma 106 (Permutation of internal steps and external dB steps). Given any set of variables ¢
such that fv(ty) C 0, if to =50 t1 =Y, t3 where the second step is a dB step, there exists a term
ty such that tg —Y, ta —sn\gc 13 where the first step is a dB step. An explicit construction for the
diagrams is given.

Proof. Let r be the internal step to —2” t; and r’ the external dB step t; ~—U t3. Then t; =
C[(Axz.s)Lu] and t3 = C[s[z\u|L]. Throughout the proof we write A for the dB redex (Az.s)Lu and
A’ for its contractum s[z\u|L. By induction on the derivation that C € C%, the term t, will be
shown to be of the form Cy[Ag], where Cy € Ck, and A is a dB redex, and to = Co[A}], where A}
is the contractum of Ay, in such a way that the diagram is closed as required by the statement.

1. EBox, C = 0 € Ch. Then there is a dB redex at the root of ;. By Lem. 79, the internal
step to —5¥ t; must be of the form

r:ty = (Ar.so)Loug =g (Az.s)Lu =1t

and the anchor of r must lie either inside sg, inside ug, or inside one of the arguments of Lg.
Then the situation is:

(Az.50)Lo g —2— (Az.s)Lu

So[z\uo]Lo o’ slz\u]L
By taking Cy := [0 we conclude.
As a further observation, note that the step at the bottom of the diagram is not necessarily
¥-internal, for instance, it is external if it happens to take place at the root of sg.

2. EAppL, C=C;r € C! with C; € C? and h # \. The situation is:

to i) C1 [A] r

Js

C1[A]r

We consider three cases: (1) the step r is at the root of to; (2) ¢ is an application tg = ¢ ro
and the step r takes place inside t{; (3) to is an application ¢y = t{,ro and the step r takes
place inside ryg.

(a) The internal step r is at the root of t;. We claim that this case is impossible.
First, r cannot be a dB or a case step, since that would be a J-external step, as [ € Cf;.
Second, r cannot be a 1sv or a £ix step, since its right-hand side is C;[A] r, which is an
application node, and the right-hand side of any 1sv or fix step is a substitution node.

(b) The internal step r is to the left of tq = t{79. Then there is a step ry : t{ —rsp\gc
C1[A]. We consider two subcases, depending on whether r; is ¥-external or ¥-internal.
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i. If r; is Y-external. Then #) is of the form Cy[%] where Co € C' and ¥ is the
anchor of a redex. Note that A’ = ), since otherwise Co 7 € Cf; and we would have
that the step r : Co[X] 7 —3 C1[A]r is external, contradicting the hypothesis that
it is internal. Hence since C2 € Cj by Lem. 45 we conclude that t{, is of the form
voLo, i.e. an answer. Moreover, since answers are stable by reduction (Lem. 77)
we have that C1[A] is an answer, and this is impossible since answers do not have
redexes below non-answer evaluation contexts (Lem. 97).

ii. If ry is ¥-internal. Then by i.h. we have that there exists a non-answer evaluation
context Co € Cl, a dB redex Ag, and A} its contractum such that t) = C3[A] and:

CalAg] —2 ¢4[A]
9 9

Ca[A5] o Gl

By taking Cp := Co7 € C we have that:

to = Co[Ao] r l) Cl[A] r=t

)| Jo
to = Co[AB] r—> Cl[A/] r =13

sh\gc

¢) The internal step r is to the right of ¢ty = t, 9. Then t), = C;[A] and rq =27 r.
0 sh

By taking Cq := Cy 79, we have that Co € Cl, and closing the diagram is immediate:

to :Cl[A]TOl>Cl[A]T’ :tl

tg = Cl[A/] T0 7} Cl[A/] r = t3
3. ESubLNonStr, C = Cy[y\r] with y €9, r € Sy U&y and C; € Cf,f. The situation is:

to — C1[A][y\r]
9

C1[A[y\7]

There are three cases: (1) the step r is at the root of to; (2) to is a substitution to = ¢{[y\7o]
and the step r takes place inside t(; (3) to is a substitution ¢y = t{[y\ro] and the step r takes
place inside ryg.

(a) The internal step r is at the root of ¢;. Note that r cannot be a dB, fix or case
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step, as that would be an external step. Suppose then that r is a 1sv step:

to = C[2][2\vL'] —2 Clo][2\v]L' == C,[A][y\r]
9
C1 A [y\r]

We know that C[v][z\v]L’ = C;[A][y\r]. The outermost substitution [y\r] is either [z\v]
(if L is empty) or it is the outermost substitution in L’. In any case, the substitution
[y\r] is not part of C.

Let L; be a substitution context such that [z\v]L' = L;[y\r] and using Lem. 95 let us
strip the substitution Ly from C;[A]. This gives us two possibilities, case A and case B
in the statement of Lem. 95:

i. Case A. Then C; = Cy1L; in such a way that:
C['U] = Cll[A]

where ¢ = f2” (L [y\r]) = 2’ ([z\v]L') and Cy; € Cl,.

We consider three subcases, depending on the position of the hole of C relative to
the position of the hole of Cyj.

A. The hole of C and the hole of C;; are disjoint. Then there is a two-hole
context C such that

C[0,v]=c;; and C[A,O)=C
And the situation is:
to = CA, 2][2\vL'] —2= C[A, v][z\v]L/ = £,
9

c[A’, v][z\v]L! = t3

Recall that C[0,v] = Ci1 € Ck, where 9 = 27 ([2\v]L'). Note that z ¢ ¥’ since
the value v is not a strong structure. By the fact that evaluation contexts are
backwards-stable by substitutions (Lem. 89) there are two possibilities: the left
and the right branch of the disjunction. Let us analyze each branch:

e Left branch: C[[J,z] € C!,. Then by Lem. 91 we have that C[J, z][z\vL/] €
Xy, and the situation is:
to = C[A, 2][z\vL] —2— 5 G[A, v][2\0]L = £,

ts = GIAY, 2)[2\oL/] — 8L BIAY, ] [2\o]L = ¢
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e Right branch: E[A, O] € Ch. This case is not possible, as we would have
that C[A,d][z\v]L’ € Xg, since fz¥ ([z\v]L) = ¥’ by Lem. 90. This implies
that there are two different steps of the generalized call-by-need evaluation
strategy under ¥ outgoing from ¢1: one is the dB step:

t; = C[A, z][z\v]L' —Y, CA', z][z\v]L' = t3
and the other one is the 1sv step:
t1 = C[A, z][z\v]L' —? CT[A, v][x\v]L’

The coexistence of two different steps contradicts the fact that »—7 is a

strategy (as shown in the unique decomposition lemma, Lem. 58).

B. The context C is a prefix of C;;. We claim that this case is impossible.
Indeed, since C is a prefix of C1; we have that C1; = C[C’] for some context C'.
By the decomposition of evaluation contexts (Lem. 50) the context C must be
an evaluation context, more precisely C € Cf;,.

We claim that C € Xy. Observe that ¢ C ¢ U {z} UdomL' since C; = Cy;L
and Li[y\r] = [¢\v]L’. But z is not bound to a structure in [z\v], so z & ¥,
which implies that ¥ C 9 UdomL’. Moreover, by the variable convention, the
context C cannot contain any occurrence of a variable in domL’, since C takes
part in an expression of the form C[z][z\vL'], in which it is outside the scope of
L’. In particular, the variables in dom L’ cannot be structural variables in C, so
by the fact that non-structural variables are not required in “¢” (Lem. 87), we
conclude that indeed C € Xy.

Recall that the internal step r is of the form:

to = C[z][z\wL’] %;1:9 Cl][z\v]L' = t;

but since C is a ¥-evaluation context we conclude that the step r is actually
external, which is a contradiction.

C. The context Cy; is a prefix of C. Since Ci; is a prefix of C we have that
C = C11[C’] for some context C’. Hence C'[v] = (Az.s)Lu, and there are four
possibilities for the position of the hole of C’: inside s, inside one of the substi-
tutions in L, inside u, or right above Ax.s (i.e. ¢’ = [Lu). Let us analyze each
case:

e The hole of €’ is inside s. Then ¢’ = (Az.C”)Lu and s = C”[v]. Then
the steps are essentially orthogonal, i.e. Ag = (Az.C"[®])Lu and Ay =
C"[®][x\u]L; and the situation is:

to = C11[AL][2\oL] ——2—— 1 [A) [P\l =t
sh\gc

tQ = Cll[Alz][Z\’UL/] _— Cll[A;][z\U]L/ = t3

To be able to close the diagram, we must justify that the context Cpq[z\vL']
is a ¥-evaluation context. We already know that C1; € Cl,, and it suffices to
show that C11 € Xy.
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Start by noting that ¢/ C ¢ U {2z} UL' and z & ¥ since z is bound to a
value in [2\v], so actually ¢ C ¢ UL'. Moreover, the variables in domL’ do
not occur in the context C;; by the variable convention, since C1; takes part
in an expression of the form Cy;[(Az.C”[z])Lu][z\vL'] in which it is outside
the scope of L. In particular, the variables in domL’ cannot be structural
variables in Cy1, so by the fact that non-structural variables are not required
in “9” (Lem. 87), we conclude that indeed C;; € Xy.

e The hole of C’' is inside L. Then C' = (Az.s)Loj[2'\C"]Loou and L =
Loy [2'\C"[v]]La2. Then the steps are essentially orthogonal, i.e. Ag = (Az.s)Loy[2'\C"[®]|Lag u
and A = s[z\u]Lo1[2'\C"[®]]Laz and the diagram is closed as in the previous
case.

e The hole of ¢’ is inside u. Then C' = (Az.s)LC"” and u = C”[v]. Then
the steps are essentially orthogonal, i.e. Ag = (Az.s)LC”[®] and A} =
s[z\C"[®P]]L and the diagram is closed as in the previous case.

e The context C’ is of the form C' = OLu. We claim that this case is
impossible.

Observe that in this case the internal step r is of the form:

to = C11[2Ls][2\vL/] =5 Cq1[vLs][z\v]L’ = t;

As in the previous case, we may argue that C;; € Xy. This in turn implies
that C11[0OLs][#\vL'] € Xy. This means that the r is actually an external step,
which is a contradiction.

ii. Case B. Then C; = Cq1[2']-Z{0} in such a way that:
C[U] = Cll[[x']] L, = DX{A}

where ' = 27 (L1[y\7]) = fz” ([z\v]L"), the evaluation context is C;; € Cf, and .Z

is a (9, 2')-chain context.

We consider three subcases, depending on the position of the hole of C relative to

the position of the hole of Cy1.

A. The hole of C and the hole of C;; are disjoint. Then there is a two-hole
context C such that:

6[‘]7’0] = C11 6[1‘/, D] =C

By the fact that evaluation contexts are backwards-stable by substitutions
(Lem. 89) there are two possibilities: the left and the right branch of the dis-
junction. Let us analyze each branch:

e Left branch: C[(J,z] € C;;. Note that % is a (0, 2)-chain context, so
OZ2{A} binds 2’. Moreover, OZ{A}y\r] = L1[y\r] = [2\v]L'. So it must
be the case that 2’ = z. Otherwise, ' would be bound by a substitution in
L’ and it would occur free on the left hand side to = C[z, z][z\vL/] which is
impossible since a free variable cannot become bound by reduction.

Then since ' = z we have that vL' = C1[A] for some evaluation context
1% € C;. This is impossible by Lem. 97.
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(b)

e Right branch: C[+/,(J] € Cj;. Then Clz/,00] € Ck. Note that ¢ =
f2? ([z\v]L'), so ¥’ € YUdomL’. Since variables in dom L’ do not occur in C, as
C is outside the scope of L’ on the starting term ¢y, in particular they are not
structural variables, so by repeatedly applying the fact that non-structural
variables are not required in “9” (Lem. 87) we have that Clz/,00] € Ch, so
C[z\vL'] = C[2/, 0] [z\vL] is an evaluation context in Cf. This means that the
step r is internal, which is a contradiction.

B. The context C is a prefix of C1;. Then Cy; = C[C'], so by the decomposition
lemma for evaluation contexts (Lem. 50) C € C%. Note that ¥/ C ¢ U domL,
so by the fact that non-structural variables are not required in “9” (Lem. 87)
we have that C € Cf;. This means that the step r is internal, contradicting the
hypothesis.

C. The context Cy; is a prefix of C. Then C = Cy1[C'], so since Clv] = C11[z']
we have that v = 2’ which is impossible.

The internal step r is to the left of ¢y = t{[y\ro]. Then ro = r and the internal
step r is of the form:

to = toly\r] =g tily\r] = Ci[Ally\r] = t1
Note that the corresponding step t{ —gn\gc t] is internal:
th —an 1 = Ci[A]

for, were it external, we would conclude that the step r is also external, contradicting
the hypothesis. Moreover:

t = C1[A] =Y Ci[A] =1

By i.h. we have that there exists an evaluation context Cig € Cf; , a dB redex Ag, and
A its contractum such that t;, = C19[Ag] and:

Cio [AO] %’& Cq [A]

9 Iﬁ
, sh\gc ,
Cio[Afj] —————» C1[A]

By taking Cq := Cio[y\r] € C% we have that:

to = Co[Ao][y\r] ——2—— C1[Ally\r] = t,
9 9

s = ColA][y\r] — 5 ¢y [A]y\r] =t

The internal step r is to the right of tg = t,[y\ro]. Then t; = C1[A] and the
internal step r is of the form:

to = C1[A][y\ro] =g Ca[Ally\r] = t1
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where rg —>gp\gc 7, and we may conclude directly, since the internal and the external
steps are essentially orthogonal:

to = Cl[f] [y\ro] ———>—— C1[A] [yf‘} =t
s = C1[A][y\ro] — 55 ¢y [AY][y\r] = 1

To be able to close the diagram, we must justify that the step at the left is external,
i.e. that Ci[y\ro] is an ¥-evaluation context. Indeed, the facts that C; € C% and that
adding an arbitrary substitution preserves evaluation contexts (Lem. 80) imply that
Ci1[y\ro] € Ck, as required.

4. ESubLStr, C = Cy[y\r] with r € SyU &y and C; € CQU{U}. The situation is:

to—2 s ci[Ally\r] =t
¥

C1[Aly\r] = t3

There are three cases: (1) the step r is at the root of to; (2) to is a substitution t{[y\ro] and
the step r takes place inside t(; (3) to is a substitution t{[y\ro] and the step r takes place
inside rq.

(a) The internal step r is at the root of ¢y,. Note that r cannot be a dB, fix or case
step, as that would be an external step. Suppose then that r is a 1sv step:

to = C[z][z\vL’] % Clv][z\v]L' C1[A]ly\r] = t1
9
C1[A][y\r] =5

We know that C[v][z\v]L' = C1[(Az.s)Lu][y\r]. Note that L' cannot be empty since the
outermost substitution [y\r] cannot coincide with [z\v], given that r € Sy U &y is a
structure, and therefore it cannot be a value like v.

Let Ly be a substitution context such that [z\v]L" = Li[y\r], and using Lem. 95 let us
strip the substitution Ly from C;[A]. This gives us two possibilities, case A and case B
in the statement of Lem. 95:

i. Case A. Then C; = Cy1L; in such a way that
[2\v]L" = Ly[y\r] and Clv] = Cy1[(Az.s)Lu]

where ' U {y} = 2771 (L1 [y\r]) = 27" ([2\w]L') and C11 € Xgrigyy-

We consider three subcases, depending on the position of the hole of C relative to
the position of the hole of Cy;.
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A. The hole of C and the hole of C;; are disjoint. Then there exists a two-hole
context C such that:

C[0,v]=c;; and C[A,O)=C
Then the situation is:

to = C[A, z][2\vL] ——2— 4 G[A, v][2\v]L’ = #;
9
ClA, v][2\v]L! = t3

By the fact that evaluation contexts are backwards-stable by substitutions

(Lem. 89) there are two possibilities for C: the left and the right branch of

the disjunction. Let us analyze each branch:

e Left branch. C[(J, 2] € Xgru{yy- Then by Lem. 91 we have that €[, 2][z\vL] €
Xy, and the diagram can be closed:

to = C[A, 2][2\vL] ———2— 5 C[A, v][2\v]L' =

ty = GIAY, 2)[2\oL] — 8L BIAY, ] [2\o]L = t5

e Right branch. E[A, O] € Xgrugyy- This contradicts the fact that the step r
at the top of the diagram is internal.

B. The context C is a prefix of C;;. Then C;; = C[C;]. By the decomposition
of evaluation contexts lemma (Lem. 50) we obtain that C € Xyrygyy. This
contradicts the fact that the step r at the top of the diagram is internal.

C. The context Cy; is a prefix of C. Then C = C;;[C1], so the dB redex contracted
by r' is A = (Az.s)Lu = Cy[v]. There are four subcases, depending on the
position of v inside A: it can be internal to s, internal to L, internal to u or it
can be precisely A\z.s:

e v is internal to s. That is, C; = (Az.Co)Lu and s = Cqfv]. Let Ag =
(Az.C2[®])Lu and A} = C3[®][x\u]L. Then the diagram can be closed as

follows:
to = C11[AL)[2\0L] —2—— i1 [AL[2\W]L = &
9 9
sh\gc

ty = Ci1[A][z\vL] Cra[AL][2\v]L" = t3

e v is internal to L. That is, C; = (Az.s)L;[2'\Cz]Lou and L = Ly [z"\Ca[v]|Ls.

Let Ap = (Ax.$)L1[2'\C2[®]]Lou and Al = s[x\u|L1[x'\C2[®]|Ls. Then the
diagram can be closed as in the previous subcase.
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e v is internal to w. That is, C; = (Az.s)LCy and u = Csfv]. Let Ag =
(Az.s)LC2[®] and A = s[z\C2[®P]]L. Then the diagram can be closed as in
the previous subcase.

e v is precisely Ax.s. That is, C; = OJLu. Then the step r at the top of the
diagram is of the form:

to = C11[zLu][2\vL'] = Cy1[vLu][z\v]L' = t;

Note that C1;[2\vL’] € C% by Lem. 91. Hence by the decomposition lemma
for evaluation contexts lemma (Lem. 50) we have Cq1[0Lu][2\vL/] € C%, which
contradicts the fact that r is an internal step.

ii. Case B. Then C; = Cyq[2']-Z {0} such that:
C[’U] = Cll[[l'/]] DX{A} = L1

where ' U {y} = fz’m{y}(Ll)7 the evaluation context Ci; is in Xyrygyy, and 2 is a

(9 U {y},x’)-chain context.

We consider three subcases, depending on the position of the hole of C relative to

the position of the hole of Cy;.

A. The hole of C and the hole of C;; are disjoint. Then there is a two-hole
context C such that:

E[D,U] = C11 6[1’/, D] =C

We argue that this case is impossible. Note that the original term is of the
form:
to = C[2][z\vL'] = C[z’, v][z\vL'] = C11[2'][z\vL]

and ty — t;. The variable 2’ is bound in ¢, so it must also be bound in tg,
so ¢’ = z. Since .Z is a (Y U {y},z')-chain context we know that ;. Z {0} =
[y [2\Oa]L’. This means that v = 19" [A] where I?” is a non-answer evaluation
context, for some appropiate value of ¢, In any case, this is impossible, since
answers do not have redexes under non-answer evaluation contexts (Lem. 97).

B. The context C is a prefix of C;;. Then C;; = C[C’]. Hence by the decom-
position lemma for evaluation contexts (Lem. 58) we have that C must be an
evaluation context in Xg/ygy}-
As in the two previous cases, we may note that ¢’ U{y} C yUdomL’ and apply
Lem. 87 to conclude that C € Xy. So also C[z\vL] € Xy, which contradicts that
that the step r is internal.

C. The context C is a prefix of C;;. Then Cy; = C[C']. Since C[v] = C11[z'] we
have that v = 2/, which is impossible.

(b) The internal step r is to the left of ¢ty = t([y\r]|. Here t(; =g\ 17 = C1[A]. Note
that the step t{ —sn\gc ) must be (¥ U {y})-internal, for otherwise the step at the top
of the diagram r : £4[y\r] —>sn\gc t1[y\r] would be a ¥-external step.
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By i.h. we have that there exists an evaluation context Cig € Xyyugy}, a dB redex Ao,
and its contractum A( such that i = C19[A¢] and:

~(9U{y})

C10[Ao] C1[A]
(YU{y})—need I(ﬁu{y})need
sh\gc
Cio[A] = 1 [A]
By taking Co := Cio[y\7] € C% we have:
to = C10[Ao][y\r] ———— C1[Ally\r] = t1
9 9
sh\gc

t2 = C1o[AG)[Y\r] ————» C1[A][y\r] = t3

(c) The internal step r is to the right of t, = ty[y\70]. Here 7o —gp\gc 7 and ty = C1[A].
We consider two cases, depending on whether the step 1 : 7o —>gn\gc 7 is U-external or
J-internal:

i. If r; is ¥-external. Two further subcases, depending on whether y € sv(Cy) or
not:
o If y € sv(Cy). Since ry : 79 —rgn\gc 7 is a V-external step, we can write ro = C3[X]
and r = C3[X'] where:
— Y is the anchor of ry and Y’ is its contractum,
— Cg is an evaluation context Cg € Cf,?.

Moreover, by the fact that structural variables are below evaluation contexts
(Lem. 88) there is an evaluation context C € Cl such that C1[A] = Cay].
Hence the step r at the top of the diagram is of the form:

r: tg = Co[y][¥\Cs[X]] = emge C2[¥][y\C3[E]] = t1

If C3 happens to be a non-answer evaluation context, i.e. C3 € Cj; then the
composition Cs[y][y\Cs] is a ¥-evaluation context and r is a ¥-external step,
contradicting the hypothesis that it was internal.

So we may suppose that C3 is not a non-answer evaluation context. By Lem. 45
we know that evaluation contexts which are not non-answer evaluation contexts
have the shape of an answer. In particular C3[¥'] = (Az’.¢')L” and we have a
¥-external step:

o t; = Cofy][y\ Nz .t )L"] —Y, Co[Aa’.t'][y\ Nz’ .t']L"

Hence t; has two distinct external steps, namely r’ and ry. This is impossible
as a consequence of the unique decomposition lemma (Lem. 58).

e If y & sv(Cy). Then by the fact that non-structural variables are not required
in “9” (Lem. 87), we have that C; € Cl, so C1[y\ro] € C%, regardless of whether
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ro is a ¥-structure or not. This lets us close the diagram as follows:

to = C1[A][y\ro] ———— C1[A][y\r] = t,
9 9

ty = Gy Ay \ro] —E ¢y (A ] = t

ii. If ry is Y-internal. Then by the fact that normal forms are backwards preserved
by internal steps (Lem. 104), r( is a structure; more precisely rg € Sy U Ey. This
allows us to conclude that C;[y\ro] € Ck, and the diagram can be closed just like in
the previous subcase.

5. ESubsR, C = C1[y][y\C2], where C; € C} and Cy € C}. The situation is:

to ——"—— Ci[y][y\C2[A]] = 11

9
Cilylly\C2[A']] = t3

There are three cases: (1) the step r is at the root of to; (2) to is a substitution t{[y\ro] and
the step takes place inside t(; (3) to is a substitution ¢{[y\ro] and the step takes place inside
To.

(a) The internal step r is at the root of ¢;. Note that r cannot be a dB, fix or case
step since then it would be ¥-external, so r must be a 1sv step:

to = C[2][2\vL'] = C][z\0]L’ = Cly]ly\CalA]] = 1

Let Ly be a substitution context such that [z\v]L’ = L1[y\C2[A]], and using Lem. 95 let
us strip the substitution Ly from C;[y]. This gives us two possibilities, case A and case
B in the statement of Lem. 95:

i. Case A. Then C; = Cy1L; such that:

Ci1[y] = Clv]
where ¥ = fzﬁ(Ll) and the evaluation context Cy; € Cf;:.

We consider three subcases, depending on the position of the hole of C relative to
the position of the hole of Cy;.

A. The hole of C and the hole of Ci; are disjoint. Then there is a two-hole
context C such that:

a[D,U] =Cy1 a[y, D] =C
Then the original term ¢y is of the form:

to = Cl2][2\vL] = Cly, 2][z\wL’] = Cui[y][=\wL']
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(b)

and o —ren\gc t1. The variable y occurs bound in #;, so it must also occur
bound in tg, which means that y = z. Since L;[y\C2[A]] = [z\v]L’ we have
that C2[A] = v. This is impossible since answers do not have redexes under
non-answer evaluation contexts (Lem. 97).

B. The context C is a prefix of C;;. Then Cy; = C[C'], so by the decomposition
lemma for evaluation contexts (Lem. 50) C is an evaluation context in C%,. Note
that 0 = fz° ([z\v]L’) € ¥ UdomL’ and variables in dom L cannot occur free in
C, since C is outside the scope of L in the original term ¢g. In particular, the
variables in domL do not occur as structural variables in C, so by repeatedly
applying the fact that non-structural variables are not required in “¢9” (Lem. 87)
we have C € Ck. This in turn means that C[z\vL'] is an evaluation context in
Cf; , contradicting the fact that r is an internal step.

C. The context C1; is a prefix of C. Then C = C11[C’]. Given that C[v] = C11[y]
we have that v = y, which is impossible.

ii. Case B. Then C; = Cyq[2']-Z {0} such that:
C11H3¥ﬂ = C[U] L = []cfg{ij}

where ¥ = 27 ([2\v]L') = fz” (L1 [y\C1[A]]), the evaluation context Cy; is in C%,, and
% is a (9, z')-chain context.

The remainder of this case is analogous to the previous item 5(a)i. For case 5(a)iA,
recall that answers do not have variables under non-answer evaluation contexts
(Lem. 97).

The internal step r is to the left of t, = t{[y\ro]. Then there is a step r; :
th —>sn\ge C1[y]. The step r; must be ¥-internal, for if it were ¥-external, we would have
that the step r : t4[y\C2[A]] = sn\ge C1[¥][¥\C2[A]] is also ¥-external, contradicting the
hypothesis.

Since ry is internal, by the fact that needed variables are backwards preserved by internal
steps (Lem. 105) we have that t{, is of the form Cg[y], where Cy is an evaluation context
in Ch.

This allows us to close the diagram:

to = Coly)[y\Ca[A]] ——2—— C1[y][y\C2[A]] = &1

sh\gc
ta = Co[y][Y\C2[A"]] —————— Ci[y][y\C2[A]] = t5
The internal step r is to the right of ¢y = ¢{[y\79]. Then there is a step r; :
TO —>sh\ge C3[A]. We consider two subcases, depending on whether r; is ¥-external or
J-internal:

i. If r; is ¥-external. Then its source rq is of the form ro = C3[X] where C3 € C,l’;
is an evaluation context and X is the anchor of a redex. Moreover, h # -, since
otherwise we would have that the step r : Ci[y][y\ro] —sn\ge C1[y][y\Ca[A]] is
external, contradicting the hypothesis that it is internal.
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So given that h # -, then either h is a lambda or a constant and by Lem. 45 we
conclude that ry is an answer. By the fact that answers are stable by reduction
(Lem. 77) this means that Co[A’] is also an answer, which contradicts the fact that
answers do not have redexes below non-answer evaluation contexts (Lem. 97).

ii. If rq is ¥-internal. Then by i.h. we have that there exists a non-answer evaluation
context Cz, a dB redex Ag and its contractum A such that ro = C3[A¢] and:

Cs[Ag) ——2 5 ¢y[A]
9 9
CsAg) — ¢, [A]

So by taking Co := C1[y][y\Cs] € C% we have:

to = C1y][y\Ca[Ao]] ——2— Ci[y][y\C2[A]] = t1

[ 0

s = C1 [yl [9\Ca[A0]] — s ¢y [yl [1\Co[A]] = 5

6. EAppRStr, C =rCy, where r € Sy U&y and C; € Cf;. The situation is:

to —)ﬁﬁ T Cl[A} =1
9

r Cl [A,] = t3

There are three cases: (1) the step r is at the root of ¢o; (2) to is an application 7 t{, and the
step takes place inside ro; (3) to is a substitution 7 ¢, and the step takes place inside .

(a)

The internal step r is at the root of ¢3. This case is impossible. Note that r cannot
be a dB, fix or case step at the root, since it would be an external step. Moreover, r
cannot be a 1sv step at the root, since then the outermost constructor of t; = r Cy[A]
would be a substitution, but it is an application.

The internal step r is to the left of tq = ro ;. Then there is a step r1 : 70 —gn\gc 7"
The step r; cannot be ¥-external, for this would imply that r : ro C1[A] —gp\gc 7 C1[A]
is also ¥-external, contradicting the hypothesis.

Recall that 7 € Sy U &y, so by the fact that normal forms are backwards preserved by
internal steps (Lem. 104) we have that rg € Sy U Ey. Hence we may close the diagram
as follows:

to :Tocl[A] ﬁ;ﬂH"Cl[A] =1t

sh\gc

t2 =To Cl[A/] _— rCl[A’] = t3
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(c) The internal step r is to the right of ¢y = o tj. Then there is a step ry : £y —sp\gc
Ci[A]. The step r; cannot be -external, for this would imply that r : ro C1[A] —gp\ge
r C1[A] is also ¥-external, contradicting the hypothesis.
By i.h. we have that there exists an evaluation context C1o € Cf;, a dB redex Ay and A
its contractum such that ¢, = C19[A] and:

ClO[AO] ﬂ—19> Cl[A]

| |

9
Cro[Ay] — 8y ¢ [A]

So by taking Cg := rC1p € Ch we have:

to = TClo[Ao] ;ﬁ) TCl[A] =11
| Js
tg = T'Clo[Aé)] % rCl[A’] = t3

7. EAppCons, C =rCy, where r € Ky, h = hc(r), and C; € C}. Similar to EAPPRSTR.

8. ELam, C = \y.C. The internal step r is of the form:
Tty =) \y.ClA]

Note that r cannot be at the root of g, so o must be an abstraction A\y.t(,, and r must be
internal to ty. Let ry @ £ —gn\gc C[A]. Note that ry cannot be a (YU {y})-external step, since
this would imply that r is ¥-external. So ry is (9 U {y})-internal. Then closing the diagram
is straightforward by i.h..

9. ECasel. Similar to previous cases.

10. ECase2. Similar to previous cases.
O

Lemma 107 (Permutation of internal steps and external 1sv steps). Given any set of variables
such that fv(to) C 0, if tog =37 t1 =Y ts where the second step is a 1sv step, there exists a term
to such that to Y, to —sn\ge t3 Where the first step is a 1sv step. An explicit construction for the
diagrams is given.

Proof. Let r be the internal step to —’ t; and r’ the external 1sv step t; Y t3. Then
t1 = C1[C2[z][x\vL]] and t3 = Ci[Ca[v][z\v]L], where Ci[Co[x\vL]] € Ck. We write A to stand for
the 1sv redex Cofz][x\vL] and A’ for its contractum Ca[v][z\v]L.

By induction on the derivation that C; € Cg, the term tg will be shown to be of the form
C10[Ca0[x][x\voLo]], where C1[Can[x\voLo]] € Cf;, and then t9 = Cy19[Ca0[vo][x\vo]|Lo], in such a way
that the diagram is closed as required by the statement. We write Ag to stand for the 1sv redex
Coo[z][x\voLo] and Aj for its contractum Cap[v][x\vo]|Lo-

Furthermore, suppose that Co € Cf;,,. Then the inductive construction will ensure that Coo € C{;:,.
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1. EBox, C; = 0 € Ch. Note that in this case ¢/ = fz?(0) = 9. Then there is a 1sv redex
at the root of t; = Cyx][z\vL]. We consider three cases: (1) the step r : tg —2¥ t; is at
the root of tg; (2) to is a substitution ¢[z\sg] and r is internal to t; (3) to is a substitution
to[x\so] and r is internal to sg.

(a) The internal step r is at the root of ¢y. Note that r cannot be a dB, fix or case
step, since it would be external. So r is a 1sv step, i.e.:

to = Clylly\v'L') =4 Clv']ly\v'IL" = t1 = Caff][z\wL]

Let L; be a substitution context such that [y\v']L’ = Ly[z\vL], and using Lem. 95 let us
strip Ly from Cy[z]. This gives us two possibilities, case A and case B in the statement
of Lem. 95:

i. Case A. Then Cy[z] = Co1[z]L; where ¥ = 2’ (L), the evaluation context Co; is
in Cf;,, and we have:
C[v'] = Ca1[z]

We consider three further subcases, depending on the position of the hole of C

relative to the position of the hole of Ca;.

A. The hole of C and the hole of Cy; are disjoint. Then there is a two-hole
context C such that:

E[D,U] = Cgl 6[1‘, D] =C

By the fact that evaluation contexts are backwards-stable by substitutions
(Lem. 89) there are two possibilities for C: the left and the right branch of
the disjunction. Let us analyze each branch:

e Left branch. Then C[[J,y] is an evaluation context in Cl,. Note that ¢ =

f2? (L1 [z\ovL]) = f2°([y\v/]L’) € ¥ U domL/, and that variables in domL’ do
not occur in C[J,y], since C[CJ,y] is outside the scope of L’ in the original
term tg. By repeatedly applying the fact that non-structural variables are
not required in “9” (Lem. 87) we obtain that C[J,y] € Ch.
Note also that x is bound by Li[z\vL] = [y\v']L/, and that it must occur
bound in ty = C[x, y][y\v'L’], since free variables cannot become bound. So
2 it must be bound by [y\v'L’], which means that z = y, and in particular
v=12v"and L =L'. We may then close the diagram as follows:

to = Clz, 2] [z\vL] ——2—— Clz, v][2\W]L =
ta = Glu, 2][2\ o)L —— 5 Clo, ][ \0]L = ts

e Right branch. Then C = C[z,] is an evaluation context in C%,. Note that
9" = 2’ ([2\v']L’) € YUdom L’ and variables in dom L’ do not occur in C, since
C is outside the scope of L in the original term 3. By repeatedly applying the
fact that non-structural variables are not required in “9” (Lem. 87) we obtain
that C € C. We conclude that the step r : C[y][y\v'L'] =57 C[v'][y\v']L’ is
external, which contradicts the hypothesis that it is internal.
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(b)

B. The context C is a prefix of C3;. Then Cy; = C[C]. By the decomposition
of evaluation contexts lemma (Lem. 50) we know that C must be an evaluation
context in Xy~. By the fact that non-structural variables are not required in
“9” (Lem. 87) we obtain that C € C%. This contradicts the hypothesis that r is
an internal step.

C. The context Cy; is a prefix of C. Then C = Co[C’]. Since C[v'] = Ca1[z] this
implies that v = x, which is impossible.

ii. Case B. Then Cy[z] = Co1[2]-Z{x} such that:

C[v'] = Ca1[Z] O02{z} =1L,

where ¢ = fz (L), the evaluation context Cg; is in Cl},, and .& is a (1), z)-chain
context.

The remainder of this case is by case analysis on the relative positions of the hole
of C and the hole of Cy, similar to item 1(a)i. The only significant difference is for
1(a)iA in the Left branch subcase. In this subcase we have that:

to = Clz, ylly\v'L'] =5 Clz, v'][y\W]L" = Clz,v'].L{a}[2\oL] = 1y

where C[J,y] € Xy and & is a (¢, z)-chain context. Note that z must be bound
by [y\V']L', so z = y. Moreover, z must also be bound by 0.2{x} to a term of the
form 1Y[2']. Thus v’ = I”[2] which is a contradiction, since answers do not have
occurrences of variables below non-answer evaluation contexts (Lem. 97).

The internal step r is to the left of ¢y = t,[z\sp]. Then there is a step ry :
ty —>sn\gc C2[z]. Note that r; cannot be ¥-external, for this would imply that r is ¥-
external. Hence ry is ¥-internal, so by the fact that needed variables are backwards
preserved by internal steps (Lem. 105) we have that there is an evaluation context
Cog € C such that t) = Cog[z]. Thus the diagram can be closed as follows:

to = Coo[#][#\vL] ——2—— Cy 2] [z \vL] = t;
i l
£ = Coo[][#\ UL —— 8 Co[u][e\]L = 5

The internal step r is to the right of t; = t{[z\so]. Then there is a step r; :
50 —rsn\ge VL. We consider two cases, depending on whether r; is a v-external or a
¥-internal step:

i. If r; is ¥-external. Then sg is of the form C3[X], where C3 is an evaluation context
in C% and ¥ is the anchor of a redex. Note that h # - since otherwise the context
Ca[z][x\C3] would be an evaluation context, and the step:

r : Coa] @\ Cs[2)] —amge Cale]w\oL]

would be external, contradicting the hypothesis that it is internal.
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Then since h # - by the Lem. 45 we may conclude that C3[X] = vgLg. Hence the
diagram can be closed as follows:

to = Cofa][x\voLo] ——2— Co[z][z\vL] = t;
sh\gc

to = Co [Uo] [Qf\'UO]LQ —Cs [1}] [x\v]L =13

ii. If ry is ¥-internal. Then by the fact that answers are backwards stable by internal
steps (Lem. 78) we have that sg is of the form sg = voLo, and the diagram can be
closed just as in the previous case.

2. EAppL, C; =C3t and h # X\ and C3 € Cf,f. The situation is:

Jt=t
Js
C3[A]t =3

to ;ﬁ) Cg[A

where C3[Co[z\vL]] € CI" with k' # A.

This case is analogous to item 2 of the previous lemma (Lem. 106), as the proof does not
rely on A being a dB redex.

3. ESubLNonStr, C; = C11[y\t], where y ¢ 9, t € Sy U&y, and Cq; € Ch. The situation is:

to——2 s c]Aly\ =t
Ci1[A[y\t] = t3

We consider three cases, depending on whether (1) the internal step r is at the root of g, (2)
to is a substitution t{[y\ro] and the step r is internal to t{, (3) to is a substitution #{[y\ro]
and the step r is internal to rg.

(a) The internal step r is at the root of ¢3. Then r cannot be a dB, fix or case step,
since it would be external. So it must be a 1sv step. Then the step r is of the form:

to = Cl2][2\v'L] =) Clv'][2\V]L" = Cua[A][y\t] = s

Let L; be a substitution context such that Li[y\t] = [#\v']L". Recall that A = Ca[z][z\vL].
Using Lem. 96 let us strip Ly from Cy1[Cz[z\vL]]. This gives us four possibilities, A, B,
C, and D in the statement of Lem. 96.
i. Case A. Then:
Ci1 =Cinly Clv'] = C111[A]

where 9 = fzﬁ(Ll) and Ci11 € Cg,.

We consider three further subcases, depending on the position of the hole of C

relative to the position of the hole of Cy11.
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A. The hole of C and the hole of C;;; are disjoint. Then there is a two hole
context C such that

/C\[D,’Ul] = C111 E[A, D] =C
By the fact that evaluation contexts are backwards-stable by substitutions
(Lem. 89) there are two possibilities for C: the left and the right branch of
the disjunction. Let us analyze each branch:
e Left branch. Then C[0, 2] is an evaluation context in Cg/. Since ¥ =
fz’ ([2\v/]L') € ¥ Udom L', by applying the fact that non-structural variables

are not required in “9” (Lem. 87) we obtain that C[(], 2] € Ck’. This allows
us to close the diagram as follows:

J T

ty = C[A’, 2][z\v'L] Al

e Right branch. Then C € Cgl. Since 9 C ¥ U domL/ , by applying the fact
that non-structural variables are not required in “9” (Lem. 87) we obtain
that C € Cf;/. This contradicts the fact that r is an internal step.

B. The context C is a prefix of C;;;. Then by the decomposition of evaluation
contexts lemma (Lem. 50) we know that C € Cgl. Since 9 C 9 U domL/, by
applying the fact that non-structural variables are not required in “¢” (Lem. 87)
we obtain that C € CQ,. This contradicts the fact that r is an internal step.

C. The context Cq1; is a prefix of C. Then C = C111[C1], so C1[v'] = Ca[z][z\vL].
We proceed by case analysis on the position of the hole of C; in the term
Caz][z\vL]: it can be to the left of the substitution [z\vL], or inside the sub-
stitution.

e Left of the substitution, C; = Cyi[z\vL]. Now Cy;[v'] = Cofz]. Let us
analyze the relative positions of the holes of the contexts C1; and C3. Observe
that Co cannot be a prefix of Cy1, as this would imply that 2 = Ca[v]. So there
are two possibilities, either the holes of Cy; and Cy are disjoint, or Cqi; is a
prefix of Co:

— If the holes of C;; and C, are disjoint. Then there is a two-hole context
C such that:
c[O,v'] = ¢y Clz,d) = C1s
By the fact that evaluation contexts are backwards-stable by substitutions
(Lem. 89) there are two possibilities for C: the left and the right branch of
the disjunction. Let us analyze each branch:
Left branch Then E[D, z] € Yﬁl, so we may close the diagram as follows:

to = C111[Clz, 2] [z\vL]][z\v'L] =, C111[Clz, v/][z\wL]][2\V']L = t;
9 9

ty = C111[Clv, 2][z\v]L][2\v'L’] % Ci11[Clv, v [z \w]L] [2\v]L’ = t3
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Right branch Then C1; € Y. Hence the context C = C111[C11[z\vL]][z\v'L']
is in Cf;. This contradicts the fact that r is internal.

— If Cy; is a prefix of C;. Then C; = Cq1[C2]. The situation is:

to = C111[C11 [2][x\vL]][z\v'L']
= Crn[C[V][z\vL]][2\V]L =t

and we have that Ca[z] = Cq1[v’]. Given that Cy; is a prefix of Cy, we have
in particular that = occurs free in v’. This is impossible by Barendregt’s
variable convention, since v’ is outside the scope of the substitution binding
T in to.

e Inside the substitution, C; = Cq[z][z\C11]. So C1[v'] = vL. We consider
two further subcases, depending on whether the hole of C; is inside v or inside
one of the substitutions in L.

— If ¢; = Cy11L and v = Cy11[v]. There are two possibilities, depending on
whether the context Ci11 is empty:
Empty, ¢.e. C;11 = 0 Then the situation is:

to = Cy11[Ca[x][z\2L]][z\v'L']
=3 Cin[Cofz][z\v'L]][z\V]L =t

Note that the context Cq11[C2[x][z\TL]][z\v'L’] is a ¥-evaluation context,
so the step r is external, contradicting the hypothesis that it is internal.
Non-empty, i.e. C;1; = Az’.Co Then if we let vg = Az’.C3[®] the diagram
can be closed as follows:

to = C111[C2 [[a?]] [x\sz]][z\v’L’] ;ﬂ) C111[C2 [[.T]] [l‘\UU/L]][Z\UI]L/ = tl
t2 = C111[C2 [’UZ][LL'\’UZ}L] [2\’UILI} LYSC» C111[C2 [’UU/][{E\UU/]L] [Z\’UI}LI = lf3

— If Cl = ’ULl[y\Clll]LQ and L = Ll[y\Clll[v'HLQ. Then if we let Lq> =
L1[y\C111[®]]L2 the diagram can be closed as follows:

to = Clll [CQ [[’JJH [IZ?\ULZH [Z\U/L,] i) Clll [CQ [[I]CH [ZZJ\ULU/H [Z\UI]L/ = tl

9 9
tg = 0111[02[’0} [l‘\’U]LzHZ\’U,L/] &) 0111[02[’0} [l‘\’U]LU/][Z\’U/]L/ = t3
ii. Case B. Then:
Ci1 = Clu[[w]].f{D} C[’Ul] = C111[[w]] L= DX{A}

where = fz”(L;), the evaluation context Cy1; is in X5, and £ is a (¥, w)-chain
context.

We consider three further subcases, depending on the position of the hole of C
relative to the position of the hole of Cy11.
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A. The hole of C and the hole of C;;; are disjoint. Then there is a two hole
context C such that

a[D,’Ul] = Clll a[w, D} =C

By the fact that evaluation contexts are backwards-stable by substitutions
(Lem. 89) there are two possibilities for C: the left and the right branch of
the disjunction. Let us analyze each branch:

e Left branch. Then C[0J, 2] € X5. Note that in the term 1, the variable w

is bound by O.Z{A}[y\t] = [z\v']L’ since .Z is a (9, w)-chain context. Then
w must also occur bound in the term to = Clw,v'][z\v'L/], since reduction
cannot make a free variable become bound. Hence w = z.
Consider the binding of w in the substitution context O.Z{A}. We know
that it is of the form I”1[¥] where I” is a non-answer evaluation context
for some value of ¥, and X is either A (if £ has exactly one jump) or a
variable (if 2 has more than one jump). So we have that v'L’ = I”1[%]. This
is impossible by the fact that answers do not have redexes or variables below
non-answer evaluation contexts (Lem. 97).

e Right branch. Then C € X;;. Since ¥ CYUdomL/ , by repeatedly applying
the fact that non-structural variables are not required in “¢” (Lem. 87) we
have that C € C{;. This contradicts the hypothesis that the step r is internal.

B. The context C is a prefix of C;1;. Then by the decomposition of evaluation
contexts lemma (Lem. 50) we know that C; € X;. Since 9 C 9 Udom L', by
repeatedly applying the fact that non-structural variables are not required in

“9” (Lem. 87) we have that C € Ck. This contradicts the hypothesis that the

step r is internal.

C. The context Cy1; is a prefix of C. Then C = C111[C1], so w = C1[v'], which
is impossible.
iii. Case C. Then Cy; is a substitution context, and:

C2 = CQlLQ Ll = Cll[LQ [‘T\ULH C["U/] = Cgl [[’IH

where 9’ = fz" (Lp) and the evaluation context Coy is in YV'.
We consider three further subcases, depending on the position of the hole of C
relative to the position of the hole of Co;.
A. The hole of C and the hole of Cy; are disjoint. Then there is a two hole
context C such that
E[D, ’Ul] = 021 E[m, D] =C
By the fact that evaluation contexts are backwards-stable by substitutions
(Lem. 89) there are two possibilities for C: the left and the right branch of
the disjunction. Let us analyze each branch:

e Left branch. Then E[D, z] € Y?. The step r is of the form:

to = Clz, 2][z\C11 [V'La[2\vL]]][y\r]
—a Cu[Cla, v)[2\v'|La[x\vL]][y\r] = t;

This is impossible by Barendregt’s variable convention, since the variable x
occurs free in ¢y and becomes bound to the substitution [x\vL] in ¢;.
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e Right branch. Then C € Y. Since ¥ C 9UdomL/ by repeatedly applying
the fact that non-structural variables are not required in “¥” (Lem. 87) we
have that C € Y7, This contradicts the hypothesis that r is internal.

B. The context C is a prefix of Cz;. Then by the decomposition lemma for
evaluation contexts (Lem. 50) we know that C € Y?'. Since 9 C ¥ UdomL’ by
repeatedly applying the fact that non-structural variables are not required in
“9” (Lem. 87) we have that C € YV. This contradicts the hypothesis that r is
internal.

C. The context Co; is a prefix of C. Then C = C9[C;] and in particular z =
C1[v'], which is impossible.

iv. Case D. Then Cq; is a substitution context, and:

CQ = C21 [[w]].i”{D} L1 = Cll[Df{J}}[l‘\ULH
C[U/] = 021 |I’lU]]

where ¥/ = fz” (0.%Z{x}), the evaluation context Cy; is in Y, and & is a (¢/, w)-

chain context.

We consider three further subcases, depending on the position of the hole of C

relative to the position of the hole of Ca;.

A. The hole of C and the hole of Cy; are disjoint. Then there is a two-hole
context C such that:

C[d,v'] = Coy Clw,0]=cC

By the fact that evaluation contexts are backwards-stable by substitutions
(Lem. 89) there are two possibilities for C: the left and the right branch of
the disjunction. Let us analyze each branch:

e Left branch. Then C[J,z] € Y”. Note that w is bound on the term
t; = C11[Clw, v'|.Z{x}[x\vL]][y\r], since £ is a (1, w)-chain context. So it
must also be bound on the term to = C[w, z][z\v/L’], which means that w = z.
In particular, consider the binding of w in 0.2 {z}. It is of the form I”:[2/]
for some set ¥; and some variable z’. Moreover, since w = z, it is also bound
to v/. Hence v/ = I"1[2/]. This is impossible since answers do not have
variables under non-answer contexts (Lem. 97).

e Right branch. Then C € Y. Since ¢ C 9UdomL’, by repeatedly applying
the fact that non-structural variables are not required in “¥” (Lem. 87) we
have that C € Y7, contradicting that r is internal.

B. The context C is a prefix of Cy;. Then by the decomposition lemma for
evaluation contexts (Lem. 50) we know that C € Y?'. Since ¢ C 9 UdomL/,
by repeatedly applying the fact that non-structural variables are not required
in “9” (Lem. 87) we have that C € YV, contradicting that r is internal.

C. The context Co; is a prefix of C. Then C = C9;[C’]. In particular w = C'[v],
which is impossible.

(b) The internal step r is to the left of ¢, = t{[y\r¢]. Then there is a step ry :
to —rsn\ge C11[A]. Note that r; must be J-internal, for otherwise r would be ¥J-external.
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By i.h. we have that there exists an evaluation context Ci1¢ € Cf;, a 1sv redex Ay and
A its contractum such that ¢, = C119[Ao] and:

C110[A0] — Ci1[A]
, sh\gc ,
CllO[Ao] _—» Cll[A ]

So by taking Cig := C110[y\t] € C% we have:

to = Cr10[Ao][y\t] ——2—— Cui[Ally\t] = ta
9 9
sh\gc

ta = Cr10[Ag][y\t] ————— Cl[A][y\t] = t3

(c) The internal step r is to the right of ¢ty = t[y\r0]. Then r : ro —>gn\g 7 and it is
immediate to close the diagram:
—9
to = Cu1[A][y\ro] —————— Cu[Al[y\r] =11

Y v

ty = Cor [A]y\ro] —E s ¢y [A][y\r] = t5

4. ESubLStr, C; = Cy1[y\t] with Cy; € Cgu{y} and t € Sy U Ey. The situation is:

to—" s cplAly\] =t
J
Cu1[A[y\t] = t3

We consider three cases, depending on whether (1) the internal step r is at the root of g, (2)
to is a substitution ¢([y\ro] and the step r is internal to t{, (3) ¢o is a substitution ¢{[y\ro]
and the step r is internal to rg.

(a) The internal step r is at the root of ¢y,. Note that r cannot be a dB, fix or case
step, since it would be external. So it must be a 1sv step of the form:

r:ty = C[2][2\v'L] =Y C['][2\V|L/ =t
Let L be a substitution context such that L [y\t] = [2\v]L’. Recall that A = Cq[][z\vL].
Using Lem. 96 let us strip Ly from Cq1[Cz[x\vL]]. This gives us four possibilities, A, B,
C, and D in the statement of Lem. 96.
i. Case A. Then:
C11 =Cinly Clv'] = C111[A]

where 4§ = 22"} (L)) \ {y} and Cyq; € C{;U{y}. We consider three cases, depending
on whether the holes of C and Cy1; are disjoint, C is a prefix of Cy11, or Ci17 iS a
prefix of C.
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ii.

A. The hole of C and the hole of C;;; are disjoint. Then there is a two-hole
context such that:
E[D,U/] = C111 E[A, D] =C
By the fact that evaluation contexts are backwards-stable by substitutions
(Lem. 89) there are two possibilities for C: the left and the right branch of
the disjunction. Let us analyze each branch:
e Left branch. Then C[[J, 2] € Cgu{y}. Note that 9 U {y} € ¥ UdomL’ so by
repeatedly applying the fact that non-structural variables are not required in
“9” (Lem. 87) we have that C[[J, 2] € Xy and we may close the diagram as
follows:

to = C[A, 2][2\v'L] — = CIA, V] [2\W]L =t

ty = GIA, 2)[2\'L] — L BIA W [\WIL = t

e Right branch. Then C € Cgu{y}' Note that 9 U {y} € ¥ UdomL’ so by

repeatedly applying the fact that non-structural variables are not required in
“9” (Lem. 87) we have that C € C%. This contradicts the hypothesis that r
is an internal step.

B. The context C is a prefix of C;1;. Then by the decomposition of evaluation

contexts lemma (Lem. 50) we know that C € Cgu{y}' Note that J U {y} C

¥ UdomL’ so by repeatedly applying the fact that non-structural variables are
not required in “¢9” (Lem. 87) we have that C € C:. This contradicts the
hypothesis that r is an internal step.

C. The context Cy1; is a prefix of C. Then C = C111[C1]. So A = Cy[v']. Recall
that A = Co[a][z\vL].
The remainder of this case is analogous to case 3(a)iC, by case analysis on
whether the hole of Cq lies to the left or inside the substitution [z\vL].

Case B. Then:

C11 = 0111[[w]]${D} C[UI] = 0111[[’11)]]
L = O2{A}
where J = 279} (1)) \ {y}, the evaluation context Cyy; is in C” and % is a

YU{y}’
(9 U {y},w)-chain context.

We consider three further subcases, depending on the position of the hole of C

relative to the position of the hole of Cy11.

A. The hole of C and the hole of C;1; are disjoint. Then there is a two-hole
context C such that:

E[D,’Ul] = C111 6[w, D] =C

By the fact that evaluation contexts are backwards-stable by substitutions
(Lem. 89) there are two possibilities for C: the left and the right branch of
the disjunction. Let us analyze each branch:
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e Left branch. Then C[J, 2] € Cgu{y}‘ Note that 9 U {y} € 9 UdomL/, so by
repeatedly applying the fact that Anon—structural variables are not required
in “9” (Lem. 87) we obtain that C[(J,z] € Ck. This allows us to close the

diagram as follows:

to = C[A, 2][2\v'L’] = c[A, v ][2\W]L =t

i I
AN iy sh\ge [IAL o) Y
ta = C[A/, 2][z\v'L] CIA, V'][z\V|L' = t3
e Right branch. Then C € Cgu{y}‘ Note that J U {y} € 9 UdomL’, so by
repeatedly applying the fact that non-structural variables are not required in
“9” (Lem. 87) we obtain that C[[J, 2] € C%. This contradicts the fact that the
step r is internal.

B. The context C is a prefix of Cy1;. Then by the decomposition lemma for

evaluation contexts (Lem. 50) we know that C € Cgu{y}' Note that 9 U {y} C

¥ UdomL’, so by repeatedly applying the fact that non-structural variables are
not required in “9” (Lem. 87) we obtain that C[0J, 2] € C%. This contradicts the
fact that the step r is internal.

C. The context Cyy; is a prefix of C. Then C = Cy11[C1]. Hence w = Cy[v],
which is impossible.

ili. Case C. Then Cy; is a substitution context, and:
Cg = C21L2 Ll = Cll[LQ [I\ULH C[UI] = 021 [[IH

where 9/ = 2% (L2) and the evaluation context Cap is in Cgf:.
The remainder of this case is analogous to case 3(a)iii, by case analysis on the
relative positions of the holes of C and Cs;.

iv. Case D. Then Cy; is a substitution context, and:

Co = Cor [w].2{01} L, = O [0.2{a}[z\oL]
C[U/] = 021 [[w]]

where 9/ = fz”Y1¥} (L), the evaluation context Coy is in Y, and % is a (¢, w)-chain
context.

The remainder of this case is analogous to case 3(a)iv, by case analysis on the
relative positions of the holes of C and Co;.

(b) The internal step r is to the left of ¢, = t{[y\r¢]. Then there is a step ry :
to —rsn\ge C11[A][y\t]. It must be a (¥ U {y})-internal step, for otherwise r would be
J-external.

By i.h. we have that there exists an evaluation context Ci1g € Cf,f, a lsv redex Ag and

131



A its contractum such that ¢, = C119[Ao] and:

—(9u{y})
C110[Ao] ! C11[A]
(vU{y}) (9U{y})—need
sh\gc
Ci10[Ap] £ C1[A]
So by taking C1o := C110[y\t] € C} we have:
to = Cr10[Ao][y\r] ———— Cu[Al[y\r] =
9 9

t> = Caro[AG)[y\r] — s 1y [AY][y\r] = s

(c) The internal step r is to the right of ¢y = t{[y\ro]. Then the internal step r is of
the form:

C1[Ally\ro] —a’ C1lA][Y\Y]

and there is a step r1 : 79 —rgn\gc t- We consider two cases, depending on whether y is
a structural variable in C;.

i

ii.

If y € sv(Cy). Then by the fact that structural variables are below evaluation
contexts (Lem. 88) we have that there is a context C3 € C% such that C1[A] = C3[y].
Let us consider two further subcases, depending on whether r; is ¥-external or
J-internal:

A. If r; is a ¥-external step. Then the step

r: C1[A][y\ro] = C3[yl[y\70] = sm\ge C3l¥ly\1]

is ¥-external, contradicting the hypothesis that it is J-internal.

B. If r; is a Y-internal step. Then by the fact that normal forms are backwards
preserved by internal steps (Lem. 104) we have that rg is a structure in Sy U &y,
so Ci[y\ro] is an evaluation context in C} and we may close the diagram as

follows:
to = C1[Al[y\ro] ———— C1[A]ly\] =1
9 9
sh\gc

ta = C1[A"][y\ro] C1{A][y\t] = t3

If y & sv(C1). Then by the fact that non-structural variables are not required in
“9” (Lem. 87) we have that C is an evaluation context in C%. Hence, regardless of
whether 7 is a structure or not a structure, the context Cq[z\ro] is an evaluation
context in Ch. Tt is then straightforward to close the diagram, as in the previous
case.
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5. ESubsR, C; = C11[y][y\C3] with Cy; € Cf; and C3 € Cjy. The situation is:

to ——>—— Cu [yl [y\Cs[A]] = ¢

Cu[y][y\Cs[A"]] = t3

We consider three cases, depending on whether (1) the internal step r is at the root of g, (2)
to is a substitution t{[y\ro] and the step r is internal to t{, (3) to is a substitution t{[y\ro]

and the step r is internal to rg.

(a) The internal step r is at the root of ¢y,. Note that r cannot be a dB, fix or case

step, since it would be external, so it must be a 1sv step of the form:

r:ty = C[2][z\v'L] = c[][2\V]L/ = t;

Let Ly be a substitution context such that L;[y\C1[A]] = [z\v/]L". Using Lem. 95 let us
strip Ly from Cq1[y\C1[A]]. This gives us two possibilities, A and B in the statement of

Lem. 95.
i. Case A. Then:

C11 = Cy11L1 C[v'] = Ci11[y]

where 9 = fz¥ (L1) and Cy11 € Cg,. We consider three cases, depending on whether
the holes of C and Cq1; are disjoint, C is a prefix of Cy11, or Cy11 is a prefix of C.

A. The hole of C and the hole of C;1; are disjoint. Then there is a two-hole

context C such that:
c[O,v'] = Cin Cly,0]=c
Note that the internal step r is of the form:
r: Cly, 2)[2\v'L'] =3 Cly, '][z\v']L]

and y is bound by L1[y\C1[A]] = [¢\v/]L’ on the right-hand side, so it must be
the case that y = z, for otherwise y would be free on the left-hand side, and
free variables cannot become bound.

Hence, since y = z, we have that v' = C;1[A]. This is impossible, since answers
do not have redexes below non-answer evaluation contexts (Lem. 97).

. The context C is a prefix of C;1;. Then by the decomposition of evaluation
contexts lemma (Lem. 50) we know that C € C*'. Note that JU{y} C YUdomL’,
so by repeatedly applying the fact that non-structural variables are not required
in “9” (Lem. 87) we conclude that C € C%. This contradicts the fact that r is
a Y-internal step.

. The context of Cy1; is a prefix of C. Then C = C111[C1], so y = Cy[v’] which
is impossible.
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ii. Case B. Then:
C11 = 0111[[w]].${D} C[UI] = 0111[[11}]]

L, = 02{y}

where 9 = fz(L1), the evaluation context Cy1; is in Cg/, and .Z is a (¥, w)-chain

context.

We consider three cases, depending on whether the holes of C and Cy1; are disjoint,

C is a prefix of C111, or Cy17 is a prefix of C.

A. The hole of C and the hole of C;1; are disjoint. Then there is a two-hole
context C such that:

/C\[D,’Ul] = C111 a[w, D] =C
The internal step r is then of the form:
r: Clw, 2][2\v'L'] =37 Clw, v'][2\v/|L/

Note that w is bound by [z\v']L" = Z{y}[y\vL] on the right-hand side, hence
w = z, since otherwise w would be free on the left-hand side, and free variables
cannot become bound.

Consider the term p such that w is bound to p in the context .2 {y}[y\C1[A]].
There are two possibilities: either .# has no jumps and y = w with p = C1[A],
or £ has at least one jump and p is of the form I1191 [w1] for some non-answer
evaluation context I”* € NACtxty,. Since w = z, we have that p = v/. In any
case, this is impossible by the fact that answers do not have redexes or variables
below non-answer evaluation contexts (Lem. 97).

B. The context C is a prefix of C;1;. Then by the decomposition of evaluation
contexts lemma (Lem. 50) we know that C € C'g/. Note that 9 C ¥ UdomL’, so
by repeatedly applying the fact that non-structural variables are not required
in “¢” (Lem. 87) we have that C € CZ;L, contradicting the fact that the step r is
J-internal.

C. The context Cy1; is a prefix of C. Then C = C111[C;] so w = C1[v’], which is
impossible.

(b) The internal step r is to the left of to = {[y\ro]. Let ri : tj —an\gec C11[y] be
the step isomorphic to r but going under the substitution [y\C1[A]]. Note that r;
cannot be ¥-external since, by the fact that adding an arbitrary substitution to a -
evaluation context yields a ¥-evaluation context (Lem. 80) this would imply that r is
also ¥-external. So rj is ¥-internal and we may apply the fact that needed variables are
backwards preserved by internal steps (Lem. 105) to conclude that t{, has to be of the
form C11o[[y]]

So by taking Cyo := C110[y][y\Cs] we may close the diagram as follows:

to = Ci1o[y][y\Ca[A]] ——2—— i [y]W\C3[A)] = 11
9 9
sh\gc

ty = Cr10[y][y\Cs[A']] ———— Culyl[y\Cs[A']] = 43
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(c) The internal step r is to the right of ¢y = t{[y\ro]. Let r1 : ro —gn\gc C3[A] be the
step isomorphic to r but going inside the substitution Ci11 [y][y\[J]. Note that r; cannot
be ¥-external since this would imply that r is ¥-external.

By i.h. we have that there exists a non-answer evaluation context C3y € Cj, a 1sv redex
Ap and Aj its contractum such that rg = C39[Ap] and:

Cso [Ao] ﬁ—19> Cs3 [A]

Cao[Ay] — 8y y[A]

So by taking C1o := C11[y][y\Cs0] we have:

to = C11 [y][y\Ca0[Ao]] ——2—— Cui[y][y\Ca[A]] = 1
9 9
sh\gc

ta = C11[y] [y \Ca0[Ap]] Cu[ylly\Cs[A']] = t3

6. EAppRStr, C; = pCy1, where p € SyUE&y and Cy; € C{;. The situation is:

-9
to —>pC11[A] = tl
9

pC1[A'] =t3

Note that the internal step r cannot be at the root: it cannot be a dB, fix or case step, since
it would be external, and it cannot be a 1sv step, since then there would be a substitution
node at the root of ¢;.

So tp must be an application node r1 ro and there are two remaining cases: (1) the step r is
internal to ry, (2) the step r is internal to r.

(a) The internal step r is internal to the left of t; = ry73. Then ¢ty = r1 C11[A].
Let r1 : 71 —gn\gc P be the step isomorphic to r below the context [JCi1[A]. Note
that r; cannot be J-external as this would imply that r is also ¥-external. Hence r; is
¥-internal.

By the fact that strong normal forms are backwards stable by internal steps (Lem. 104)
we know that r; must be a strong ¥-structure, i.e. r; € SyUEy. By taking C1g := r1 C11
we may close the diagram as follows:

-
to =171 Cll[A] —>pcu[A] = tl
[V v
sh\gc

to =11 Cn[A/} —>p011[A’] =13
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(b) The internal step r is internal to the right of ¢y = r1ro. Then tg = pry. Let
T1 1 T2 —Psn\ge C11[A] be the step isomorphic to r below the context p[J. Note that
r; cannot ¥-external since this would imply that r is also ¥-external. Hence r; is 9-
internal. By i.h. we have that there exists an evaluation context Ci19 € CQ, a lsv redex
Ag and A its contractum such that ro = C110[A] and:

Ci10[Ao] — = C11[A]
9 9
sh\gc
Ci10[Ap] £ Ci1[A]

We may close the diagram by taking Cyg := pCiio:

to = pCi10[Ao] ﬁgﬁﬂvcn[ﬁ] =1

[ [

sh\gc
to = pCi1o[Ay) ——————pCu[A'] =t3

7. ELam, C; = \y.C, where C € Cf,}. Straightforward by i.h., as in the case for the ELAM rule
of the previous lemma (Lem. 106, case 8).

8. EAppCons, C =rCj, where r € Ky, h = hc(r), and C; € C}. Similar to EAPPRSTR.
9. ECasel. Similar to previous cases.

10. ECase2. Similar to previous cases.

O

Lemma 108 (Permutation of internal steps and external £ix steps). Given any set of variables ¥
such that fv(to) C 0, if tog —37 t1 =Y ts where the second step is a £ix step, there exists a term
to such that to —Y, to —sn\ge t3 Where the first step is a £ix step. An explicit construction for the
diagrams is given.

Proof. Similar to Lem. 106. O

Lemma 109 (Permutation of internal steps and external case steps). Given any set of variables
9 such that fv(ty) C 9, if tg =50 t1 =05 t3 where the second step is a case step, there exists a
term ty such that ty >—>fh to —gn\gc t3 where the first step is a case step. An explicit construction
for the diagrams is given.

Proof. Similar to Lem. 106 0

Lemma 110 (Permutation of internal/external steps). Given any set of variables ¥ such that
fu(to) €0, iftg =3 t1 =0 t3 there exists a term ty such that tg —7, to —sn\gc t3- More precisely,
the diagram can be closed constructively and exactly the following swaps are allowed:

H;hl?lsngh,lsv - (th,lsv)Jr (*);‘l'}?lsv)*
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and also:

e dB
- H;‘hﬁ,dBth,dB C (th,dB)+(4);}de)*
- %;hl?dBHqsgh,fix - (th,fix)+(_>;13d3)*
- %;hl?dBth,case - (th,case)+(_>;h1?dB)*
- _>;‘hl?lsv>_)ls9h,dB - th,dB (=)
- _>;h1?dB>_>1s9h,lsv - >_)159h,1sv (=)

o fix
- _>sﬁhl?fix>_>§h,fix C (th,fix)+(_>;ﬁ?fix)*
- %;hl?fingh,dB - (th,dB)Jr(_);lffix)*
- %;hq?fi}:)_}zh,case C (Hqssh,case) ( ;\lffix)*
- H;ﬁ?lsv’_’gh,fix - ’_’gh,ﬁx (*};‘hﬁ)*
- H;hl?fitzh,lsv c ’_’gh,lsv (*};hﬁ)*

e case
- _>;h1?case>_>1s9h,case g (>_)Is9h,case)+(_>;h1?case)’k
- _>sﬁh1?case>_>1s9h,dB - (th,dB)Jr(_);Ifcase)*
- _>sﬁhﬂ,case)_>gh,fix C ()_}gh,fix)+(_>;}:?case)*
- _>;hl?lsv>_>qsgh,case C >_>1s911,ca\se> (=a)*
- _>;h1?case>_>1sgh,lsv C H?h,lsv (=)

Proof. Let us call r to the internal step ty —” t; and r’ to the external step t; »7, t3. The proof
goes by case analysis on the kind of step r’. If r’ is a dB step, this is a consequence of Lem. 106.
If r’ is a 1sv step, this is a consequence of Lem. 107. If r’ is a fix step, this is a consequence

of Lem. 108. If r’ is a case step,
construction is given inductively.

allowed swaps. In all the inductive
the inductive hypothesis.

this is a consequence of Lem. 109. Note that in all cases the
In all the base cases, the diagram is closed according to the
cases, the diagram is closed using the same kind of swaps as in

O

Definition 111 (Square Factorization System). A square factorization system (SFS) is a set S
and four reduction relations (~e,~o, e, o) 0n S s.t. the following conditions hold:

1. Termination: ~o and —, strongly normalizing.

2. Row-swap 1: ~g~oCrad

3. Row-swap 2: oo Crat

4. Diagonal-swap 1: > e~oCrmor—*
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5. Diagonal-swap 2: ~¢roCHro~s™
where ~»=~vg U ~>q and —=r+¢ U .

Lemma 112 (Factorization for SFS (Thm 5.2(2) in [Accl2])). Consider a SES (~¢,~0, e, o)
on S. Let —:=~> U = and ~>i=~ve U~ and r:=r>¢ U o and —voi=~vo U g and —e:=~>e
U +e. Then —*C—r—%

Lemma 113 (Postponement of internal steps). Ift—gp\gc s such that s is in —gp\gc-normal form,
given any set of variables ¥ such that fv(t) C 9, there is a term u in Y, -normal form such that

= u -3V s.
Diagramatically:
sh\gc
Agp ——» NF(—gn\gc)
W

R

Proof. This is an immediate consequence Lem. 112 where

9

— L 9
hd «ﬁQO'__}_%sh,dB U >_->sh7fix U >__->sh7case

0
i F4>0"*>495h,lsv

° w.::—>;h7?d3 U—32. U—

sh,fix sh,case

-0
sh,1sv

o =
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