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Abstract

The Propositional Logic of Proofs (LP) is a modal logic in which the modality OA is revisited as [[¢]]A, ¢ being an expression
that bears witness to the validity of A. It enjoys arithmetical soundness and completeness, can realize all S4 theorems and
is capable of reflecting its own proofs (FA implies - [[]]A, for some 7). A presentation of first-order LP has recently been
proposed, FOLP, which enjoys arithmetical soundness and has an exact provability semantics. A key notion in this presentation
is how free variables are dealt with in a formula of the form [[¢]]JA(i). We revisit this notion in the setting of a Natural Deduction
presentation and propose a Curry—Howard correspondence for FOLP. A term assignment is provided and a proof of strong
normalization is given.
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1 Introduction

Justification Logic [2] is a family of modal logics in which the modality A is revisited as [[¢]]A, ¢
being an expression that bears witness to the validity of A. The Propositional Logic of Proofs (LP)
is the first member of this family. A recent addition is the First-Order Logic of Proofs (FOLP) [9],
which extends LP to first-order logic, enjoys a natural provability semantics (just like its propositional
counterpart) and is able to realize all first-order modal logic theorems. We build on proof theoretical
investigations of modal logic based on judgemental reconstruction of intuitionistic S4 [17-19, 28]
later applied to LP [5, 10, 11, 14], to construct a Natural Deduction presentation for FOLP. The overall
aim is to explore possible computational metaphors of (first-order) LP in terms of the Curry—Howard
isomorphism. A term assignment (a lambda calculus) is proposed for which some fundamental
properties are studied. We next provide a brief overview of LP and FOLP, and spell out the main
ideas behind our proposal.

1.1 The logic of proofs

Early work of Orlov [36] and Godel [23] propose an explanation of intuitionistic truth in terms of
classical provability by prefixing every subformula in Int (Intuitionistic Propositional Logic) with
‘0°, where ‘0 is subject to the laws of S4. Godel established that the translation of formulas which
are provable in Int are provable in S4 (this embedding is also faithful [34]). In order to complete the
explanation, it is necessary to relate the ‘0’ modality with provability in PA:

Intes S4<— ? — PA. (1)
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2 First-order hypothetical logic of proofs

Reading ‘0A’ as ‘3x.Proof(x,"A7)’, where "A™ denotes an appropriate numeric encoding of A,
is problematic since the S4 theorem O(—0O _L), which expresses Con(PA), is provable in PA. This
situation was observed by Godel [23], who posed two problems:

(1) Uncover the modal logic of the formal provability predicate 3x.Proof (x,"A™).
(2) Devise the intended provability semantics for S4.

Both of these problems have been solved. The first is answered by Solovay’s completeness
theorem [44] of L&b’s logic; the second by LP [1, 3]':
a b
Int— S4"— LP"— PA. )

LP arises essentially from skolemizing the existential quantifier which is implicit in the provability
interpretation of O. It replaces statements of the form DA (read as: ‘there is some proof of A)) by
[[]]A (read as: ‘t is a proof of A’). Here t is called a proof term, and belongs to the set of expressions
specified by the following grammar:

s,t n=x|c|s-t|!s|s+1.

Proof terms are constructed from proof variables, proof constants, application, bang and sum. The
axiom and inference schemes of LP are as follows:

A0. Axioms of classical propositional logic in the language of LP

Al [[s]ADA

A2, [[s]IADB)D([[t]]AD[[s-t]1B)
A3. [[sTIAD[[!s]Il[sTIA

Ad. [[sTIADI[[s+1]]A

AS. [[t]IAD[[s+1]1A
MP. FADB AFA=FB
Nec. A axiom A0—A5= F[[c]]A

Note that if one discards the proof terms decorating these axioms, one obtains the axioms of S4
(A4 and A5 collapse to a trivial theorem). Returning to (2), the arrow marked with an (a) is
Artemov’s realization theorem [1, Thm.9.4] which states that S4+A implies LPHA", for some
normal realization e”. A realization is a function that decorates each occurrence of O with a proof
term; it is said to be normal if each negative such occurrence is decorated with a different proof
variable. This entails that each S4 theorem has an underlying statement about proofs. For instance:
0A D OB can be realized as [[x]]JA D [[#(x)]]B, for an appropriate proof term #(x). The arrow marked
(b) in (2) is Artemov’s arithmetical soundness and completeness theorem. The correspondence
(2) was later extended to a fragment of LP capturing provability in HA [7, 16]. A further salient
property of LP is that it is endowed with a reflection (or internalization) mechanism, meaning that
FA implies there exists a ground ¢ s.t. F[[7]]A [1, Corollary 5.5]. The proof of this result consists in
analyzing the given derivation of A in LP, and encoding it using proof terms.

1.2 The first-order logic of proofs

Given a first-order language £, the language of FOLP is obtained by extending £ with proof variables
and functional symbols for operations on proofs (cf. Definition 2.1). Also, the set of formulas is

ILP later gave birth to the family of Justification Logics [2, 4].
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First-order hypothetical logic of proofs 3

extended with a skolemized version of the modal operator O whose notation we shall introduce
shortly. A crucial aspect is how parameters are understood in this skolemized version. Consider the
formula OA(7), where A has a parameter i. This parameter can play one of two roles in a proof of
A(i). It can be interpreted as a global parameter. Global parameters are placeholders and, as such,
may be substituted by any first-order expression (denoting an individual) at all. For example, in the
following derivation m (j), where P is a binary predicate letter and F is a first-order expression:

Vi,j.P(i,j) D P(,i)

P(F.j)DP(j, F) P(F.j)

P(j,F)

the parameter j acts as a global parameter since it may be substituted for any first-order expression E
in order to obtain a derivation 7 (E) of P(E, F). However, parameters can also play a different role,
namely that of eigenvariables: syntactic objects subject to generalization. For example, consider the
derivation:

7(j)
Vj.Vi.P(i,j)
where 7 (j) is:
Vi.Vj.P(,j)
Vj.P(i.j)
P@.j)
Vi.P(i,j)
The parameter j here is not meant to be substituted for; rather it acts as a fresh scoped constant. These
two distinct roles have been identified in Computer Science in the context of proof assistants where
reasoning over open objects is explored (cf. [22] and the citations therein; see also the discussion
on proving universally quantified expressions using the extensional versus intensional approach of
Miller and Tiu [32]).

The above considerations lead to the following skolemized modal operator, proposed in [9], which
allows both interpretations to be accounted for:

(s zA.

Here E is a set of variables and determines the role that a variable plays in a proof of A. Variables
in & play the role of global parameters in A and hence in s (which encodes a proof of A). Variables
that occur in A but that are not in E are understood as eigenvariables. These are therefore taken to
be implicitly bound in A: FIV([[s]]gA), the set of free individual variables in [[s]]zA, is defined to be
E. Arithmetical soundness, realization and reflection are generalized to FOLP [9].

1.3 The first-order hypothetical logic of proofs

Our Natural Deduction presentation for FOLP, dubbed FOHLP, arises from the task of giving
meaning to expressions of the following form called judgements:

O;T;AFA|s
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IAF A A
T AF B;A TFADB;A THFAA
— DI OF
T'HFADB;A I'B;A

T LA A TFAA A

NAbs ——  Name
I'EAA 'EL;AA

FIGURE 1. Classical natural deduction schemes.

® is a set of validity hypotheses, I" is a set of truth hypotheses, and A is a set of negated truth
(false) hypotheses. The intended reading is, ‘s is evidence of the truth of A under truth hypotheses
I', validity hypotheses ® and false hypotheses A’. Hypotheses of truth and validity arise from
the work on judgemental reconstruction of S4 [17-19, 28]; the hypothesis of falsity is perhaps
less frequently used. It arises from the work of Parigot [37, 38] on Classical Natural Deduction
(CND), a variation of Natural Deduction for classical logic. CND admits the Ap-calculus as term
assignment, a variation of the lambda calculus which supplies classical logic with an interesting
computational interpretation built around the notion of continuation (and, more recently, also related
to streams [43]).

Before proceeding any further, and for the sake of self-containedness, we briefly revisit Parigot’s

CND?.

CND. Parigot introduces sequents of the form I'= A, where I" and A are sets of formulas. The
axioms and inference schemes are given in Figure 1. Note that all inferable sequents have a formula
in A that is singled out and called active (written to the left of the ;”). CND proves exactly the
classical tautologies. On an understanding that hypotheses in A are negated, NADbS is interpreted as
classical absurdity and Name as an instance of implication elimination. CND admits the following

term assignment where hypotheses in I" are labeled x,y, ... and those in A are labelled «, 8, ...:

I'x:AFx:A; A
I'x:ARM:B; A I''M:ADB; A T'EN:A; A
Dl OF
TFAAM:ADB: A TFMN:B; A
'EM:1;A 0:A I'EM:A;A A
T M:A: A Thua® M: 1A a:A

Apart from B, three further rules describe reduction in Ay, where N(|[«*>2](e)<[851(e)U|) below is
a notion of substitution called structural substitution and consists in replacing all occurrences of
[@*2B1M in N with [B1(M U).

c: (A BMIN = upB M(er>51e) 81N
Bu: B lnar M — Mo <B4}
N et e IM - M, if A ¢FV(U).

2There are nowadays a number of variations of Parigot’s CND and its associated Au-calculus (cf [42]); we essentially
follow the simplified presentation of [45].
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These schemes spell out an interesting operational reading of the new term constructs. The term
o.M may be understood as naming its current evaluation context « and then continuing as
M. Similarly, [@4]M calls the continuation «, passing it the value of M. An encoding of the
standard throw and catch mechanism by means of naming and abstraction is possible [45, Ex.6.2.9.].
Computation with continuations has been present in many influential programming languages such
as Scheme and ML.

FOHLP. Returning to our discussion on FOHLP, the introduction scheme for the modality in
Propositional Hypothetical LP [5, 14] is:

;- -FAls O;--Fs=t:A

\:\||_p.
;I AF[[A|

Here °-’ denotes the empty context. Moreover, the judgement ®; -; - s=¢:A establishes that s and ¢
are equivalent in as much as proof witnesses of the validity of A (cf. Figure 3, Figure 4). Dropping this
judgement yields the following, simpler, scheme which however does not allow the set of derivations
to be closed under normalization [5]:

®;-;-FAls

/
Ol p.

;I AF[[s]A|!s

So consider Ol p. The double role that variables play, as discussed above, must now be reflected in this
scheme (and also in the corresponding elimination scheme). Replacing [[#]]A by [[¢]]gA in Ol p would
not do since the resulting scheme allows to prove formulas which are not valid theorems of FOLP.
An example is [[¢]](;P(i) D[[t]lgP(i), for any ¢. The standard rule for generalization (i.e. introduction
for V) suggests that the free individual variables in A that are additionally in ® are not eligible for
generalization and hence must play the role of global parameters. Otherwise, they are eigenvariables.
This suggests the following inference scheme:

®;-FAls O;-;-Fs=1:A FIV(IO)NFIVA)CE

al.
;I AE[[t]lzA|'t

Note the condition FIV(®)NFIV(A) C E. It spells that the free individual letters in A that are in ®
must be treated as global parameters. Let us consider now the elimination rule. In Propositional LP
itis:

O;T;AF[[rIAls O VAT ARCt

O;T; AFCHA < 1}t (A i=r,s)

The proof witness #(VA:=r, s), may be ignored for now; it simply records the application of OE| p. The
upper left-hand judgement becomes ®;I'; AF[[r]]zA]|s in our first-order setting. We are now faced
with the following problem: when a proof of unconditional truth (validity) of A is to be substituted
for v, the validity variable v supplies no information on the role that the free individual variables
in A play. Indeed, the rule as it stands allows proving theorems that are not valid in FOLP (the same
example as above applies). This missing information may be regained by writing v‘_%, rather than vA.
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6 First-order hypothetical logic of proofs

A validity variable v‘é, stands for a proof of unconditional truth whose global parameters must be
among E's. These considerations lead to the following proposal for elimination of the modality:

®:;T;AF[IrllgAls © VA T;AFC|t ENFIVA)CE
OE.

O;T; AFC{A < r} |tV =r,s)

The formula [[¢]]{;; (i) D[[]lgP (i) is no longer provable with these rules (as will be made clear in
Sec. 3 where the correspondence between FOLP and FOHLP is studied).

The remainder of this work consists in verifying whether the above intuitions—and the schemes
they suggest—yield a Natural Deduction presentation for FOLP which admits a strongly normalizing
notion of proof normalization producing valid derivations. A term assignment will also be proposed as
astep forward towards a computational reading of FOLP in terms of the Curry—Howard isomorphism.

Structure of the article. Section 2 introduces FOLP and some of its salient properties. Section 3
is devoted to the Natural Deduction presentation for FOLP. Section 4 studies the relation between
FOLP and FOHLP. Section 5 proposes a term assignment and addresses strong normalization.
Section 6 presents related work. Finally, we conclude. An Appendix includes detailed proofs of all
results.

2 First-order logic of proofs

The language of FOLP [9] has a countable number of individual variables iy, 1, ..., predicate letters
of any arity Py, Py, ... and functional letters® of any arity fy,f1, ..., but no equality. FOLP expressions,
denoted E,E|,... thus are either of the form i or f(Ey,...,E,), for Eq,...,E, FOLP expressions.
In addition to that, the language includes symbols for constructing proof terms. These include a
countable number of proof variables,* proof constants and functional symbols for operations on
proofs.

DEFINITION 2.1
Proof terms and formulas of FOLP are defined as follows:

5.t m=x2cls-1]!s|s+r|gen;(s)
A,B = P(Ey,....E)| LIADB|[[s]1gA|Vi.A,

where E is a set of individual variables. We often abbreviate [[s]]yA with [[s]]A.

We use ‘—A’ as an abbreviation for ‘AD L’. Note that the functional symbols for constructing proof
terms are binary ‘-, unary ‘!’, binary ‘4, (these three are inherited from LP) and an infinite number
of unary operators ‘gen;()’, one for each individual variable i. The free individual variables in E
are the set of all variables that occur in it and is denoted FIV(E). A proof term has a free individual
variable i only if it occurs in the formula that decorates a proof variable and does not occur in an
expression of the form gen;(s). As stated earlier, the individual variables which are free in [[t]]zA
are exactly those contained in E. All other individual variables are assumed to be bound. The set of
free proof variables in A are all the proof variables that occur in A and are denoted FV(A).

3In [9], no functional letters are assumed.
“4In contrast to [9], we assume proof variables to be decorated with formulas.
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DEFINITION 2.2
Free individual variables in proof terms and formulas are defined by recursion as follows’:

FIV(x?) £ FIV(A)
FIV(c) £ ¢
FIV(s-7) £ FIV(s)UFIV(7)
FIV(ls) £ FIV(s)
FIV(s+17) £ FIV(s)UFIV(2)
FIV(gen,(s)) = FIV(s)\{i}

FIV(P(E,....En) £ Uic; ,FIV(E)
FIV(L) £ ¢
FIV(ADB) £ FIV(A)UFIV(B)
FIV([1]]gA) £
FIV(Vi.A) £ FIV(A)\({i}

For instance, in the formula [[c]]{;;(P(i) D Q) D P(i)), the variable j is free, while i is bound. We
work modulo a-equivalence over individual variables as generated by the following a-equivalence
axioms:

ViA  =q YAl <)}, if j ¢ FIV(A)
[[t]1gA =q [[t{i <j}11zAli <)}, ifi¢E and j fresh

Furthermore, we assume the following variable convention: we rename where appropriate so that
the names of the bound individual variables are distinct and also different from the names of the free
individual variables, in any proof witness, formula, statement or proof. For example, we do not allow
formulas of the form [[s]]gA where E contains one or more individual variables which are bound in
either s or A.

There are two notions of substitution, namely substitution of free individual variables and
substitution of proof term variables. The latter is the standard notion of substitution where, in
particular, y#{x <~ s} =yB. The former is defined below.

DEFINITION 2.3 (Individual variable substitution in FOLP)
Substitution of individual variable i in a first-order expression E’ by E, written E' {i <— E}, is defined as:

E
Js ifj#i
fE{i<E},....Eqli<E})

i{li<E}
jli<E}
f(EL,....,Ex){i<E}

1> > >

Substitution of individual variable i in a formula is defined as:

P(El,....E){i<E} = PE{i<E)}),... E{i<E)
1{i<E} & 1
(ADB){i<E} £ A{i<E}DB{i<E)}
([sNgAi<E} = [[s{i<ENla\murvEAli<E), ificE
(IsNzA{i<E} £ [[s]]=A, ifi¢gs
(Vj.A)i<E} £ VjA{i<E), ifistj
(Vi.A){i<—E} = ViA

5¢£> denotes definitional equality.
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8 First-order hypothetical logic of proofs

Finally, substitution of individual variable i in a proof witness is defined as:

Ai—E) & xAl<E
cli<E} & ¢
(s-{i<E} 2 s{i<E}-t{i<E)
(I){i<E} = Is{i<E}
(s+D{i<E} £ s{i<E)+t{i<E)
gen(s){i<E} = gen(s)
gen(s){i«<E} = gen(s{i<E}), ifj#i

Note that the formula which decorates a proof variable may change after a substitution. For example

i« E)=xAU<E}

REMARK 2.4
For every formula A, proof variable x and proof term s, FIV(A{x* < s})=FIV(A).

DEFINITION 2.5
The axiom schemes and inference rules of FOLP are the following:

Al. Axioms of first-order logic in the language of FOLP

A2. ([[t]lz,:A)Dll]l=A, if i FIV(A)
A3. ([[rlleA)Dllr]l=z.iA

B1. ([[t]]lgA)DA

B2. ([[slla(ADB)) D ([1llzA) DII(s-HlleB

B3a. ([[sllzA)DIl(s+1)]lzA

B3b. ([[1]lzA)D[(s+D]lzA

B4. ([[z11gA)D [['tll=llz]l=A

BS. ([[z1lzA)Dllgen;()]lzVi.A, ifiga
MP. FADBAFA = FB

Gen.FA = FViA

Nec. A an axiom = H[[c]]A

where we assume the following axiom schemes for first-order logic:

Ala. ADBDA

Alb. ADBDC)D(ADB)DADC

Alc. =—ADA

Ald. (Vi.A)DA{i<E}

Ale. (Vi.(ADB))D(Vi.A)DVi.B

Alf. ADVi.A, if i FIV(A)

A FOLP-derivation (,7’, etc) is a sequence of formulas each of which is an instance of an axiom or
the conclusion of an instance of a rule whose premisses occur before in the sequence. A set of labelled
hypotheses (I, T, etc.) is written {x?1 , ...,xﬁ”} where the x;, with i € 1..n, are labels taken from some

given infinite set of labels. A FOLP-derivation from a set of labelled hypotheses {xf1 , ...,xﬁ"} is one
in which the formulas A;, for i € 1..n, may also be used in the sequence.

A constant specification is a set C of formulas of FOLP of the form [[c]]gA. It is assumed that
A is an axiom. Given a constant specification C, a derivation is said to meet it if whenever the rule
Nec is used to introduce [[c]]gA, then [[c]]pA is in C. A derivation 7 determines the (finite) constant
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specification C consisting of formulas of FOLP of the form [[c¢]]yA which are conclusions of instances
of Nec in 7. A constant specification is injective if [[c]lgpA €C and [[c]]gAz €C, implies A| =A».

2.1 Additional comments

FOLP was introduced in [8]. Artemov and Yavorskaya [9] later proposed a presentation of FOLP
that enjoys a natural provability semantics [9, Thm.4 and Thm.6] and that is capable, at the same
time, of realizing the full set of first-order S4 theorems [9, Thm.2]: FOS4+ A implies FOLPFA”,
for some normal realization e”. Just like its propositional counterpart, it can internalize its own
proofs [9, Thm.1]: [[x0]15,A0, ..., [[xx]]g,An A in FOLP implies there exists a proof term ¢ s.t.
[[xoll2yA0; - ... [[xn]l2,An F[[1(x0, ..., )1 20u...uE, A in FOLP.

Although arithmetical completeness is unattainable, completeness with respect to a Kripke
semantics has been established by Fitting [21]. A further extension of LP that has been considered
is one which includes quantification over proof variables. Such a system was studied in [47] and
shown not to be axiomatizable. Also related is [46] where the parameter i in the formula DA() is
assumed bound (coined ‘binding interpretation’ in op.cit.). This system is shown to have a complete
axiomatization, however it does not suffice to realize first-order modal logic [9].

3 First-order hypothetical logic of proofs

We now address the Natural Deduction presentation of FOLP, namely FOHLP. The language of
FOHLP is similar to that of FOLP except that (1) it is augmented with a set of a validity variables
% 1A511 ,v2A522, ... and one of falsehood variables ozf‘ ,afz, ...; and (2) proof terms are replaced by proof
witnesses. Formulas are as in Definition 2.1, except now s ranges over proof witnesses.

DEFINITION 3.1
Proof witnesses of FOHLP are defined by the following syntax:

r,s,t:::x“‘|v‘f‘E
| axAs|s
| Us|t(v =rs)
| [o?]s|pat.s
| s+t

| gen;(s)linsF(s)

A proof witness is one of the following: a truth variable x, a validity variable VAE, an abstraction
AxA.s (x4 is bound with scope s), application s-t, bang s (which binds all free occurrences of truth
and falsehood variables in s), unbox t(vAE/:zr, s) (v‘.A‘E is bound with scope t), name [ozA]s, name
abstraction po.s (o is bound with scope ), plus s+t, generalization gen;(s), and instantiation
insf-f (s). Regarding proof witnesses of the form t(vé,::r,s) they can be read as ‘replace all free
occurrences of VAE, by r in the formula witnessed by 7, with s bearing witness to the truth of [[r][]zA’.

DEFINITION 3.2

The set of free variables of validity, truth and falsehood in a formula A are denoted FVT(A),
FVV(A) and FVF(A), resp. The definition of FVT(A) is as follows (FVV(A) and FVF(A) are similar
and hence omitted), where FVT(A, B) abbreviates FVT(A)UFVT(B):
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10  First-order hypothetical logic of proofs

FVT(P(E),...,En)
FVT(L)
FVT(ADB)
FVT(([s]1zA)
FVT(Vi.A)

> 1> > 1> 1>

?

@

FVT(A,B)
FVT(s)UFVT(A)
FVT(A)

The set of free variables of validity, truth and falsehood in a proof witness s, denoted FVT(s), FVV(s)

and FVF(s), resp., are defined as follows:

FVT(A) £ () FVW@d) 2 ¢
FVT(d) 2 ¢ FwWod) £ (i}
FVT(xAs) £ FVT(s)\{x?} FVVOuxls) 2 FVV(s)
FVT(s-t) & FVT(s,0) FW(s-1) 2 FVV(s,1)
FVT(ls) & ¢ FVV(s) £ FVV(s)

FVT(s(vi:i=r1)) £ FVT(ts) FVW(s(ii=rt) £ (FYV@O\EHU FVV(r,s)
FVT([«4]s) £ FVT(s) FVV([e?]s) £ FVV(s)
FVT(nat.s) 2 FVT(s) FVV(uel.s) £ FVV(s)
FVT(s+7) 2 FVT(s,1) FVV(s+1) £ FVV(s,1)

FVT(gen,(s)) = FVT(s) FVV(gen,(s)) = FVV(s)
FVT(insf(s)) £ FVT(s) FVV(insf(s)) 2 FVV(s)
FVF(A) 2 ¢
FVFd) = ¢
FVF(uxAs) £ FVF(s)
FVF(s-t) & FVF(s,1)
FVF(s) £ ¢
FVF(s(vi:=r1)) = FVF(,s)
FVF([e4]s) £ FVF(s)U{a?}
FVF(ua?.s) 2 FVF(s)\{a?}
FVF(s+t) =& FVF(s,1)
FVF(gen;(s)) = FVF(s)
FVF(nsf(s)) 2 FVF(s)

We assume the following variable conventions: all bound variable names are different from
each other, and different from all free variables. We also assume that application ‘-’ and sum ‘4’
are left-associative, and implication ‘D’ is right-associative. The operators ‘!, ‘=’ and “[[ ]I have
precedence over ‘-’, “4” and ‘D’, which in turn have precedence over ‘A’, ‘i’ and ‘[ ]’. For example,
[ [IrIAS(=BSC) | ((15) 4+ 1) may be written [ TAD™B2C 154 1.

DEerINITION 3.3 (Free individual variables of formulas and proof witnesses)
The set of free individual variables of a formula A, denoted FIV(A), is defined as in Definition 2.2.
The set of free individual variables of a proof witness ar defined as follows:

FIVxA) £
FIVod) £
FIVoxA.s) £

FIV(A)

®

FIV(A)UFIV(s)
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FIV(s-1) = FIV(s)UFIV(r)
FIV(ls) £ FIV(s)

FIV(t(vi:=r,5)) £ FIV@)UFIV(r)UFIV(s)UE
FIV([e4]s) 2 FIV(A)UFIV(s)
FIV(ua?.s) 2 FIVA)UFIV(s)
FIVGs+1) = FIV(s)UFIV(r)

FIV(gen;(s)) = FIV(s)\{i}
FIV(insE(s)) 2 FIV(s)\{i}UFIV(E)

~

Note the clause defining F|V(VAE)Z all free individual variables that are not in E are considered
bound, whereas those that are in E are considered free (disregarding whether they occur in A or not).

Individual variable substitution is defined similarly to that of FOLP (Definition 2.3). The only
difference is that the clause for proof constants is dropped and the following new ones are added,
where in the clause for ins?(s){i <« E} we may assume i € FIV(E") by the variable convention:

Ali<E)

veli<El =Yg\ mUrve ifie&
VAli<E}) 2 Vi, ifig 2
t(VEi=rs)i<E} £ ti<E}Y(Ali< E}:=r{i<E}s{i<E})
A i—E} 2 MAUCE i F)
(leMs)i<E} & [« EsliE)
(nat s i<—E} 2 puatli<E g{i—FE)
insf (s){i —E} £ insF (s), i ZFIV(E")
insf' ()(i E) £ inst " (s(iE)), ifj£i

A truth context (I') is a set of truth hypotheses {xf',...,x‘;?”}; a validity context (®) is a
set of validity variables {vlél1 , ...,vné"‘l}; a falsehood context (A) is a set of falsehood variables

{oz’]“1 , ...,a?k }. We write - for the empty context. We write x4 €T if I'=T"U{x?}. Similarly for
v‘é €® and o € A. Free individual variables of truth and falsehood contexts are defined as expected:

FIV(T) £ {FIV(A) | xA €T}
FIV(A) £ {FIV(A) | a? € A}
FIV@) 2 (J E

Vie®

A (FOHLP) judgement is an expression of the form:
;T AFA|s

It will often be convenient to abbreviate ®;I'; A in order to improve readability. We will use H
for this purpose and refer to it as a composite context. So the above judgement will also be written
HEAls. We write i ¢ FIV(H) for i €FIV(O,T, A). Also we write: H, x4 for ©; T, x4 A, H,a? for
®:T; Ao, and H, V4 for ©,vE: T A.

DEFINITION 3.4
The inference schemes of FOHLP derive judgements (Figure 2) and proof witness equivalence
judgements (Figures 3-5). We say ©;I'; A-A|s is derivable if there is a derivation of it using these
inference schemes and write >poHLp ©; '; AFA]|s (or also >poHqLp H FA|s) in that case. Similarly
for Hi-s=t:A.

9T0Z ‘gz aunc uo 1s8nb Aq /610'sjeunopioxo wodbo|//:dny wouj papeojumoq


http://logcom.oxfordjournals.org/

12 First-order hypothetical logic of proofs

— Var
H,at - Alz?
H, 2"+ B|s HEADB|s HEA|t
D) OE
HEADB|\zts HEB|s-t
VarM

H,oa - Alvd

0;-FAls ©;5-Fs=t:A FIV(O)NFIV(A) C=E
O;IAF [t]leAllt

]l

HE[r]=Als H,v4 FC|t ENFIV(A) CZ

OE
H F C{vdr} | tvd:=ns)
HEAls HE At
—  PlusL —  PlusR
HEA|s+t HEA|s+t
H,at - L|s H,at - Als
——— NAbs —————— Name
HEA|pals H, ot F L|[?s
MEAls igFVG) HEViAls
H Vi A|gen,(s) H I Ali < E}|ins (s)

FIGURE 2. Axiom and inference schemes of FOHLP.

The axiom scheme Var states that the judgement 7, x* —A|x? is evident in itself: if we assume
that x is a witness that proposition A is true, then we immediately conclude that A is true with proof
witness x4.

The introduction scheme for the [[¢]]g modality internalizes meta-level evidence into the object
logic. It states that if s is unconditional evidence that A is true, then A is in fact valid with proof
witness s, or more generally, any proof witness ¢ equivalent to s. Evidence for the truth of [[t]]zA
is constructed from the (verified) evidence that A is unconditionally true by prefixing it with a bang
constructor. FIV(®)NFIV(A) C E is necessary to avoid binding individual variables which are used
as free variables in the premises. As mentioned in the introduction, without that restriction we would
be able to prove theorems not provable in FOLP.

REMARK 3.5
We may also introduce a less general variant of Ol:

@:1-FAlr FIV@)NFIVA)

[1]

ar.

;I AE[[t]lzA|t

This variant presents the same problem as its propositional counterpart [5, 14], as equivalence is
still required for proof normalization. However, it shall prove useful for some technical results that
follow.

The OE scheme allows the discharging of validity hypotheses. In order to discharge the validity
hypothesis vé,, a proof of the validity of A is required. In this system, this requires proving that
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H,a - Bls HEA|t
HE Ozts) t=s{z? «t}: B

Eq-B

O;-FAls FIV(©) NFIV(A) C = 0,va:T;AFCt
O:T; A F t{vd:=ss)=t{va « s}: C{vd « s}

Eq-y

HEAls 1 ¢ FIV(©,T,A) .
H + ins? (gen; (s))=s{i « E}: A{i « E}

a-§

HE[r]zAls  H.od FClu  ENFIVA) CE
H b u(vd=r (s + 1)) =ulvd:=ns) +t: C{vd «r}

Eq-¢r

HE[r]lzAlt  H,o2FClu  ENFIVA)CE
H b wlvd:=r(s+1t))=s+uvd:=nrt): C{vd «r}

Eq-¢r

HEASB|r HEAlt HEASB|s HFAlt
Eq-vr Eq-¢r
HE (r+s)-t=(r-t)+s: B HE (r+s)-t=r+(s-t): B

HEViA|s i HEViA|t i
HE ind(s + 1) =i (s) +t: Ali = B} " HE indo(s +1)=s+inso(1): Al — E}

q<€r

FIGURE 3. Proof witness equivalence (1/2).

M, o™, B2+ 1|s
H, B4 F [BYpat.s=s{at « A} L

Eq-p

H,aPP - 1|s HEA|t
HE (ua®B.s) - t=pBP 5( 0P (e) « 87)(o)t) : B

Eq-C

HEAls a*d FVF()
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Eq-0
HE pata?]s=s: A d
H,o - Als c H,at At c
H, o+ [a?]s +t=([a?]s) +t: L R H,a F [ats +t=s+ [o?]t: L o
H,o - L|s H,o - Lt
Eq-I,L Eq-{,R

HE pat.(s+t)=(pats) +t: A HE pat.(s+t)=s+ patt: A

FIGURE 4. Proof witness equivalence (2/2).

[[7]1zA is true with proof witness s, for some proof witnesses » and s. Note that r is a witness
that A is unconditionally true (i.e. valid) whereas s is witness to the truth of [[7]]zA. The former is
then substituted in the place of all free occurrences of VAE, in the proposition C. This construction is
recorded with proof witness s(v‘f‘E, :=r,t) in the conclusion, meaning that s is proof that r can be used
in place of VAE, in . This has the practical effect of allowing us to take the witness r out of the box
from [[r]]gA. The expression C {VA, <~ r} denotes the substitution of V4, by rin C. Two final remarks
on OE, its witness includes s since this is required for the proof that derivable FOHLP formulas are
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HEA|s HE s=t: A
—— Eq-Reff ————— Egq-Symm
HE s=s: A HE t=s: A

HEr=s:A HF s=t: A
Eg-Trans
HEr=t: A

H, 2+ s=t: B
HE Azts=X\et: ADB

Eqg-\

Hi s=s:ADB HF t=t': A
HF s-t=s-t: B

Eq--

HE s=s":[r]zA  H,va Ft=t':C ENFIV(4) CE

HE tlod:=rs)=t (vh:=rs): C{va« r}

Eq-()

HEr=s: A HEr=s: A
Eq+. Eq-+»
HEr+t=s+t: A HEt+r=t+s: A

H,a*+ s=t: A H, ot s=t: L
AL oA a Eq-[o] A A
H, o F [af]s=[a”]t: L HE pots=pat: A

Eg-pa

HE s=t: A i € FIV(H)
HF gen,(s)=gen;(t): Vi.A

Eg-gen

HE s=t:Vi.A e
HF insf (s)=ins (t): A{i « E}

g-ins

FIGURE 5. Equivalence and compatibility schemes.

also derivable in FOLP (Sec. 4) and also for Type Preservation (see validity variable substitution and
its use in the reduction rule y in Definition 5.11). The condition ENFIV(A) C E' prevents a proof of
a formula with free individual variables to be used as proof of a formula where those variables are
bound, as discussed in the introduction. The converse can be done safely (just like a proof of Vi.P(i)
can be used to prove P(i)), which is why the inclusion is oriented in only one direction.

Regarding the schemes for plus we comment on PlusL, the case of PlusR being similar. Informally,
the proof witness s testifies that either s or 7 is witness to the truth of A without supplying details on
which of the two. Note that ¢ is any proof witness whatsoever. Indeed, it may even contain variables
not included in H. The reason is that we seek to preserve the theorems of FOLP in FOHLP, in
particular [[s]]JA D [[s+¢]IA, which places no restriction on ¢.

REMARK 3.6
In the derivation of a judgement ®;I"; AF-D|s we assume the following freshness condition: for
every pair of formulas A, B such that e r, vf:: €e@oraleA:

« if yBeT, then y2 ¢ FVT(A)UFVT(D);
« if w8, €®, then w, ¢FVV(A); and
« if BB e A, then BB ¢ FVF(A)UFVF(D).

That this entails no loss of generality is reflected in Lemma 3.12.
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The schemes defining HFs=t:A encode equality of derivations as follows from proof
normalization [5]. It should be mentioned that the resulting equational theory is consistent
(Corollary 5.19) in the sense that there exist H,A,s and ¢ s.t.

e HEA|s is derivable;
e HHEA|t is derivable; and
¢ the judgement H - s=t¢:A is not derivable.

The schemes in Figure 5 ensure that proof witness equivalence is indeed an equivalence, and is
compatible with all operators with the exception of ‘!’. Intuitively, a proof witness such as !s, of a
formula such as [[s]]gA, supplies intensional information on how this formula is proved. For any
proof witness ¢ with ¢ # s, the proof encoded by !f is intensionally different from s and hence cannot
be equated with it. In fact !s and !r prove different formulas (since !r proves [[t]]zA). This does
not present an obstacle for proof normalization ‘under’ a box type constuctor since the introduction
scheme for Ol includes the judgement on proof witness equivalence (cf. case of internal reduction
reduction under a ‘!’ in Proposition 5.14).

3.1 Basic results

In this section we use >®;[;AF-Als as shorthand for derivability in FOHLP, written
>eoHLP ®; ;A Als. This applies to all judgements in the statements of the results presented
below.

LEMMA 3.7 (Weakening and Strengthening)
Suppose > O;T";AF Als. Then:

(1) >OUE;TUI'"";A-AUA’|s; and
2) >ONFVV(s);TNFVT(s);A- ANFVF(s)|s.

LemmaA 3.8 (Weakening for proof witness equivalence)
Suppose > O;I'; A s=t:A. Then also >QU®O"; TUT'; AUA' - s=t:A.

The following substitution principles hold.

LeEMMA 3.9 (Validity Variable Substitution)
(D) IfD@,v‘%;F;AI—BM and > ©;-;-FA]|t, then D@;F;AFB{V‘% <—t}|s{vAE <~t}.
() If>0,v4;T; At s=r:Band >©;;-FA|t, then >6; T Al s{v < t}=r{vd < 1}:B{v] «
t}.

LEmMMA 3.10 (Individual Variable Substitution)
() f>0;T;AED|r, then >O{i<«E}; T{i<E}; Ali<—E}-D{i<E}|r{i<E}.
2) f >O;T;AFri=ry:D, then >O{i«E}; T{i<E}; Ali<E}Fr{i<E}=n{i<E}:D{i<~
E}.

LEMMA 3.11
If >0;I"; Abs=t:D, thenboth >0;I"; AF-D|s and > ®;I"; AF-D]|t.

LEMMA 3.12
If >®; F,zB; AFD]s, then there is a proof witness s” such that > ©; F,yB; AFD|s" with yB a fresh
variable.
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Similarly, if > ®;T; A,aB FD|s, then there is a proof witness s” such that > ©;T"; A,,BB FD|s'
with g8 a fresh variable.

4 Relating FOLP and FOHLP

All theorems of FOLP can be proved in FOHLP (Section 4.1). This may be shown by introducing
a simple translation from formulas in FOLP to formulas of FOHLP and then transforming a proof
of theorem A in FOLP to a proof of the translation of A in FOHLP. The reverse translation is more
complicated (Section 4.2). Several issues arise when translating proof witnesses. One of them is
the translation of lambda abstraction and name abstraction; these must be simulated in FOLP. The
other is the translation of the bang and the unbox proof witness constructors; here the problem is
upholding the role of variables as registered in the decoration of the modality. These issues require
that the reverse translation have as target a simple variant of FOLP that consists in adding a number
of FOLP theorems as axioms (cf. Definition 4.3). The new axioms allow Nec. to apply to them too.

4.1 From FOLPto FOHLP

Let v be a FOLP-proof. We introduce a simple translation e_, parameterized over 7, from formulas
in FOLP to those in FOHLP. The derivation 7 is used to determine the (finite) constant specification
Cr and, from this, the translation of the constants. For technical convenience, we assume that the
formulas in Cy; are ordered. We define Cy (¢) 2 {A| [[c]lpA € Cr }. Note that C; (c¢) consists of formulas
that are instances of axioms of FOLP. We write (B1,xZ, &, B) to denote a proof witness (Figure 6)
associated with the formula ([x®]]gB) DB, the instance of axiom B1 in the language of FOHLP
obtained from instantiating its metavariables (in order of appearance) with x5, E and B, resp. Similar
notation is used for the instances of other axiom schemes. If we know that A is an instance of an
axiom, we write (A) to denote its unique® decomposition in terms of the associated axiom scheme
and instance variables. For example, (([[xB NleB)DB) = (Bl,xB, E, B). Translation of formulas and
proof terms are defined by mutual recursion.

DEFINITION 4.1
The translation e from FOLP proof terms and formulas to FOHLP proof witnesses and formulas
is defined as follows:

E, = E & = (Al et A,
P(E),....En)_ £ P(Ey,....En) AL A
én 2 1 Sty = Sply
Mn 2 AnDEn !—sn = !571
[sllzd, £ [s,llzd, stt, = syt
ViA, 2 ViA, gen;(s) = gen;(s,).

where C;(c)={A1,...,A,} and:

%There is one exception to uniqueness due to the overlap between axioms B3a and B3b, namely in the case of [[s]lgAD
[[s+s]]=A. In this case, we always select B3a over B3b.
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(Ala, A, B)
(A1b, A, B,C)
(Alc, A)

(Al1d, A,i, E)
(Ale, A, B, i)
(A1f, A, 4)
(A2,t,=2,i, A)
(A3,1,E, 7,A)
(Bl =, A)
(B2,s,E, A ,B,t)
(B3a,s,=, A, t)
(B3b,t, _,A s)
(B4,s,E, 4)
(B5,t, _,A i)
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(x4 \yB xd)
(/\l.ADBDC_)\UAJB_/\ZA_l.ADBDC . zA
Ay A ety A Aad Jat o)
Az¥iA Ir‘ISE( Vi. A) ‘
A ¥i-ADB /\va A.gen (lns’( i (ADB)) ins’i(yw'A))
Az gen; (z4)
A=A 194 (p2 .= g[H=:4)
Apld=4 192 (ol =t 2124

Apld=4 yd (pd:=t 2=4)

)\.L[H] ADB AU[[f]] A |( ADB ’U:A)<’LU§DB
Azll=4 1 (vd 4 1) (vd: —&xM 4
Agld=4 '(9+7) Y{vdi=t 2 [s1=4)
All=4 18 (pd =g 2 [s1=4)
)\x[[“']]EA‘!gen (v2) (vd =t 2[11=4)

(P 2Y)

=s, :L‘[[S]]EADBM,UI_:‘;::t‘/ y[[f,]]gA>

FIGURE 6. Translation of proof constants to proof witnesses.

(Ala,A,B)
(Alb,A,B,C)
(Alc,A)
(A1d,A,i,E)
(Ale,A,B, i)
(A1f,A, i)
(A2,1,E,i,A)

SN

|| | 1

8 3 3

{
{
{
{
{
{
{

Ala,A_,B.) (A3,1,E 1A)ﬂ £ (A3,1,,E,i,A,)
Alb,A_.B..C,) (B1,7,E,A) £ (BL,t,,E.A,)
Alc,A,) (B2,s,B,A, B f. £ (B2,s,,E,A;,B, 1
Ald,A,,i,E) (B3a,s, B,A,1) _ £ (B3a,s,,E.A, )
Ale,A B, .i) (B3b,1,E,A,s) £ (B3b,t,,E, A,,, ,,)
Alf,A_ i) (B4,5,E,4) £ (B4,s5,,B,A;)
A2,t.,B,i,A,) (BS,1,8,A,i) £ (B5,1,,E,A,,i)

Also, we define [, 2 {x4~ | x4 €T},

PROPOSITION 4.2

>roLpl FA implies >fpoHLp ;L) ;- A, |5, for some proof witness s.

17

i

The proof is by induction on the derivation & of I'-A; sample cases of the key axioms (A2, A3

and B5) and Nec are:

* A2.([[1]

z.i/A)DItll=A, if i €FIV(A).

——VarM
VA A

[ =

K, zA NNk

Ol

Var
A|x[m]“’ VAE;)C[[I]]E’iA;-F[[Vé]]sA“Vé
O

;x[[t]]E,iA; FeN=A| !VAE <VAE:=t,x[[t]]E'iA)

D
e E (i) D[l gA ol M= 0 (=, =)

The restriction for Ol holds, since ENFIV(A) C E. That of OE holds, since

because i FIV(A).

E,iNnFIVA)CE
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* A3. ([[z1zA) D[] 2 iA.

VarM

Vg i FAVE
" AVar e O

B SR DIV vg gl [0 TzaAlve
O

Kltl=A. Hts A|’VA VA .:L‘x[[l‘]]EA)

)
vz llg AT NG 0 =izt

The derivation is almost identical to that for A2, exchanging the occurrences of E and E,i.
The restriction for Ol holds, since E,iNFIV(A)C E,i. The restriction for OE holds, since
ENFIVA)CE,i.

* BS. ([[1llzA) Dllgen;(D]1zViA, if i¢ B.

VarM
Vvai - FANVE

o)

Vi
Vg YiAlgen;(v)

Var ol
clll=A s b (g A 1= v xl=4: - [[gen;(vE) 112 Vi A | lgen;(v) -
O

xllzA, - [1gen;(n]1zVi.A|lgen; (Ve ) (V=1 x[124)

2 (A S l[gen 1 zvioA T4 gen, () (vAmr, 54
The restriction for VI holds, since i ¢ E. That of Ol holds, since ENFIV(Vi.A) C E. Finally, that
of OE holds, since ENFIV(A)C E
e Nec. Then 7 is of the form F[[c]]A, with A an instance of an axiom scheme. Note that, if
Cr(c)={A1,...,An}, then A=A; for some i€ 1..n. In this case, it is easy to verify that the
judgement: -;-;-FA;_| mﬂ can be derived (recall that the proof witness @n is defined in
Figure 6). Therefore,
s AL (AN
(PlusL, PlusR)*
SrFALTAD 4+ {An)

AL, o () TAL IGAD, + o (An))

ol

4.2 From FOHLP to FOLP

We first introduce Extended FOLP (EFOLP) which serves as target of our translation, and then
address the translation 1tself EFOLP differs from FOLP in that some theorems of FOLP are
adopted as axioms. Let § = T be shorthand for (z NS)CT and S 2 —T be shorthand for iNSNT =¢.
EFOLP is defined as follows.

DEerINITION 4.3 (EFOLP)
The proof terms and formulas of EFOLP are exactly those of FOLP (Definition 2.1). The axiom
and inference schemes are those of FOLP (Definition 2.5) modified as follows:

(1) The following two axiom schemes:
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Ala.
Alb.
Alc.

Aldd.

Ale.
A1ff.
Alg.

Alh.

Ali.
A2,
A3.
A4.
A5.
A6.

AT.
AS8.

A9.
B1.
B2.
B3a.
B3b.
B4.
B5.

ADBDA
(ADBDC)D(ADB)DAD
—ADA
(Vi.Vi.A)DVj.(A{i « E})
(Vi.(ADB))D(Vi.A)DVi.B
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C

Vj.ADVY]Vi.A, if i ¢ FIV(A)

V;.ADV;.A. if 7 is a permutdtlon of 7

Vi.ADVj].A, FIV(A) 2 E ) )
Vi.(ADB) D Vj.A D Vk.B, FIV(A) £ Z FIV(B) £ 7, (FIV(A) N FIV(B)) £ 7
([=.:4) D [t]=A, if i ¢ FIV(A)

([t]=A) D [t]=:A

ADA

AS([t]l=B>B)

AD(Vi.BDB) ) )

Vi.(ADB) > [s]=A > Vk.B, FIV(B) :f> i, FIV(B) & =, FIV(A\= C 7
[s]=ADVi.A, FIV(4) = —= ) )
[s]le(ADB) > Vj.A > Vk.B FIV(A) £ ~Z,FIV(B) £ -2, (FIV(4) N FIV(B)) & §
([t]zA)> A

([s]=(A>B)) > ([t]=A4) > [(s - t)]=B

([s1=A) 2 [(s +1)]=A

([1=4) D [(s +1)]=A

([tI=4) > [%]=[t]=A

(tl=4) > [gen; (1)]=Vi.-A ifigz

FIGURE 7. Axiom schemes of EFOLP.

Ald. (Vi.A)DA{i < E}

Alf. ADVIiA, ifigFIV(A)

are replaced by more general ones:

Aldd. (Y].Vi.A)DVj.(A{i < E})

Alff. Vi ADV]ViA, if i 2FIV(A)

(2) The following new axiom schemes are added:

Alg. Vi ADVj.A,
Alh. Vi ADVj A,
Ali. Vi.(ADB)DVj.ADVk.B,

if ] isa permutation of i
FIV(A) :>z
FIV(A) :> i, FIV(B) LY i, (FIV(A)NFIV(B)) :>]

Ad. ADA
AS. AD([Q]]EBDB)
A6. AD(Yi.BDB)

A7. Vi(ADB)DIlsllgADV].B, F|V(B):>
A8. [[sTlgADViA,
A9. [[s]lg(ADB)DVj.ADVk.B F|V(A):>ﬁa, FIV(B) % -, (FIV(A)NFIV(B) =

=1

FIV(B) = —E, FIVA)\ECi
FIV(A)=> —&

«-L

19
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20 First-order hypothetical logic of proofs

The full set of axiom schemes is given in Figure 7. Note that they are all theorems of FOLP.

LEMMA 4.4
All EFOLP-axioms are FOLP-theorems.

Just like FOLP, EFOLP enjoys internalization of its own derivations. Our formulation below is
a slight variant of the Internalization Theorem mentioned in Section 2.1. It differs with respect to it
in that the set of free individual variables depends on the formula rather than the hypotheses used to
prove it. This eases some proofs (eg. Proposition 4.16). If '=A1,...A,, then a context of the form
[[u1llg, A1, ..., [[unllz, Ay is referred to as [[ﬁ]]ér. The proof of Lemma 4.5 is by induction on the
derivation of [[u]]zT"+D.

LEmMA 4.5 (Internalization for EFOLP)
>grFoLp [[#]]zT" D implies there exists a proof term r such that >gropp [[#llz T [7]1zD.

COROLLARY 4.6 .
>erFoLp [[#]]zI"FD implies there exists a r=D such that >groLp [[allz T HIlr

[es ]}

D11
Nznrva)P-

PrOOE. Since [[ﬁ]]él“ HIr]] zD is derivable for some r by Internalization, we can obtain [[#]] zT =

[[71] émFIV(D)D by using A2 and MP as many times as necessary. Take r=2 = |

4.2.1 Stripping and A-Abstraction in EFOLP

The main property of EFOLP that we require for our translation is the Stripping Lemma
(Lemma 4.11). It states that if 7z is a EFOLP-derivation of F,x[[yA]]EA B and yA ¢ T, then there is a
EFOLP-derivation 7’ of I",yA - Bya. Here B4 means stripping B of all modalities whose associated

proof term has y* among its free variables and replacing these modalities by universal quantification
over an appropriate set of individial variables.

DEFINITION 4.7
The result of stripping a variable x© from a formula A, denoted A C,1s defined inductively as follows:

P(Ey,....Ep)c 2 P(Ey,...,Ep)

1 £
(ADB)ic £ AcDBc
s [ViA,e, ifxCeFV(s)
([[s11gA)c = { [[s]lgA,c, otherwise

where i 2FIV(A)\ E
(Vi.A)c £ ViA.c

Stripping does not introduce new free individual variables as may be verified by induction on A:

LEMMA 4.8
FIV(A,c) CFIV(A).

The Stripping Lemma is a key ingredient of the A-Abstraction Lemma (Lemma 4.12) which will
allow us to internalise the hypothetical reasoning of FOHLP in EFOLP. A detailed account of the
role this lemma plays in our translation is given in Section 4.2.2. The rest of this subsection presents
some preliminary results required to prove both the Stripping and the A-Abstraction lemmas.
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LEMMA 4.9

Suppose S’ CS. Then
(1) S 7 implies 'S T
2) S =T implies S’ % —T

ProOOF. Immediate from the definition of S é> T and S é> =T. | |

LEMMA 4.10
Let A be an axiom of EFOLP and let x® be a variable. Then A s is an axiom of EFOLP.

ProOOF. We consider each axiom scheme.
* Al. A is one of the following

Ala. ADBDA

Alb. (ADBDC)D(ADB)DADC
Ale. ——ADA

Ald. (ViA)DA{i<E}

Aldd. (V].Vi.A)DV].(A{i < E})
Ale. (Vi.(ADB)D(Vi.A)DVi.B

Alf. ADViA, if igFIV(A)

Alff. Vj. ADVj.ViA, ifigFIV(A)

Alg. Vi.ADVj.A, 1f] isa permutatlon of i
Alh. ViADVj.A, F|V(A):l

Ali. Vi(ADB)OVjAOVKB  if FIV(A)S7, FIV(B):>1 (FIV(A)ﬂFIV(B)):>J.

These cases are all immediate except for those that include side conditions on free individual
variables, namely A1ff, A1h and A1i. For the former we proceed as follows. First note that A .5
is of the form Vj.A’ DV}.Vi.A’, for A’ =A,». Thus we must check that i ¢ FIV(A"). This follows
from Lemma 4.8 and i ¢ FIV(A). Alh is similar, except that we resort to both Lemma 4.8 and
Lemma 4.9(1).

In Ali, A s is of the form Vi.(A'DB) 3\7’] A’ DVE. B/ This is an mstance of Ali. The

associated conditions follow from FIV(A) :>z FIV(B) :>1 (FIV(A)NFIV(B)) :>j, Lemma 4.8
and Lemma 4.9(1).
* A2.Ais [[t]]z,;ADI[t]]gA, where i & FIV(A). In this case A,s must be of the one of the forms

- [[f]lg.;A’DIl#]lgA’. This is an instance of A2, given that i¢FIV(A’) as follows from
Lemma 4.8.

- Vf.A’ DV}.A’ . Note that here we have the same prefix Vf to the left and right of D given that
i ¢ FIV(A). This formula is an instance of A4.

* A3.Ais [[t]IgADI[t]]z ;A. In this case A, s must be of one of the forms

[([z]1lzA’ D[[#]]z,;A’. This is an instance of A3.

Vj A/DV; A’, with i € E. This is an instance of A4.

V]] i.j2.A' DVj1,jo.A', where i ¢ B and i € FIV(A). This is an instance of Ald.
vj A/DV] A" assuming i ¢ B and i ¢ FIV(A). This is an instance of Ad4.
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* A4. Ais ADA. In this case, A 5 is an instance of A4 itself.
* AS.AisAD([[t]leBDB). In this case, A s is of one of the forms

- A’D([[j]]gB’DB/). This is an instance of AS.
— A'D(Vi.B'DB’), where i =FIV(B)\ E. This formula is an instance of A6.

e A6. A is AD(V?.BDB). In this case, A, is of the form A’ D(V?.B’ DB’) and hence an instance
of A6 itself.

« A7.Ais Vi.(ADB)>[[s]]zA D Vk.B, with FIV(B) =7, FIV(B) & —& and FIV(A)\ E C7. In this
case, A5 is of one of the forms

- Vi(A'D>B)> [[s]lzA’ O Vk.B'. To verify that this is an instance of A7, we must check

the conditions FIV(B’):l€>?,FIV(B’):k>—-E and FIV(A’)\ E Ci. They all follow from the
hypotheses and Lemma 4.8.
- Vi.(A'DB)DVj.A VK. B’ where j= FIV(A)\u This is an 1nstance of Ali. For this we

must verify that FIV(A’ ):>z FIV(B’ ):>z and (FIV(4’ )ﬁFIV(B’ ) :> ] The first condition
follows from the definition of j (recall from above that j=FIV(A)\ E), the hypothesis

FIV(A\E Ci and Lemma 4.8. The second condition follows from FIV(B') =k>; and
Lemma 4.8. The last condition follows from the definition of], the hypothesis FIV(B) é —&
— since kN FIV(B)NFIV(A) CFIV(A) — and Lemma 4.8.

e A8. Ais [[s]]zA DV?.A, where FIV(A):i> —E. In this case, A s is of one of the forms

— [Is]] EA’DV?.A’ . This is an instance of A8 as follows from Lemma 4.8, Lemma 4.9(2) and

FIV(4) —E.
- Vj.A'DVi.A’, where j=FIV(A)\ E. This formula is an instance of Alh. In order to verify

FIV@') :l>;, assume k € FIV(A’)rﬁ. Then k € FIV(A) from Lemma 4.8. From the condition
FIV(A) :l> — &, we deduce k ¢ 2. Finally, the definition of]' yields k e}, as required.

¢« A9. A is [[sTlzA DB)DV}.A SVk.B  where FIV(A)=j>—-E, FIV(B)=k>—'E and
(FIV(A)NFIV(B)) :k>; In this case, A5 if of one of the forms:

- [[sllz(A’ 33/) SVi.A' DVj.B'. This is an instance of A9. Indeed, the conditions FIV(A") EN

—E, FIV(B) => —E and (FIV(A n FIV(B’)) =>J follow from Lemma 4.8 and Lemma 4.9(2).
- Vi.(A'DB)DVj.A' DVk.B, where i=FIV(A Z)B)\ E. To verlfy that this formula 1s an

instance of Ali, we must check that FIV(A )il FIV(B') :>z and (FIV(A YNFIV(B)) :>J
This follows from FIV(A) :> -&, FIV(B) :> -&, (FIVA)NFIV(B)) :>] and Lemma 4.8.
* B1. Ais [[t]IzADA. In this case, A,z is of one of the forms

- [[t]] gA' DA’ or
- Vi.A'DA’, where i=FIV(A)\ E. This formula is an instance of Aldd.

e B2. Ais [[s]]lg(ADB)D [[t]] gAD|[[s-t]]lgB. In this case, A s is of one of the following forms
where z—FIV(ADB)\u,] FIV(A)\ E and k= FIV(B)\E.
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- lIslle (A" DBYD[[tNIgA DIs-tllg B/ This formula is an instance of B2.
— Yi.(A'>B) S [[t]]gA’ SVk.B', withi= FIV(A DB)\u and k = FIV(B)\ E. This formulais an

instance of A7. For that we must verify FIV(B') :>z FIV(B' )ﬂkﬂ =P and FIV(A NE ci.
The first two conditions follow from Lemma 4 8 and the definitions of ; and k. The latter
follows from Lemma 4.8 and the deﬁmtlon of i.

— [[sTlg(A’DB) DVj.A' DVk.B', with j=FIV(A)\ E and k = FIV(B)\u This is an instance

of A9. We Venfy the associated conditions: FIV(A)=>—|u, FIV(B/):—' and

(FIV(A n FIV(B ) =>] They all follow from Lemma 4.8 and the definitions of] and k.
- Vi.(A DB/ ) DVJ A’ DVk B’. This is an instance of Ali. The associated conditions,

FIV(A )=>z FIV(B ):>z and (FIV(A")NFIV(B)) :>J, follow from the definitions of i, ]
and k.

L]

B3a. Ais [[s]lgADI[[(s+1#)]]gA. In this case, A s is of one of the forms:

- [[sTIz4’ D+l gA’. . This is an instance of B3a.
- [[s]=4’ Vi A, Where i=FIV(A)\ E. This is an instance of A8. Note that the associated

condition FIV(’ ):> — & follows immediately from the definition of i.
— Vi.A’DVi.A’. This formula is an instance of A4.

B3b. A is [[t]]lzADI[(s+1)]IzA. In this case, A, is either of the form

- [[l]]"A/D[[(s+t)]]~A’ or
- [[l‘]]’“A/DVl A, wherez—FIV(A)\u or
— YiA'DViA

These are dealt with in a similar way to the previous case.
B4. Ais [[t]IsADI['t]lzl[t]]gA. In this case, A s is of one of the forms

— [[N=A"D[[!'tN=[[]1=A’. This formula is an instance of B4.
— Vi.A’DVi.A’. This formula is an instance of A4.

B5. A is [[t]IgADI[[gen;(#)]]gVi.A where i € E. In this case, A5 is of one of the forms
- [[z1 ~A/D[[gen (D]leVi. .A’. This formula i is an instance of BS.
— Vj.A'DVK.Vi.A', where j =FIV(A)\ E and k =FIV(Vi.A)\ E. We consider two cases.

* Flrst suppose ie FIV(A ). Then since i € FIV(A) (by Lemma 4.8), from the definitions
of] and k we deduce {/} = {k i}. Thus we have an instance of Alg.

* Suppose now that i ¢ FIV(A'). Then}:lz and the second case is an instance of A1ff.
[ |

LEMMA 4.11 (Stripping)
Suppose 7 is a EFOLP-derivation of T, £ zAL g, y4 ¢ . Then there is a EFOLP-derivation 7’

of T,y +Bya.

PrOOF. By induction on 7.

e IfB= [[yA]] zA and 7 is obtained by using the hypothesis Pl llz4 | then Ba=A and 7’ is the
derivation of I, y - A obtained by using the hypothesis y2.
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« If 7 is obtained by using a hypothesis z® € T", then there is a derivation of I' B which uses
neither x4 nor yA. We obtain 7’ from this derivation by Weakening, and Ba=B.

¢ If 7 is obtained by using an axiom, then by Lemma 4.10, By4 is also an axiom.

* If 7 is obtained by applying MP:

raedpsp A leALp
mP

r"x[b’A]]EA B

By the induction hypothesis, we have derivations of I',yA+ DaDBya and T, YA Dya
Therefore, by MP, we obtain a derivation of I, yA I—ByA.

 If r is obtained by applying Gen, then B is of the form Vi.D with i ¢ FIV(F,x[LVAHEA), and there
isaderivation of ', A=A Dya. By the induction hypothesis we can derive I, YA FDya. And,

since FIV(A)C &, then i g FIV(T, yA). The result is obtained by Gen.

e If 7 is obtained by applying Nec, then B is of the form [[c]]D with ¢ a proof constant and D
is an instance of an axiom. By Lemma 4.10, DyA is also an instance of an axiom. Therefore,
[[c]]D,a4 is derivable. Note that here the same constant has been used despite the fact that D
and D;,A may be instances of different axioms.

LEMMA 4.12 (A-Abstraction)
If >gpoLpllillz Tyt [ MevenA - sz, x4)]] levep)B with x4 ¢T and x4 ¢ FV(B), then there exists a

proof term t‘:‘DB such that >groLp [[1]] gl [[1?3?D ]EﬂF|V(ADB)(A OB).

PrROOF. W.l.o.g. we may assume that xA es(ﬁ,xA). Indeed, if this were not the case, then we could
add it as follows:

(a) [[ullzT, Y IEV@A - [[c])(BSADB) (Ala,Nec)
(b) [z T IV - [[ellmyayurves) (BOADB) (a,A3*, MP*)
(o) [T, y“" TRV - (i, x) T s) B (Hypothesis)
(d) [Nz Ty Ve - [, ) ey urvs) B (c.A3* MP*)
(e) [lallz [y v - [[e- s, x)Rvayurv(ADB)  (b,d, B2, MP¥)
() Mgy IEVaA - [ Tley A (using y[<'Irved)
() [allz T,y IRV - [ ey urvis) A (f A3* MP*)
(h) [Nz T,y Ve e s@ ) A rvaorve B (e.g,B2,MP*)
() [l Ty v e s, x4) - xA lrv s B (h.A2* MP*)
*As many times as required.

We reason as follows:

[[]] 5 T,y IEverA - [, x) ey gy B (Hypothesis)

[@)zT.x*+B (Stripping, x4 € s(ii,x1), x* €T, FIV(B)\FIV(B) =)

[[u]] A DB (Deduction for EFOLP)

[l gl =282 0y anp (ADB)  (Corollary 4.6)

Take thB — rE.ADB, u
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COROLLARY 4.13 (M-Abstraction)A
Suppose  >groLp [ullg Iy "IV A - [[sGi,a ™))L with o™ ¢ Then [[ullzTF

([0 znFrya)yAs Where 1 S ¢ 6774

PrOOF. We reason as follows:
N2 T 1A (a2 D2 py ) (~—A) - (A-Abstraction)
[l zT F[c]l(=—ADA) (Alc, Nec)
[[@llz T Hlcl] anFIvia)(TTADA) (A3 and MP as many times as needed)
ENET (e A W@z DllzqpyaA (B2, MP twice)
[ |

LEMMA 4.14 (!-Abstraction) _
Suppose |>E|:o|_p[[ﬁ]]§l"l—[[s]]émFIV(A)A. Then there exists a proof term t!n’A such that

>eroLp [Ellz T (115 11z g [s]124, for any E such that ENFIV(A)C E.

[

PrOOF. We reason as follows:

[l 2T T 2 g A (Hypothesis)
[T F([sT1zA (A3*, MP*, ZNFIV(A)C E)
[z [[r= 002472 _[[s]lgA  (Corollary 4.6)

&

* As many times as required. Take t,‘"“’A =S llslleA,

Note: if EC é, then we can take t!E’A =ls and the result holds by B4 instead of Corollary 4.6. W

LEMMA 4.15 (Substitution)
TFsTgA, T,y =4 - B, ENFIV(A)C & and x4 ¢ FVT(T') implies T' - B{xA < s).

4.2.2 Translation from FOHLP to EFOLP

We now address the main result of this section, namely the translation of formulas provable in FOHLP
into formulas provable in EFOLP. We proceed in two stages: first we shall define the translation
between formulas in both languages and then we prove the main result, namely:

PROPOSITION 4.16
If >FoHLP ©; I'; A-Dls, then >groLp ©*UT™*UA* = [[s*llFv#nFivion D*.

For the first stage, we introduce the defining clauses of the translation in a step-by-step manner
until we obtain the complete definition. We begin by showing how to translate formulas, contexts and
proof terms without considering the proof terms constructors lambda and name abstractions, unbox
and bang. We the add clauses for lambda and name abstraction. Finally, we add clauses for bang.

For the second stage, the proof of Proposition 4.16 itself, we shall proceed by induction
on derivations in FOHLP. We assume that derivations in FOHLP use the more simple modal
introduction scheme Ol (¢f Remark 3.5) instead of Ol. A consequence of this is that if
>roHLP ©; I'; AFA]|s, then we may assume that the derivation does not make use of the equivalence
rules. That we may adopt this assumption without loss of generality follows from Lemma 3.11 (whose
proof resorts to O rather than Ol).normal form.
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Translating formulas, contexts and judgements. The translation ¢* from FOHLP to FOLP is
defined as follows for formulas and contexts:

P(Ey,....Ep)*

= P(Ey,....En) PN
1 2 1 . .
e )" & e[ sA*
GoBr £ geope @ 2 enAlear
Vi A* A Vi A* (Fax )* = r 1[[-xA ]]FlV(A*)A
' N ; A 4 * —A* —AX
[[S]] EA* é [[S*]] EA* (A,(X ) - A 9 [[a ]]FlV(A') A

REMARK 4.17
For every formula A, FIV(A)=FIV(A*). Note that FOHLP-proof witnesses and FOLP-proof terms
play no role in the definition of the free individual variables of a formula.

The translation of a FOHLP-judgement ©;T"; A A]|s is defined as:
(O;T; AFA[)* £0*, T*, A*F[[s*llFvierur-uar)nFIvanA*

Towards translation of proof witnesses. For proof witnesses (disregarding lambda and name
abstractions, unbox and bang) we have:

(xA)* £ xA* * A * *

(Vé,)* é VA* (S+t) f S +t

(S :2)* £ s*-r* geni(S): R geni(s*)
(@ & ot MO = o

In the clause for InS (s) we assume [[C]]Q)AEC for all formulas A which are instances of axiom
scheme Aldd (Wthh we recall is (V] Vi A)DV] (A{z <—E}))

Translating lambda and name abstraction. We now explain how we address lambda abstraction
(name abstraction is addressed similarly). Suppose that the last scheme applied in the derivation
of a judgement ®;I"; A C|s is:

O;T,x*; AFB|s
Sl

O;T; AFADB|MA.s

The induction hypothesis of our forthcoming proof (Proposition 4.16) will yield derivability in
EFOLP of:

O* U™, [ NEvanA*UA* F s TIFv(e-ur-uas)nFIvs- B*- (3)

However, we are after derivability of @*UI'™ U A* = [[t]]Fiv(@+ur-uamnFIvarss(A* DB*), for an
appropriate proof term ¢. Building a derivation of this judgement requires three steps:

(1) We first need to ‘drop’ the outermost modalities of [[xA*]]FN( AnA*  and
[[s*1IFiveur~ua=nFive+B* from (3). This is achieved via the Stripping Lemma
(Lemma 4.11).

(2) This allows us then to resort to the standard Deduction Theorem to deduce A* D B*.

(3) Finally, we resort to the reflective capabilities of EFOLP in order to deduce the appropriate
proof term ¢. This is achieved via the Internalization Lemma (Lemma 4.5).

These three steps conform the content of the A-Abstraction Lemma (Lemma 4.12). Note that ¢
is thus a function of the original EFOLP derivation of (3). In turn, (3) is obtained from analysing
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the FOHLP derivation 7, and may contain multiple FOHLP derivations of an FOHLP judgement.’
Thus we shall assume in our proof of Proposition 4.16 (and Corollary 4.18) that 7 is canonical in
the sense that multiple occurrences of a judgement in 7 all have the exact same proof. The clauses
defining the translation of lambda (AxA .s)* and name abstraction (uaA.s)*, are as follows:

(AxA.s)* £ tf*DB ", if there exists a EFOLP-context [[z1] zT', a formula B and a fresh

VIRV AA ¢ s epoLp [[ﬁ]]gl“,yw ]]F'V(A)A*"[[S*]]FIV([[Q]]gF)ﬂFIV(B*)B*-

(AxA .s)*
(nat.s)"

d-d, otherwise.
tﬁ*, if there exists a EFOLP-context [[4]]3I" and a fresh y[[o‘ﬁA lFvanA™ g .

> —A* W A*
>eroLp [illz My TevanA™ s+ 1.
(,uozA.s)* £ d.d, otherwise.

> >

Here we assume [[d]]gA € C, for all formulas A which are instances of axiom scheme Alc, the axiom
scheme of classical logic =—A DA. In our use of this translation (Proposition 4.16) the conditions
of the first and third clauses shall be met when dealing with modalities that are introduced using Ol
and in which the translated abstraction that occurs in the internalized proof witness is proved in
itself; the second and fourth cases are used when these abstractions that occur in modalities do not
represent valid proofs.® The proof terms defined by the first and third clauses all depend on the form
that the assumed EFOLP derivation takes. Since there are non-linear constraints in our terms (¢f. DE
in Figure 2 has A in positive and negative positions), hence the reason for the assumption that 7 be
canonical.

Translating bang. Regarding the clause for (!7)*, defining it simply as !r* presents technical
difficulties when addressing the case OI’. Indeed, suppose the FOHLP derivation ends in:

®;--FAlr FIV(O)NFIVA)CE
al’.

;I A=At

The induction hypothesis yields:
O*HI*NIFv@r)nFIvanA*®
from which we can obtain the following, given the condition FIV(®)NFIV(A)C E of OI":
O*F[[r*]lzA*
But then B4 yields:
O[]zl llzA*
However we are after:
O* [ lrveur-uamnellr*llzA*

Unfortunately, it is not sound to simply discard the variables in E in order to obtain FIV(@*UT'*U
A*)N E. A similar situation arises if we define t(vA:=r,s) as *{1*" < r*}. We thus define (1/)* and

=
=)

7Since we assume OI’ rather than O, the sole source of this multiplicity is PlusL and PlusR.
8For example, -;x““A wdleB, - [aAz-z])eB Ix”“/\'z‘ZJJEB.
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(t(v‘é ::r,s))* as follows:
(In* & t!E’A*, if there exists a EFOLP-context [[ﬁ]]éI‘ and a formula A s.t.
>erFoLp [l T F [ TRV . rnFivanA™ and
FIV([[ills D) NFIV(A*) C E.
(IH* & 1, otherwise.
(t(v’é::r,s))* & B <7} if there exists a EFOLP-context [[ﬁ]]él‘ and a formula C s.t.
>eroLp [[llzT ([ « r*}]](F|V([[ﬁ]]éF)UE)C*{VA <~}
(t(vé::r,s))* L A %), otherwise.

This completes the definition of the translation. We now focus on the proof of Proposition 4.16
whose statement, we recall from above, reads:

If >FoHLP H = Dls, then >groLp H* E[s*IFIv(+)nFivpD*, where H* is shorthand for ©*U
*UA*.
ProOOF. By induction on the derivation of H - D|s. As mentioned in the beginning of this subsection,

we assume that the derivation does not resort to proof witness equivalence. We analyze the last rule
used.

* Case Var. HEDls is O;T7,x4; AFA[xA. Trivially >groLp ©* U UA* F x4 TIgyan)A*.
Since [x* Tgv(as)A* € I'*, then FIV(H*)NFIV(A*) =FIV(A*).

* Case VarM. In this case s:vg, @:@’,vg and hence ’H:@’,vg; ;A H [P 1eD* is
derivable in EFOLP since vP* € H*. Note also that FIV(H*)NFIV(D*)=FIV(D*). We can use

A2 and A3 as necessary (along with MP) to derive H*F [[vD*]]FN(D*)D*.
¢ Case DI. The derivation ends in:

O:T,x*; AFB|t
Sl

O;T; AFADB|AA 1

By the induction hypothesis we can derive:
O* UT™, [ TIrvea)A* U A* - [Is* TlEv e nFIvien B “)
Thus, our translation requires that we prove:
H P TRV nFvass (A" DBY). (5)
in EFOLP in order to conclude. From (4) and possibly multiple uses of A2, A3 and MP:

O UT*, [ Fv@anA* U A* F[[s* v s B*

By our freshness convention, we know that xA ¢ #{ and x4 ¢ FVT(B). Therefore, x* ¢ H* and
A" ¢ FV(B*). We then resort to the A-Abstraction Lemma (4.12) to obtain zf 2B gt

>eroLp H*H I 22 TRV nFIvasss)(A* DB*).
¢ Case DE. The derivation ends in:
O;I';AFADB|s O;T;ARA|t

OE.
;" AFB|s-t

9T0Z ‘gz aunc uo 1s8nb Aq /610'sjeunopioxo wodbo|//:dny wouj papeojumoq


http://logcom.oxfordjournals.org/

First-order hypothetical logic of proofs 29

By the induction hypothesis both of the following judgements are derivable in EFOLP:

(1 H* - [[S*]]F|V(’H*)OF|V(A'DB*)(A DB)* and
() H* I NFvenFIvanA*

We can derive H* = [[t*]lFiv(+)nFIva*>B-A* by using A3 and MP as many times as required
(keep in mind that FIV(A) =FIV(A*) CFIV(A* D B*)). Then, using B2 and MP twice, we derive
H*E ™ - ) NRvaHnFIvarseH B

Note that A* is the same on both sides, since we are assuming canonical derivations and thus
translations are unique.

Case OI'. In this case D={[[t]]zA and the derivation ends in:

©;:-FAjr FIV@)NFIV)CE
al’.

@:T; A[[1]1gA |l

We reason as follows, where * in step (c) means A3 and MP are used possibly multiple times:

@) O NIFv©n)nFIvanA” (IH)

(b) @~ [[t!:"A Irveennellt] gA* (Lemma 4.14, FIV(©*)NFIV(A*) C B)

(©) O*UT*UA*H (1 M Tlrve el lzA* (A3 and MP)*
We  know that t!E’A is the correct for translation for !f, since
>eroLp O 7 lIFvenFiva)A* and FIV(@*)NFIV(A)C E.
Case OE. The derivation ends in:

O;T; AF[[rTI=Als ®,vAé/;F; AFC|t ENFIVA)CE

OE

O:;T; A C{va, < r}t(vh =rs)

with D= C{VAE, <r}and s= t(v‘f‘E,:zr, s'y.

By the induction hypothesis both of the following judgements are derivable in EFOLP:
() H*F s NFvemnellrNzA*

@) H* A N A* F I T EvemuannFvies) C*

We now reason as follows:

(@) H* =" Rversne 124 D ([ 112A%) (B1)

(b)) H*E[[r*]]gA* ((a), MP)

© H*F I A < Ml EvamuenFivies) CHA < r*) - (Lemma 4.15, (b), (2))
(d) H* = C* A" < r*) (B1, MP)

(@) HA (VIO ) ey v ey €A < r*)(Corollary 4.6)

By Remark 2.4, FIV(C*)=FIV(C* /A" < r*)).
We know that rFVH).C0Y" <"} s the correct translation for t(vé,::r, s"y, since H*F
[+ (A < r*}]]((FIV(H*)UE’)ﬂFIV(C*))C*{VA* < r*}isderivable in EFOLP by (c), and therefore
sois H*E{[* (v < Ul ue CHA < ).
¢ Case PlusL (PlusR is similar and hence ommitted). The derivation ends in:

;I AFAls

PlusL.
O; T AFA|s+t
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By the induction hypothesis >groLp H* - [[s*]IFiv(2¢+)nFIvas)A*. Thus, by B3a and MP, also

>erFoLp H* F[Is* + TRV nFIvasA™.
Case NADbs. The derivation ends in:

O:T:A,a*+L|s

NAbs.
O;T: AFA|ual.s

By the induction hypothesis, >groLp H*, [ ™47 ]] FivianA* = [[s*]]gL, and thus pots" = tﬁ' =
cﬁ}c 't;ﬁA. By our freshness convention, we know that o ¢ H, therefore oA ¢ H* and by the

wu-Abstraction Corollary (4.13), H*+ [[’ﬁ*]]FIV(H*)mFIV(A*)A* is derivable in EFOLP.
Case Name. The derivation ends in:

O:T: A, 0 FAs
Name.

@;F;A,aAI—J_|[aA]s

By the induction hypothesis, >groLp ’H*,x[[“ﬂ TFvan =A™ (Ls* FIvernFIvanA™.
Note that FIV(’H*,x[[‘fA ]]F'V(A*WA*)H FIV(A*)=FIV(A*). We reason as follows:

(1) A2l DA [l ey g =4* (hypothesis e v 4%
@ Al Devan AT 5T A (IH)

3y A e Teavas =A% g A" s*IFvias)L (B2 and MP twice)

@) Al Devan AT A e L (A2 and MP as required)

Case VI. The derivation ends in:

@:T;AA|t i¢FIV(O,T,A)

vl
®:T; A-Vi.Algen,(r)

with D=ViA and s=gen;(t). By the induction hypothesis,
>erFoLp H* F [ IFivaanFivasA*. Since i¢FIV(H), then i¢FIV(H*), and thus we
can obtain the result by BS, A2, and MP (twice).

Case VE. The derivation ends in:

O:T; AFViAlt
VE

©;T; AFA{i < E}|insf (1)

with D=A{i<E} and s= insf(t). Let E=FIV(H*)NFIV(Vi.A*) and E =FIV(H*)N
FIV(A*{i < E}). By the induction hypothesis, >gpoLp H*F [[*]]zVi.A*.

Since FIV(Vi.A*) CFIV(A*{i < E}), then >proLp H*F[[t*]]z/ Vi.A* by using A3 and MP as
many times as required.

We reason as follows, where * indicates multiple uses of an axiom:

(a) H* Vi A* DA*{i < E) (Ald)
(b) H* [ f1IVi.A* DA* (i —E) (Nec)
(©) H*H[CAI ¢ Nz ViA* DA* (i < E} (A3* MP¥)
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(d) H*[AM)) g Vi.A* DA* i < E} D[N g Vi.A* D[[(cAM- )|z A*{i < E} (B2)
(e) H*H[r* g ViA* DA - )] g A*{i < E) (MP)
() H* ([N ]]zA* (i < E) (MP)

COROLLARY 4.18
If >FOHLP; ;- FAls, then >groLp - [[s*TlFIva)A™ and >EpoLp-HA™.

5 Term assignment

The AFOLP_calculus, our proposed term assignment for FOHLP, consists of a grammar that
describes the valid terms (Definition 5.1), the typing rules (Definition 5.3) and the reduction rules
(Definition 5.11).

The proof witnesses of FOHLP do not encode derivations unequivocally. For instance, the proof
witness x4 +y? ensures that A is true if we assume both x* and y4, but it does not tell us which
hypothesis was used in order to derive it. Similarly, !v‘f\E can be used to verify that [[VAE]] z/A is true
assuming v‘g as a validity hypothesis, but this may have been derived in an infinite number of ways,
using Ol with any witness which is equivalent to v’é (e.g., vf‘a itself, ()\xA .xA) . v’f‘s, uaA.[aA]v’.qs, etc.).

5 FOLP

So we introduce further information into proof witnesses to obtain -terms.

DEFINITION 5.1

The terms of AFOLP are given by the following grammar:

M,N:::xA

va

(A MByAoB
(MADBNA)B
(1pA)lsllzA
| (MB A =r NIMIzAY B <)
| ([ MAyt

| (ua M

| (M)

| (s+NB)B

| (gen;(M*)"4

| (insliE(MVi.A))A{ieE}

The connection between AFOLP_terms and FOHLP-derivations should be clear from the notation.
The term (MA+s)* encodes a proof of A which appends the witness s to a previous proof of
A—encoded by MA—by using PlusL. Analogously, (s+xM*)* encodes the proof which results
from appending s to a proof of A by PlusR. Also the terms (!v‘%)[[vé]] =4 (!vé)[[()‘xA'xA)'V%HEA and

(!v‘é)[[V%HEUE’A encode different derivations, in which Ol is used in different ways to prove different
formulas. We often drop superindices in terms for the sake of readability.
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T-Var

H,z? ozt |2t

H,a - MB|s . HEMPP|s HENAt
-0
HE Az MBYPB | Az s HE(MPBNYHYB |5 ¢

T-VarM
H,vd - ol |vd
O;-FMA s  ©;;-Fs=t:A  FIV(O)NFIV(A) C = o
-0
O;T; A+ (IMA)H=4 1
HEMI=A s H oA FNC |t ENFIV(A) CZ -
-0
HF N (vé =, M[[THEA>C{”§’<_T} | t(va =, 5)
HEMA|s HENB|t
— T-PlusL = T-PlusR
HE (Mt) s+t HE(s+=N)" s+t
H,o = Mt s T-NAb H, o M2 s TN
- S -Name
H F (pa M)A | pa.s H, o ([ M)+ | [at]s
HEMs i &FIV(H) _ HE M s TvE
H Fgen,(M)""4 | gen,(s) H Fins? (M)A EY |ins? (s)

FIGURE 8. Typing rules for AFOLP,

REMARK 5.2

Some information regarding the derivations these terms encode is still left out, since our terms do
not encode the equivalence rules used to derive the second premise of T-Ol, nor the contexts used
in the derivations (we may have assumed additional hypotheses which were never used). However,
these terms provide us with enough information to reason about the proof normalization process and
other properties of the metatheory. A term assignment where complete information is recorded in the
terms may be consulted in [10].

Free variables of validity (FVV(e)), truth (FVT(e)) and falsehood (FVF(e)), as well as free
individual variables over terms are defined analogously to those for proof witnesses, and the notational
conventions extend to terms as expected.

DEFINITION 5.3

Typing judgements in AFOLP take the form ©; T'; AF M4 |s. The typing rules that define which such
judgements are derivable are given in Figure 8. They arise from the inference schemes of FOHLP of
Figure 2; hence every well-typed term encodes a derivation in FOHLP modulo the equivalence rules,
and every FOHLP-derivation can be encoded by a term. In particular, note that if ©;T'; A-M4|s
is derivable with the typing rules of AFOLP, then ©;I"; AA|s is derivable in FOHLP. We write
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HE=MA |s to abbreviate ©;T"; A -MmA [s. Also, we write D>, ror ©;I; A FMA |s to indicate that the
typing judgement ©; I"; A M4 |s is derivable.

We now list some substitution principles.

LEMMA 5.4 (Validity Variable Substitution)
(1) If both >, Forp ©,v&; T'; A-MB|s and >, roLe ©; ;- N4 |1, then
B roe ©; 5 A M{vA < NA, 1BUVE s A 1.
(2) If both >EoHLP ©,VE; s Al-s=r:B and >, rolp ©; ;- - N1, then
DEOHLP ©; s A s(VA <t} =r{(vA < 1}: B{vd <1}

LEMMA 5.5 (Validity Variable Substitution with Equivalence)
If

(1) >yrop ©, v T AFMB|s;
(2) >;FoLp ®;-;-FNA|r; and
(3) DFOHLP®; ;- Fr=1:A,

then there exists s” such that:

(1) Bjrotp ©:T: AFMP vl < N4, (PUET]; and
(2) BEOHLP®; T Ak s/ =s{vh < 1}: BvA < 1.

LEMMA 5.6 (Individual Variable Substitution)
(1) If >, ror ©; T; AFMP |1, then
>, FoLp Ofi <~ E}; T{i <= E}; Ali <~ E} - M{i < EYPU<E} | pli < E}.
2) E>FoHLP®;'; A-ri=r:D, then
SEOHLP O{i<—E}; T {i<—E}; A{li<—EYri{i<«—E}=nr{i<E}:D{i<E}.

LEMMA 5.7 (Truth Variable Substitution)
If >, Forr ©; T,y4; A-MPB |5 and 1>, roLp ©; T'; AN |1, then
>, roe @; T AFM (YA <~ NAYB [ s(yA < 1).

LEMMA 5.8 (Falsehood Variable Renaming)
If >, rolr ©; T'; A,aA,,BA ~MmB |s, then we also have
>roe @ T A, BARM{ah < pAYB |s{a?t «— BA).

LEMMA 5.9 (Structural Substitution)
If >,For ©;T7; A, a2 pmP |s and >, FoLr ©;17; A NA |2, then
> Foe @3 15 A, BB M([0281(e) (B8 10N )P | 5( [2F1(0) < [BE1(0): ).

LEMMA 5.10 (Inversion)
Suppose >, roLr O;T'; A FNP|r.

. IfNszA, then x4 erl’, r=x4 and D=A;

o IfND:v’f\E, then VAE €0, r:vf\5 and D=A;

If NP = (xA . MB)YA2B | then >, FoLp ©); I,x4; A-MB|s for some s, r=Ax4.s and D=ADB;

. IfNDP =(M{DBM§‘)B, then both 1>, FoLr ©; T'; A I—M{DE |sand >, FoLr ©;T; A I—Mé1 |t for some
sandt,r=s-tand D=B;

If ND=(!MA)[[’]]5A, then both >, roLr ©; -; - FMA |s and >FoHLP ®; ;- F s=t: A, for some s,
FIVI@)NFIVA)CE, r=!t and D=[[t]]z4;
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o NP =B (A = MM I=A) B <) then both >, roue ©; T; AFMITI24 |5 and
D>, FoLP ®,vé,; ;A I—M§|t for some s and ¢, r:t(vAE,:zr,s), ENFIVA)C E" and

D:B{vA <—rA};

o If NP=([aAIMA)L, then 3 A/, s s.t. A=A a?, >yr0e ©; T A e - MA s, r=[a’]s, and

D=1;

. IfND=(,u,oeA.Ml)A, then >, For ©; I'; Ao Mt |s for some s, r=;sz.s, and D=A;

. IfND:(MA+Lt)A, then >, roLp ©; T'; AFMA |s for some s, r=s+t, and D=A;

o If NP =(s+M5)B, then 1>, ror ©;T"; A-M? |t for some t, r=s+1, and D=B;

o If NP =(gen;(M*))"", then 1>, rop ®; I'; AF-MA s for some s, i €FIV(O,T, A), r =gen;(s)

and D=Vi.A;

o If NP =(ins} (M¥4)M<E), then > rore ©; T'; A-MYI4 s for some s, r=ins] (s)

and D=A{i<E}.

DEFINITION 5.11

Reduction in AFOLP | denoted — , is defined as the compatible closure of the following two groups

of rules:

* Principal rules:

B: (A MB)NA — MB{A N

w: et M+ - M{at g

e (,bLOlADB.MJ‘)NA — ,bL,BB.MJ‘(I[OIADB](O)<—[/33](O)NAI)

0: pat.[at1MA - MA, if a ¢ FVF(MA)

y: MBOA:=rIN4)  — MB(A < NAr), if FVT(N)=FVF(N4) =0
g:insf(gen;(M4))  — (MY){i<E)}

¢ Permutative rules:

WL: (MADB—G—LZ‘)ADBNA

WR . (S—I—RMADB)ADBNA

xL: [BAIMA+

xr: [BBI(sHNB)YB

or: MBOA, =, (NIIrI2A 1))
or: MB(vE, i=r, (s NI NzA))
er: insE (MY A 4r)

er: inst (s M)

e /LaA.(MJ-—i—Lt)J-

IR: uaA.(s+RNJ-)J-

N A R R

(MAPNAP 41

s+ (MAPBNA)B

(B it

s+ ([BBINB)L

MB (A, :=r, NIy B0 <)
s—"_R(MB(VAE/::r’N[[r]]EA>)B{Vé/(_rA}
ins?(MVi.A)_i_Lt

sinsE (M¥iA)

(o M),

s+ (o N1,

if ad ¢ FVF(1)
if a4 ¢ FVF(s)

The restrictions torules y, 0, ¢, and tg prevent the creation of free variables upon reduction. Bound
variables may be renamed before reduction to avoid capture. We write — for the reflexive-transitive
closure of — and — T for the transitive closure of — . Rules u, ¢ and @ are inherited from Parigot’s
Au-calculus. Rules 8, y and & encode proof normalization steps. For example, the y rule encodes
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the step in which the derivation:
1
©;-FNAr  ©;-Fr=r:A FIV(@)NFIV(A) C & 0

a —_—
H-(NHIA |y, HvEFMBls  ENFIVA)CE

OE

HEMB (= INAYBOR 1 0k =)

is transformed into the derivation given by the Validity Variable Substitution Principle (Lemma 5.4)
applied to 71 and 75:

HEM@L < NA B |y,

where 5’ is equivalent to s{v‘% <« t}. The purpose of the permutative rules is to avoid operators ‘4’ and
‘+g’ from blocking reductions. They push the sums outside, unveiling inner redexes. For example:
(O yBYAPB g A9BA sy (A yBYB A g yB .

5.1 Basic results

The relation — is confluent. This is a consequence of the fact that all critical pairs may be closed
(cf. [14], where confluence of the term assignment for LP is proved; note moreover that no new
critical pairs are added with respect to that system). Strong normalization of — is addressed in
Section 5.2 (cf. Proposition 5.25). We now focus on type preservation and consistency of =.

LEMMA 5.12
If ©;T; A-MA|s is derivable, then FVT(s) CFVT(M4) and FVF(s) C FVF(M4).

PrROOF. By induction on the derivation of ®;I'; A FMA|s. The T-Var and T-VarM cases are
straightforward. For T-0l, FVT(M#)=FVF(M")=FVT(s)=FVF(s)=-. In all other cases, the result
is obtained by induction hypothesis and basic set operations. |

LEMMA 5.13
If \>AFOLP®;F;A|—MD|S and MP — NP by reducing a redex at the root of MP | then
D>, FoLP O:T; AFNP|s for some witness s” such that ©;T'; A+ s=s":D.

PROOF. By case analysis on the reduction rule that was used. We supply a sample case.

o y: MP=MBOA =r,aMHINA) NP =pMB(A, M4 7} and FVT(M$)=FVF(M5)=0.

By Inversion Lemma (twice), D:B{VAE <~r}, s:!r(v‘é,::r,t} and there is a witness r’ such
that FIV(®)NFIV(A)S E, ENFIV(A)C &', and ©; ;- r'=r:A as well as ©;;-FM4 |7’ and
@,Vé,; r; AI—M{?U are derivable.
By Lemma 5.5, we can derive ©O;I; AI—M?{V‘%, <—M§‘,r}B{Vé/(_r} |s" and ®;; Al s'=
t{vAE, <~ r}:B{vé, <« r} for some witness s"; and, by EQ-Symm, we derive ©;"; A+ t{vé, <~
r}zs/:B{vé, <« r}.By Eg-y -since FIV(®)NFIV(A) C E'-, we canderive ©; "; A szt{v‘é, <«
r}:B{vA, < r}. And finally, by Eg-Trans, ©; I'; Al s=s": B{v&, < r}.

Note that s and s are the same as the witnesses s and ¢ for the corresponding equivalence rule from
Lemma 3.11. |
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PROPOSITION 5.14 (Type Preservation)
If >,rop®;T;AFMB|s and MB— NB, then there exists a proof witness s’ such that
>, Foe ©; T; ANB|s" and >ponLp©;T; AFs=5":B.

ProoF. By induction on MB. If the reduction takes place at the root, then the result holds by
Lemma 5.13. We illustrate a sample case of an internal reduction.

o If MB=(MHN=A: in this case B=[[r]]zA, N8 =(IN}HN=A where M — N4 and, by the
Inversion Lemma, there is a witness ¢ such that both ®; -;-I—M‘{‘lt and ®;-;-Ft=r:A are
derivable, FIV(®)NFIV(A)C E and s=!r.

By the induction hypothesis, we can derive ©; ;- I—N‘f‘ |t and ®;-;-Fr=t":A.
By Eg-Symm and Eg-Trans, we obtain ©;-;-t'=r:A. And, by T-Ol, &;I;Al
(INHIN=A |1 ©;T; At #'=r:A is obtained by Weakening.

COROLLARY 5.15
If >, rop ©; T; AR (IMBYA | and MB — NB, then ©;T; A (INB)A |1 is derivable.

PrOOF. By the Inversion Lemma, A=[[r]]gB, t=!r for some proof witness r, and there is an s
such that both ®; ~;'I—MB|s and ®;-;-s=r:B are derivable. By Proposition 5.14, there is an s’
such that both ®; -;~|—NB|S’ and ©;-; -+ s'=s:B are derivable, and ®©NFIV(A)C E. By Eg-Trans,
©®;-;-Fs'=r:Bis also derivable. And, by T-OI, so is ®;T"; A I—(!NB)[[r]]EB |1r. [ |

We now address consistency of proof witness equality H - s=t:A. For this we first define the
notion of proof witness associated with a term.

DEFINITION 5.16
The proof witness associated with a term MA, denoted W(MA), is defined as follows:

w((gen;(M*)¥i4)
W((lnSlE (MVi.A))A{R—E})

gen;(w(M™))
insf (w(Mi4)

w(x4) 2 A

w(rg) = g

w((AxA.MBYASB) 2 axA.wwmB)
W((MASBNA)B) 2 w(MAB).w(NA)
w((!mAlislizA) 2 s

W(MB (v =, NUAIADBUS <y 2 B oA, W I Tz )
w(([eA M4 2 [aAwmd)

w((pa ML) L2 pat.wmt)

W((MA4.0)%) L2 WM+t

W((s+N5)B) 2 s+wwB)

REMARK 5.17
The proof witness W(M’ A) associated with a term M4 is the only one such that the judgement ®; I"; A+
MA | w(MA) is derivable for some ©, T, A.

LeEmmA 5.18
If >, For ©; I'; At s=t:B, then there are terms My, M, M3 s.t.:

(1) >yror O;T; A"M?LY;
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(2) >,FoLp @;F;Al—M§|t;
(3) M| —Ms; and
(4) My —Ms.

PROOF. Since there may be more than one candidate for M| and M,, we will assume that the
derivations we are working with are canonical in the following sense:

e Whenever either (T-)PlusL or (T-)PlusR can be used to prove the same formula, we use
(T-)PlusL. This eliminates the possibility of two different terms encoding a proof with a
witness of the form s'+7'. (T-)PlusR may still be used to derive judgements of the form
QT A (s MA Y |s' +1 when ©';T”; A’A’|s’ is not derivable.

e We use (T-)OI" instead of (T-)3I, in order to avoid the possibility of multiple (in fact infinite)
terms encoding a proof with a witness of the form !s’.

This way, if >roHLp ©; I”; A’FA|r, there exactly one term M ©';T’; A’+MA|r has a canonical
derivation (this is straightforward by induction on s, since canonical derivations are syntax-driven).
In order to preserve this invariant, we will ensure that the derivations we construct are also canonical
in this sense (by using T-OI” instead of T-Ol, and not using T-PlusR unless this rule was used in the
original derivation).

The proof is by induction on the derivation of ®; I'; A s=¢: B. We exhibit a sample case.

* Eq-y: s:/(v’é::s/, 1s), t:t/{v‘f‘s <—s/},B=C{vAE <« '}, both ©;-;--NA|s" and @,v‘f‘s; ;AR
ME |t are derivable by hypothesis for some ME€ and N4, and FIV(®)NFIV(A) C E.
Let E; =FIV(®). Since E; NFIV(A)C E;, then by T-01, we get ©; ; A (INA)I5 2415
note that we use the same proof witness s’ on both sides of the equivalence, which is the same
as using T-0I°, and thus the derivation is maintained canonical. Now, by T-OE, we can derive
O;T; AFMC (A =5, (N Nz ) Clg = (A . — ¢/ 1)
Take M =M€ (v4:=s/, (NI N=214y and My = M5 =M <NA S

C{vé <~}

The judgement ©;I"; A-M, |t’{v’% <5’} can be obtained from @,VAE; I'; AFC|t and
the hypotheses by Lemma 3.9, and M| —, M5.

COROLLARY 5.19
The = theory for FOHLP is consistent.

PROOF. Suppose that we can derive -; {x,y4}; - x4=y4:A. By Lemma 5.18, there are M, M, and
M3 oth -;{xA,yA};-I—M’IA‘|xA and ~;{xA,yA};~l—M§‘|yA are derivable, and M| — M3 and M, — M3.
By Remark 5.17, x4 =w(M;) and y* =w(M>). By Definition 5.16, M; can only be x* and M,
can only be yA. But both x* and M and y* are normal forms, so M3 cannot exist. Therefore,
. {xA,yA};~l—xAEyA:A is not derivable. Since -;{xA,yA};~I—A|xA and ~;{xA,yA};-I—A|yA are both

derivable (by Var), then the = theory is consistent. |

5.2 Strong normalization

In order to prove strong normalization of term reduction, we follow our development for the
propositional setting [14]. This relies on mapping AFOLP_terms into terms of Parigot’s Apu-calculus
with unit type (Mﬂ) and then resorting to the known fact that A,u1 is SN. The reduction rules of
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A with unit type are the same as those of Au (Section 1.3 plus ). ' -judgements take the form
M:THA, with M a Au'-term, T a truth context and A a falsehood context. The typing rules are
those introduced in Section 1.3 plus the axiom Unit that reads, unit:T'H1; A.

The mapping (- ) associates types (formulas) and terms (proofs) in AFOLP with types and terms
in A;ﬂ . The modal type [[s]]gA is mapped to a functional type whose domain is the unit type 1 and
whose co-domain is the mapping of A. Since A ! has truth and falsehood variables but not validity
variables, the mapping of validity variables will rely on a new set of truth variables in A w'. Individual
variables and expressions are ignored.

DEFINITION 5.20
We first translate types:

(P(E)) = P
(Lp = 1L
(ADB) = (A)D(B)
([slgA) = 1>(A)
(ViA) £ 1D(A).
For terms we translate as follows:
QXAD 2 44
) 2 it
(XA MBYADE) 2 4 (MB)
(](MADBNB)BD L qMADBNINBD
((pDHshizdy 2 5t A )al, x! fresh
((MB A, =, NIIIzA)BUZ <) 2 I By nlirlizd)
(ML) 2 [aMh M4
(e MYy & pa™ (Mt
(MA+t)y & (M%)
(M) & (M4)
(gen,(Mb) & axlqmA)
(insFM¥i4y) 2 (MY4)unit.

The translation maps typable AFOLP_terms to typable A u'-terms, as expected. This result is proved
by induction on the derivation of a given judgement ©;I"; A M* |s and relies on the fact that (e
commutes with the various notions of substitutions.

LEMMA 5.21
If >, ror ©; T A FMA|s, then (M): (©)U(T)F (A), {A) is derivable in )»/ﬂ .
Some sample cases of the proof are:
« Case TVarM: M=+, ©=0"vA, (M) =(>"unit and (©) =(0'), x>, We can
construct the following derivation in A wl:
AX Unit

P o) P U Ir) F144), (A) unit: (@), xPU U1, 4A)

DE

- "huni e (@), 0> UIr)HA), (A)

9T0Z ‘gz aunc uo 1s8nb Aq /610'sjeunopioxo wodbo|//:dny wouj papeojumoq


http://logcom.oxfordjournals.org/

First-order hypothetical logic of proofs 39

o Case T-OI: M =(INBY["I=B A =[[/]]gB, ®=0,UO,, (M) =ix'.(NB), (A) =1>(B) and,
by Weakening and the induction hypothesis, (NB): (@) (B) is derivable in Mﬂ. We can
derive Ax! . (NB):(©) 1> (B) by Weakening and D1, and then obtain Ax!.(NB): (@) U(T')+
1D>(B), {A) by Weakening.

«Case  TOE:  (M=MCpB=g/ MIMB)CO ) a—cpd ), (M=
AquBD.QMgr]]EBMMIC ). Note that (A)=(C). This follows from the fact that
(|C{vAE «r})=(C). We can construct the following derivation: It may be proved by
exhibiting a polynomial interpretation over the non-negative integers that ensures that
reduction terminates.

LEMMA 5.22
For all AFOLP_terms M and N, if M — N in AFOLP without the use of permutative rules, then
(M) —T(N) in )»/ﬂ . That is, (M) reduces to {N) in 1 or more steps.

LEmMMA 5.23
For all \FOLP_terms M and N, if M — N in AFOLP using only permutative rules, then (M) = (N).

One last result before proceeding to the proof of SN. It may be proved by exhibiting a polynomial
interpretation over the non-negative integers that ensures that reduction terminates.

LEMMA 5.24
Permutative reduction is SN.

PROPOSITION 5.25

Every typable AFOLP_term is SN.

PRrROOF. By contradiction. Assume that there is an infinite reduction sequence starting from a typable

AFOLP term M. We distinguish between principal reductions (—B>) and permutative reductions (—P>)
within this sequence. Since, by Lemma 5.24, permutative reduction is SN, our sequence must contain
an infinite number of principal reduction steps. Between any two principal steps, there may be 0 or
more permutative steps (always a finite number). Therefore, the reduction sequence has the form:

P B P B P B
Mo— My— My — My — My — My — -

Additionally, by Lemma 5.23, (M;) = QM; ) for every i. Also, by Lemma 5.22, we know that for
every i, {M;) — T (M;;1) in A/ﬂ . We can therefore construct an infinite )\,uﬂ -reduction sequence:

(Moh =T (M) —>T (M) —T -

However, M is typable in AFOLP and, by Proposition 5.14, so is every M;. Since the mapping

preserves typability (Lemma 5.21), then we have an infinite reduction sequence of typable A w'-terms.
This is absurd, since reduction of typable k/ﬂ -terms is SN. Therefore, there cannot be an infinite
reduction sequence starting from a typable AFOLP _term. ]

6 Related work

Modal Logic. There are numerous efforts in uncovering computational interpretations of modal
logic. Among those we know of, we mention those we consider most relevant.
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In [20], Kripke models were given a process interpretation, in which models were viewed as
collections of computational states, and the binary relations as computational actions that transform
one state into another. This interpretation—along with the knowledge interpretation, among others—
is discussed further in [15].

[39] introduced 177, a proof term calculus for the intuitionistic modal logic S4, which was
further developed in [18, 19] to serve as a model for staged computation. Pfenning and Davies also
introduced a functional language based on A", named Mini-ML".

[29] introduced a set of modal typed A-calculi, based on natural deduction presentations of positive
fragments of the modal logics K, K4, KT and S4. The authors proved the confluence and normalization
of the respective reductions.

In [41], a modal logic of belief is used as a base to construct models of distributed systems, where
axioms can be added to the logic and treated as trust specifications. Thus modal formulas are used
to model trust and security issues in a distributed system.

[31] provided a new interpretation of modal logic S4, in which the O and <> modalities also describe
mobility and locality in a distributed computation. Based on Kripke’s ‘possible worlds’ semantics,
worlds are seen as processes in a spatially distributed configuration. Here necessity describes a
term that is well-typed anywhere, and possibility a term that is well-typed somewhere. This way,
typing is used to determine the permissible mobility of terms among processes. This type theory
characterizing the mobility and locality of program terms in a distributed computation was further
developed in [30]. A similar interpretation, based on S5, was used in [33] to introduce Lambda 5, a
foundational language for spatially distributed programming which also addresses both mobility of
code and locality of resources.

In [24], a new intuitionistic (hybrid) modal logic is defined, and its proofs are interpreted as
distributed programs. Their logic is used to model remote procedure calls, broadcast commands,
commands to use portable code, and invocation of agents which can find their way to safe locations
for their execution.

Logic of proofs. There is less work in the case of LP.

A lambda calculus where information on sow a result is computed (cf. Lévy labelling [27]) rather
than just what the result is, dubbed the intensional lambda calculus, is explored in [5] via the
Curry—Howard methodology.

A calculus with computation trails [10, 11]. The judgement ©;'Fs=¢:B is encoded and
reflected in the term assignment for Ol and understood as a computation trail or computation
history with applications to modeling history-based access control [6] and history-based information
flow [12].

A calculus of certified mobile units which enriches mobile code with certificates (representing
type derivations) is presented in [13]. Such units take the form box;M, s being the certificate
and M the executable. Composition of certified mobile units allows one to build mobile code
out of other pieces of mobile code rogether with certificates that are also composed out of other
certificates.

Also there is [25]. That work introduces a modal logic of interactive proofs with the purpose
of modelling communication within a multi-agent environment. In this setting, proofs are seen as
messages shared by agents with partial knowledge yet unlimited computing capabilities, each agent
serving as an oracle for the others, with only the communication medium having perfect knowledge.
Proofs depend on the agents’ knowledge, which is expanded through interaction with other agents.
All logical conclusions of known facts are assumed to be known. Variants of this logic are developed
in [26].
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7 Conclusions and future work

We have developed a presentation of FOLP based on hypothetical reasoning, dubbed FOHLP. The
work builds, on the one hand, on Parigot’s Classical Natural Deduction and, on the other, on prior work
on hypothetical presentations of (Propositional) LP [5, 10, 13, 14]. This yields a Natural Deduction
formalism for proving FOLP theorems. A term assignment is proposed whose reduction rules arise
from normalization of derivations in FOHLP: derivations are represented as terms and normalization
steps on derivations are encoded as reduction steps over terms. The resulting lambda calculus, the
AFOLP_calculus, is shown to enjoy Type Preservation and Strong Normalization. Regarding avenues
for further research, we mention the following.

LP and FOLP through Contextual Modal Type Theory. Inference schemes in Natural Deduction
presentations typically uphold the invariant that all free variables are declared in the hypotheses. The
PlusL scheme:
;T AFA|s
—— PlusL
O AFA|s+t
fails in this respect. Although we have argued (cf. Section 3) that this is required in order to prove
all FOLP-theorems in FOHLP, it seems reasonable to explore truth dependent modalities [35] at
the possible cost of capturing a subset of LP-theorems. The modality DA is replaced by [I"]A which
informally may be read as O(I" D A). That is, validity of A is dependent on the truth of the hypotheses
in I'. A sample of three inference schemes of the resulting Contextual Modal Logic [35] are as follows:
0;I"FA O; I H[IM]A 6,viA[L] T HC
ol oE”
O;IhH[T]A CHYI®

O1,viA[lN],0; T T

mvar
O1,viA[lN],0,5; T A

Rather than proving A4 (i.e. [[¢]]A D [[s+¢]IA) one would prove a formula of the form:
([, AsSJAD(IT, As+1])A

Note that ¢+ would be allowed to have free variables in I", A.

Logical framework based on FOHLP. It would be interesting to develop a logical framework
based on FOHLP. The Beluga framework [40] may provide relevant inspiration for this purpose,
since Beluga itself is based on [35], and it allows the use of multiple contexts as well as dependent

types.

Type inference techniques for realization. We think that a fresh look at the realization of S4 in
the setting of HLP [14] and FOHLP could be an interesting avenue for exploration. It should be
noted that this is a non-trivial problem in the presence of inference schemes which mix polarities
such as DE, hence the reason why the first such proof [1, 3] relied on a cut-free sequent calculus
presentation of LP. Indeed, all known realization proofs, to the best of the authors’ knowledge, rely on
presentations where related’ occurrences of a O do not occur both in positive and negative positions.
We think it could be interesting to put the well-developed type-inference technology to work but

9See notion of “family’ in [1].
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to infer the decorations of boxes rather than to infer types. We suspect relations with higher-order
unification may appear along the way.

Natural Deduction for other justification logics. Adapt the ideas of this article to other justification
logics.
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